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Abstract

It is very important to design a feedback loop which takes the output into consideration
so that the system is able to adjust its performance. Reliability analysis in the control
system is able to examine the system stability and make the control system is more
compatible and reliable. This paper introduces a spherical coordinate-based reliability
analysis model to examine the feedback in a control system for improving the control
signal between encoder and decoder of the controller. Under the feedback closed-loop
system with erasing operations and limited coding ratio, the proposed spherical
coordinated-based approach is able to ensure the average asymptotic reliability. To this
end, the design methodology of controller, encoder, decoder, and quantifier are
introduced. From the experiments analysis, it could be observed that the proposed
approach is able to achieve high system reliability. It is observed that, under the bigger
erasing possibility, the designed quantifier and controller are able to ensure the system
average asymptotic reliability.
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1. Introduction

When talking about the control system, it is very important to design a feedback loop
which takes the output into consideration so that the system is able to adjust its
performance or make some decisions to satisfy a desired response [1]. A basic feedback
structure uses the output value of the system to assist the preparation of the next output.
Such control mechanisms are widely used in existing systems such as actuators, sensors,
motors, and other electronic devices through setting some parameters [2]. A closed loop
system has a feedback control so that the reliability of the system could be enhanced when
carrying out some decision-makings [3-4]. Considering the system reliability under the
control channel communication with discrete linear signal, the noise will cause the error
coding or signal in the whole control system. For example, the noise may locates on the
channel between sensors and controllers. How to solve the problem when the noise
intervene the normal control signal so that the accurate feedback or response could be
implemented is very challenging.

Reliability analysis in the control system is able to examine the system stability and
make the control system is more compatible and reliable. In the literature, reliability
engineering is termed to achieve either a prescribed reliability for a higher reliability at
lower costs or a planned system [5-6]. In practice, take an automotive control system for
an example, it is very complex with respect to the interconnected components, devices,
and sensors among different parts which are connected by various control system via
wireless or wired cables or communication channels [7]. Currently, large number of
research has been carried out to study the quantitative reliability analysis in the control
area. Considering the whole system visibility and reliability, a model predictive control
system for a hybrid battery-ultracapacitor power source is proposed [8]. In this paper, the

ISSN: 2005-4254 |JSIP
Copyright © 2016 SERSC



International Journal of Signal Processing, Image Processing and Pattern Recognition
Vol. 9, No. 5 (2016)

controller allocates fast current changes to the ultracapacitor and the battery responds
mainly to slow current changes that helps to increase the battery lifetime. In order to
combine the control and communication performance, the coding and decoding approach
is used for working out the design solution. [9] presents a funnel dynamic surface control
combined with fuzzy echo state networks (FESNs) for the prescribed tracking
performance of a strict feedback multi-input-multi-output (MIMO) nonlinear dynamic
system. This paper proposes a new funnel variable, thus, the funnel virtual control forces
the tracking error to fall within funnel boundary. From the research, it is found that the
necessary condition of the reliability and feasibility of the system under noise channel is

c®® > 3 1 (mymax{0,log | 2(A) [} .Where, A(A) is the eigenvalue of the system matrix,

c®® is defined as Iiminf_l__m)% @ % is the Shannon capacity of the time T . In

order to ensure the reliability of the matrix boundary, [10] introduced the concept of
anytime capacity. This paper also presents the necessary and sufficient condition for
the system matrix.

One of the critical components of the control system is encoder which uses the system
status and control input from past and current. However, in practice, the encoder will cost
a lot for achieving the purpose in terms of time and investment since it is very challenging
to get the reliable and feasible minimum channel ratio. In order to handle this problem,
spherical coordinate approach is used for enhancing the control signal over the channel so
that the reliability of the feedback control system can be beneficial with the discrete linear
system [11]. Spherical coordinate encoder uses the nonlinear transform from rectangular
coordinate to spherical coordinate system, quantifying the spherical coordinate of the
system status [12]. This paper introduces a spherical coordinate-based reliability analysis
model to examine the feedback in a control system for improving the control signal
between encoder and decoder of the controller.

The rest of this paper is structured as follows. Section 2 illustrates the problem
description of the discrete linear control system and gives several definitions of the
control system with noise channel. Under the definition, section 3 reports on the spherical
coordinate-based approach to design the control system encoder, decoder, controller and
guantifier. Section 4 talks about the experiments and discusses the results. Key
observations are obtained in this section too. Conclusions are organized in section 5
which gives the research directions to improve this research.

2. Problem Description

Considering the following discrete linear system x(k +1) = Ax(k) + Bu(k) , where

x(k)eDCI and u(k)ed™ are the system status and input. A and B are the n
dimensional matrix. Assume that A is unstable and the initial status is x(0), which
is a boundary area that |x(0)|, <r. r is known for the encoder and decoder. The
system structure is shown in Figure 1 which presents the control system feedback.
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Figure 1. System Structure

From Figure 1, the encoder is able to encode the status x(k). After that, it is sent
to decoder via channel. The erasing probability in the channel is defined as p. The

decoder will send back a confirm signal to the encoder so as to ensure whether the
erase operation occurs or not. Thus, the encoder knows what message will receive

[13]. The confirmation signal is SACk(k) €{0,5, which presents the signal is in time
k . The signal is sent by the decoder and encoder will receive it. The random
variable is defined as follows:

Ack 0.N
"= |0 )

gAck k), k=0,1,..n is independent distribution which is:

P " W =0=1-pr " *=1=p (2)

N is no erasing operation at time k and Y presents there is an erasing.

The control system follows the procedures:

(1) Encoder: at time k, the encoder is a mapping &y from (x(k),SACk(k—l))
o V) e V(K =g (x(k), ¥ (k-1)

(2) Erasing channel: encoder send the Vv (k) in channel sending point. Due to
the noise, it will be V(k) in the decoder. The possibility will be
P V() =V(K)=1-p,P.(V(K)=e)=p , e is the erasing operator which
presents the erasing operation occurs.

(3) Decoder: the decoder at time k is a mapping Dy from (\7(k),SACk(k—1))

to x(k), x(k) is the estimation of x(k). x(k) = D (V (k),5 "™ (k- m)en ¢.

(4) Controller: controller © is a mapping from xk) to uk)eo™ ,

u(k) =0 (x(k))e0 ™. The status feedback control is u(k) = K(x(k)) and the
feedback incremental matrix is K.
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In order to define the reliability of the control system, there are several
definitions:

Definition 1. A control system with noise channel is averagely stable. If there is
an encoder, decoder, and controller form a closed-loop system, 0ecnd is the
balanced point, and E(|x[,) -0,k — <, where E() is the expectation.

Definition 2. A control system with noise channel is averagely stable. If there is
an encoder, decoder, and controller form a closed-loop system, 0end is the

balanced point, when k — w,

XkH2 — 0.

3. Spherical Coordinate-based Encoding Approach

3.1 Encoding

At time k, according to the confirmed signal SACk(k—l) and system behavior,

encoder ¢, updater’s parameter L, of (L,,N,a M), which is the supporting ball A,

whose quantified block number of 2(N —1)|v|d_1+1. x(k) is encoded into v (k). That
means the number of quantified block x(k) is Vv (k).

3.2 Decoding

If the channel has no erasing operation, V(k)=V(k) exists. Decoder sends

feedback the confirmation signal SACk(k):o to the encoder. Meanwhile, if V(k)

presents the quantified blocks indexed by (i,if, g _509). Decoder converts the x(k)
into spherical coordinate:

1 . 1
r:(1+2(«'a\)+'?')‘1‘iLﬁn:('n+z)|\7;’ n=b2..4-2 ®)
1
041=6+) 3 *)

If V(k) presents 8, (k) let x(k) =0. If the channel has erasing operations, V (k) =e.

The confirmation signal gAck (k) =1 will be fed back to encoder and x(k) =0. In this

case, if V(k) presents the quantified block s, (k) or there some erasing operations

occur, x(k) =0 always exist. Then the balanced pointis 0e 7%,

3.3 System Controller Design

Based on the spherical coordinate encoding approach, the design of the status
feedback is u(k)=Kx(k) . The status estimation of the controller is

}(k)zx(k)+ex(k), where e, (k) is the quantified error [14]. Thus, the closed-loop
feedback system is:

x(k +1) = Ax(k) + BKx(k) = (A+ BK)x(k) + BKe, (k) (5)
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{xel dx, <plicdif SAK (k)=0

Lemma 1: Define A, , = Jf x(k) e Ay then

kL e d xl, <8 (ALt SAK (k)=
S(A) T
x(k+)eA, 4 - p=max{5(A+ BK)+775(BK),m , 77={a+(d—1)ﬁ} . o()
presents the maximum singular value of the matrix.
Proof. Let sACk(k) =0 , if x®Ke Sy (VS (k) then we can get
Ix(k +1)||2 =[[(A+BK)x(K)+BKex (k)] < (5(A+BK) +ns(BK) [x(K)|, < (5(A+BK)+ns(BK)L, -
_ (AL
If x(k) €5,(k), then x(k)=0 and [[x(k +D, =|(Ax(K)l, < (5(A) |x(k), S(1+(2a;Nk1' Then
Ml = ey -
Let SACk(k) =1 , in this case, x(k)=0 and x(k) S thus,

x(k +1)||2 <s(A)|(xl, <sAL, . O

Ly if SAK (k)=0
S(A) Ly if SAK (k)=1
the parameter L, , could be updated by the quantified controller (L, ;,N,a,M).

Based on the lemma and according to the equation L

k+l =

Based on the theoretical analysis, the design of the control system is as follows:

Design of controller. In order to find the value of K and P. P is a reversible
matrix and x(k) = Px(k). s.t. S(P(A+BK)P )1— p)+ S(PAP 1)p <1.

Design of quantifier. After obtaining the K and P, a and M could be selected
to meet [S(P(A+BK)P 1)+ ns(P(BK)P I P rspap 1) <1, select N s.t.

s(PAP)

AR < 5(P(A+BK)P 1)+ 75(P(BK)P 1) (6)

We can get L, = S(Pr).

Design of encoder. Let sACk(—l)zo, (1) receive the status signal x(k) and
convert it to x(k) = Px(k); (2) use the quantifier (L,,N,a M) to convert the x(k)

coding to V (k) :gk(i(k),SACk(k—l)); (3) send the V(k) to decoder and receive the

Ack

confirmation signal S™™" (k) ; (4) update the time k =k +1 and return to step (1).

Design of decoder. The design follows four steps: (1) at time k, if there is no

erasing operation, assume SACk(k)zo, V(k)=V (k). If there are several erasing
operations, SACk(k)zl and V(k)=e ; (2) decode the V() to
Ack Ack

V'(k) =D, (V(k),s"" (k—1)), send the confirmation signal $"" (k) to the encoder;

(3) convert the V (k) into x(k) =P "V '(k); (4) update the time k =k+1 and return to
step (1).
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In order to ensure the quantifier working mechanism, the ratio of channel R
should satisfy R z{logz(Z(N—l)Md‘Hﬂ. [-] is the ceiling function.

3.4 Reliability Analysis

First of all, a suitable reliability index 0<y <1 is selected. The following matrix
inequality of matrix Q and w should be worked out to examine the reliability.

20 A
Chie | 0

Q'AT  —q

way: AQ+BW
¢/ nowew| -

QT Al wTeT -Q

We can get K:WQ_l. Based on the Cholesky decomposition, P could be
calculated by Q= pp T, Using K :va_l and Q= P_lP_T, inequality (7)(8) could
be:

_Ay2p1p T pplpT
p <0 9)
plpTAT  _plpT

A2p 1T (arBR)P LT
p <0 (10)

plp~T(asB)T  —plpT

diag[P, 1] is used to left and right multiplication [15] of (9) and (10), then we can
get:

A2 paplpT
p <0 (11)
ploTATpT  _p1o-T
2 P(A+BK)P~1p~T
p <0 (12)
P~1p=T (a+BK)T PT —plp=T

Using Schur Lemma, we can get:

PAP TP T ATPT < (1%)2 l (13)

P(A+BK)P P T (A+BK) P! < (%)Zl (14)

Then the reliability of the control system could be examined by the following two
indicators:
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S(PAP Y)p<1-y (15)

S(P(A+BK)P Y- p) < » (16)

4. Experiments and Results Analysis

The experiments are carried out to verify the feasibility of the proposed spherical
coordinate-based reliability analysis of a control system. The experiments matrix is
as follows:

12 0 0 0 11
0 -1 0 0 -02 02
A= , B=
0 0 -15 -15 02 1
00 0 -1 102

Matrix A has the characteristic value [1.2,-1,-1.5,-1], and (A B) is controllable.
Let the erasing possibility p=02. For the average asymptotic reliability of the
system, we can get:

28.68 -6.25 -19.38 -6.00 -2.31 -27.05

625 372 916 219 T -0.04 9.39
Q= and w' =

-19.38 9.16 2551 7.18 1.64 26.22

-6.00 219 7.18 245 122 711

-0.02 109 -113 277

Then K:WQ_lz
053 -2.32 244 -3.46

] Using the Cholesky decomposition,

we can get:
0.28 -0.88 0.65 -0.45
0 381 -236 350 . -
P= which meets Q=P !
0 0 048 -1.40

0 0 0 0.64

pT

For the quantifier parameters (L N,a,M): =003, a=0.002, M =180, N =436.

n={a+(d —1)%}. Then we can get R>33. Figure 1 shows the experiments results of

the response of the system status x under average asymptotic stability with p=o0.2
and indication of the region which the status x(k) of the control system lies in with
p=02.

MHh’lH‘IHIHI‘MIHIMI‘

0 5 10 15 20 25 30 o 5 10 15 20 25 30
Time step
(a) Status x under average asymptotic reliability (b) Indication of the region of the control system

Figure 1. Experimental Results
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From Figure 1, the status curve shows the results. It is observed that the initial
status x(0) =[10,-5,8, —7]T and the boundary b=16. Then, g(k) presenting which areas
of supporting spherical will be located of x(k) as shown in Figure 1 (b). g(k) is
defined as:

. L -
1,|fﬁ<“x(k)“2ﬂk

g(k) =1 05,if x(k)2£(1+2|:;N_l (17)

—1,others

Using the same quantifier and controller from Figure 1 (b), when the erasing
possibility p=0.1, the status curve and function g(k) is almost the same. It is
observed that, under the bigger erasing possibility, the designed quantifier and
controller are able to ensure the system average asymptotic reliability.

Similarly, another experiment is carried out to compare with the previous
experimental scenario. We can get:

_[-006 180 -156 3.32
T|-052 -128 185 -264

359 364 075 426
0 912 -526 757
0 0 205 -0.26
0 0 0 1.85

P=

With the quantifier parameters : (4 N,a,M): =006, a=0.007, M =87, N =152,

Then we can get R >28. Comparing with the previous experiment, the coding ratio is
not changed significant. It is found that the designed control system has a stable
reliability based on the spherical coordinate-based approach.

5. Conclusion

This paper discusses the control system reliability considering the erasing operations in
the channel. Under the feedback closed-loop system with erasing operations and limited
coding ratio, the proposed spherical coordinated-based approach is able to ensure the
average asymptotic reliability. To this end, the design methodology of controller, encoder,
decoder, and quantifier are introduced. From the experiments analysis, it could be
observed that the proposed approach is able to achieve high system reliability.
Additionally, the bigger erasing possibility has little impacts on the system reliability
because the confirmation signal is verified by the encoder and decoder by designed
mechanisms.

Future research will be carried out from several perspectives. Firstly, this paper did not
consider the situation that the encoder cannot get the control input. It is very challenging
to get the minimum channel coding ratio under this situation. How to address this problem
need further investigation. Secondly, the minimum coding ratio is

R :%ZMA)max(oJogM(A)D. However, in order to ensure the variety of quantifier

and controller with system asymptotic reliability, this indicator could be used for
modelling the channel coding ratio so as to reduce the error ratio of a control
system. Finally, the experiments carried out in this paper is based on two scenarios.
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In the future, more considerations could be implemented for example, the random
variable A(k) is independent distribution maybe extended into the model.
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