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Abstract

In this paper, we investigate the state estimation problem of nonlinear systems under
the condition that the prior statistical characteristic of noise is unknown. An adaptive
unscented Kalman filter (UKF) is proposed. In this algorithm, the maximum likelihood
principle is applied to establish the log likelihood function with the unknown noise
statistical characteristics. Then, the noise property estimation problem is transformed
into the maximization of the mean of the log likelihood function, which can be achieved by
using the expectation maximization algorithm. Finally, a suboptimal adaptive UKF can
be obtained. Simulations show that the proposed adaptive UKF algorithm can deal with
the problem of filtering accuracy declination of the traditional UKF when the prior noise
statistical characteristic is unknown. The proposed algorithm can estimate the statistical
parameters online.

Keywords: Nonlinear filtering; adaptive UKF algorithm; noise statistics estimator,
maximum likelihood principle

1. Introduction

The problem of nonlinear filtering widely exists in the practical applications. The
key point of nonlinear filtering is the calculation of the posteriori distribution of the
random vector along the nonlinear functions. To deal with this problem, numerous
methods have been proposed. The extended Kalman filter (EKF) has been widely
used in recent years [1]. By using the first order linearization, the nonlinear system
is approximate as a linear one, and thus, the standard Kalman filter can be applied to
estimate the states of the nonlinear system. The accuracy of the linearization and the
requirement of the Jacobin matrix lead the limitation of the usage of EKF in some
practical applications. Particle filter (PF) is a sequential importance sampling (SIS)
algorithm based on Bayesian estimation [2]. It has been widely used to deal with the
state estimation problem for strong nonlinear system.

Unscented Kalman filter (UKF) based on unscented transformation, which is
originally proposed by Julier [3], is a widely used nonlinear filtering algorithm. The
unscented transformation can approximate the nonlinear posteriori distribution with
the accuracy of at least more than second order. Meanwhile, it no longer needs to
calculate the Jacobin matrix and the volume of calculation is less than PF algorithm.

However, when the prior noise statistics of the noise is unknown, the accuracy of
UKF will decrease or the system will even diverge [4]. This is because the
theoretical basis of UKF algorithm is the variance minimization principle. The
premise is that the prior noise statistics should be known accurately. In order to
solve this problem, several adaptive algorithms have been proposed to estimate the
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noise information online, such as Bayesian algorithm [5-6], maximum likelihood
algorithm [7-8], correlation algorithm [9-10] and covariance matching algorithm
[11-12], etc.

The Bayesian algorithm usually involves multiple operations. Meanwhile, the
calculation amount of this algorithm is large, and the closed solution usually cannot
be obtained. Hence the application of this algorithm is limited. The steady-state
estimation error of covariance matching algorithm cannot be eliminated, which
decrease the accuracy of this algorithm. Correlation algorithm can only be used in
linear system. The maximum likelihood algorithm has been widely investigated
since it can establish the probability density function with statistics parameters
directly. Meanwhile, the calculation amount of this algorithm is moderate for
practical application.

From the analysis above, the maximum likelihood based adaptive UKF algorithm
is proposed in this paper. The maximum likelihood principle is applied to establish
the Logarithmic likelihood function, based on which the noise statistics can be
introduced. Then, the Expectation Maximization (EM) algorithm is employed to
simplify the second-order moment calculation of the noise. The proposed strategy
can estimate the system states without the prior information of noise statistics.

The following of this paper is organized as follows. In Section Il, the state
estimation problem is formulated and traditional UKF algorithm is introduced. In
Section |11, the noise statistics estimator is proposed based on maximum likelihood
principle and EM algorithm. Simulations results in Section IV show the
effectiveness of the proposed algorithm, followed by Conclusions in Section V.

2. Problem Formulation and Traditional UKF
Consider the discrete-time nonlinear system with additive Gaussian noise:

{xk = f (Xy)+ Wy

z, =h(x)+v,

1)

where k >0 is discrete-time variable, x e R" is state vector, ze R"™ is output vector. The
nonlinear function f eR" - R", h e R" - R™. The process noise w,_, and measurement
noise v, are n’th and m’th order Gaussian noise, which satisfy:

E[w,]=q, cov(w,,w;)=Q-5,
E[v,]=r, cov(vk,vj):RocSKj )
cov(w,,v;)=0

The steps of traditional UKF algorithm are given as follows:

STEP1. System states initiation.

STEP2. Time update.
From the given sampling strategy, the Sigma point {x,},i=0,---,2n that with the

mean of %, , and covariance of P,_, can be obtained as:

KXok = X e,
T = H+( (n+/1)PH) i=12--n, 3)

ik = XH—( (n+4)P._, ) Jd=n+Ln+2,---2n;

>
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The weights of corresponding Sigma points are given as:
=2/(n+2),
s =ﬂ/(n+ﬂ)+(1—az+ﬂ), 4)
o™ =0 =05/(n+1),i=12,-2n;

where operator +/ represents Cholesky decomposition of a matrix. « is the extendible
extent of Sigma near the mean, g is the adjusting parameter, 2 =a”(n+k)—n. Here we

choose: =1, =0, k=2.
The transmitting effect of the Sigma point along the nonlinear function is given as:

Kikk-1 = f (/Yi,k—l)"‘q i=0,---,2n (5)
Then we get the posterior mean and covariance as:
2n 2n
),Zk|k—1 = Za).(m) Xk = Za’.(m) - f (zi,k—l)-’_q (6)
i=0 i=0
2n . . T
k|k -1 z (li,k\k—l - Xk\k—l)'(/%,kw—l - Xklk—l) +Q (7)

i=0
STEP3. Measurement Update.

From the given sampling strategy, the Sigma point {z, ,},i=0,-,2n that with the

mean of %, and covariance of P, , can be obtained as:

klk—1

Xokk-1 = )’zk|k—1'
Xikk-1 = kk|k—1 +( (n +/1) Pk|k—1 )i =121, (8)

Ziner = Kjer —( (N+2)Pys )i Jd=n+Ln+2,---2n;

where the weights are same as Equation (4).
The transmitting effect of the Sigma point along the nonlinear function is given as:

Ginkr = h(li,k\k-1)+ r i=0;--2n ©)
Then we get the posterior mean and covariance as:
o Za} Gikika 260 : (Zi,k|k-1)+r (10)
2n ©) . . T
Pfklk,l = Za)l ((i,k\k—l - Zk\k—l)'(é’i,kw—l - Zk\k—l) +R (11)
2n . < R R T
Pik\k—lik\k—l = Za),( ) (l’i,k|k—1 - Xk|k—1)'<(i,k\k—1 - Zk\k—l) (12)
i-0
STEP4. Filtering Update
K= Pik\k—lik\k—l PZ{\:A (13)
X, = )A(k|k-1 +K '(Zk - 2k|k-1) (14)
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P = Pyt — KP, KT (15)

Ty

After STEP4 is finished, the algorithm returns to STEP2.

3. Noise Statistics Estimator Based on Maximum Likelihood Principle

The traditional UKF algorithm can estimate the system states successfully when the
noise prior statistics is known. However, in most applications, the statistics of the noise is
usually unknown. At this time, the estimation accuracy will decrease, or the filter will
even diverge. Aiming at this problem, the maximum likelihood principle is employed to
establish the log likelihood function with the noise statistics. Then, the EM algorithm is
applied to estimate parameters online such that the log likelihood function is maximized.
With the estimated noise statistics, the robustness and estimation accuracy of the UKF
algorithm can be improved.

For the complex nonlinear system, the maximum likelihood principle usually cannot be
used directly to acquire the parameters estimation. EM algorithm is an effective method to
estimate the maximum likelihood solution in the probability model. There are two steps in
EM algorithm, expectation step (E Step), and maximum step (M Step).

Assume that ®={r,R,q,Q} is the noise statistics to be estimated. The estimation of the

parameters can be represented as:
Oy =arg max E {In [L(0]zy, %, )]} (16)

where In(L(®)|z,.x,,)) is the log likelihood function of the parameter © .
According to the definition of likelihood function, we get:
L(®|Z].'k’xl'k): p(zl'k’xl'k|®) (17)

Since the system is a Markov process, we get the joint probability density function of
system states and measurements as follows:

p(zlzk'xl'k|®) = p(xo|®)ﬁ p(xj |Xjfl’®)ﬁ p(Zj |XJ"®) (18)

j=1

Assume that all the distributions are Gaussian, and then we get the following
probability density function of system states initiation:

p(x,|©)=(27) "*|P,|"* exp{—[( Xo = %o )" Pyt (% — % )]/2} (19)
Probability density function of the state predicting is:

p(x,[%,4:©)=(27) Q[

-n/2

(20)
exp{—[xj —f (xjfl)—qJT Q’l[xj —f (xjfl)—q]/z}
Probability density function of the measurements is:
p(zj |xj,®)=(27r)7m/2|R|']/2 x
(21)

exp{—[zj —h(xj)—rJT R’l[zj —h(xj)—rJ/Z}

where operator || represents the determinant of a matrix.
From the analysis above, we can establish the log likelihood function as:
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In(L(®| s xl:k)) = —Wm(zﬂ)—llnm

~{(% %) B ( } In|Q|——In|R|

—%Zk_ll{[xi_ (x4)- ]Q B (xH)—qJ}

1 T

_Eé{(zj () ) R* (2, -h(x,) 1) 22)
Then, the EM algorithm can be applied for the estimation of ©.
E Step.

By calculation the mathematical expectation of the log likelihood function of
In(L(®| Zir Xy )) , We get:
k(n+m)+n 1
E[L(®|zl:k,xl:k)]z—%ln(h)—zmm
k k 1 . _ .
_Eln|Q|—EIn|R|—EE{(XO—XO)T P (%= %)}
k

Sl 54 051

i=1

23z, -h(x,)-r) R (2, -h(x,)-r)] (23)

j=1
Since E[(x0 ~%,)" Po*l(xo—ko)] only depends on the initiation of the filter, define a
constant as

k(n+m)+n

const = — In(2;z)—%ln|P0|

_%E[(XO %) P (%= %) (24)

By defining the mathematical expectation of the log likelihood function as objective J,
since Q and R are both positively diagonal matrix, we get:

J:const—gln|Q|—gln|R|

_%ZE{tr[Q_l(XJ — (%) -a)(x - f (le)—q)TJ}

_%iE{tr[R1(zj_h(xj)_r)(z,._h(x,.)_r)j} (25)

M Step.
The gradient descent algorithm is applied in this step to obtain the parameter estimation
that maximizing objective J :

D 0202020 (26)

oaq oQ or oR
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According the above Equation, we get the estimations of §, and ¥, as follows:

1 k
G =3 206 = f (x,))
1 - (27)
. =EJZI“(Z —h(xj))
Consider that:
E(xj —f(xjfl))zq 28)
E(zj —h(xj)):r
Then Q, and R, can be obtained as follows:
Q=420 (= (=) = ()0 =32
[XJXJT_qu_ f (XH XJT_XJ f (XJ 1) +f (XH) f (XJ l)T} (29)

The Sigma point of system state {y,;} and {z ,} are used to instead the random
vector, and we can get the recursive expression as:

qkzﬂ(k 1)G, , + [xk Za) : (li,kl)ﬂ (30)

(31)

+
N
n )
& B

=

.y

=

B

iR

~—

—h

=

=

iR

~

-
N—
| I
——

fi :%{(k_l) fkl+(zk __Zzn:a’.(m) 'h(li,k)ﬂ (32)

z—l —
—_——
—~~
X
H
N—
>
o
N
+
=3
[
«Q
1
—_—
N
N
=
x-1
r_.‘
\_/

+(zzw 02 )h(zi,k)TH} (33)

where the Sigma point {y,,} and {z,} satisfy:
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{{Zi,k}~N()A(klPk) (34)

{li,k—l} ~N(X4,Pey)
Comparing with the traditional UKF algorithm, the proposed noise statistics estimator
can provide the nonlinear filter with the noise statistics information more accurate. The

procedure of the adaptive UKF at k ’th moment are described as follows.
According to the noise statistics estimation of k-1 ’th moment

O, , :{fk_l,Fik_l,qk_l,Qk_l}, Equations. (3)~(15) are introduce to estimate the mean and

covariance of the system states. Then, according to the estimations of the filter, Equations
(30)~(33) are employed to estimate the noise statistics parameters of k ’th moment.

4. Simulations and Analysis
The following first order nonlinear system is applied for simulations:

0.2x, ,
Texz,  kd

. (48)

X, =0.5%,, +

X2
z, =10x, +2—6+vk

Assume that wand v are both Gaussian noise:
w~ N (1.2,0.6)

(49)

v~N(1.0,0.8)

The initial state is x, =1. Assume that the noise statistics of the process noise is

unknown. The initial statistics of the process noise is: d, =0.2, Q, =0.5. The estimation

effect of the proposed noise statistics estimator is shown in Figure 1 and Figure 2. It can
be seen that the proposed estimator can quickly converge to the real noise statistics.

q
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Figure 1. Mean of Process Noise Statistics
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RMSE

Table 1. Estimation Accuracy Contrast of Adaptive UKF and Traditional UKF
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Figure 2. Covariance of Process Noise Statistics
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Figure 3. Root Mean Square Error

Algorithm
Mean Covariance
UKF Algorithm(known noise statistics) 0.0001 0.0822
UKF Algorithm(unknown noise statistics) 0.1137 0.1006
Adaptive UKF 0.0006 0.0825

Both adaptive UKF proposed in this paper and traditional UKF are carried out in the
simulations to show the effectiveness of the proposed algorithm. It is illustrated in Figure
3 that the proposed algorithm has higher state estimation accuracy. The state estimation
accuracy of adaptive UKF is much higher than that of the traditional UKF algorithm with
unknown noise statistics. Notice that the proposed estimator can converge at about 100
filter periods. Consequently, the accuracy of the proposed adaptive UKF with unknown
noise statistics is similar to the traditional UKF with known information after the noise

statistics estimator converges. The accuracy comparison is shown in Table 1.
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5. Conclusions

In this paper, the nonlinear filtering problem is investigated with unknown noise
statistics. An adaptive UKF algorithm with noise statistics estimator is proposed. The
proposed strategy can estimate the noise statistics as well as the system states.
Simulations show that comparing with the traditional UKF algorithm, the proposed
strategy can estimate the system states more accurately.
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