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Abstract 

The color pump noise has been introduced into a two-mode laser system and its effects 

on the laser system in both homogeneously and inhomogeneously broadened media have 

been studied. The results show that the correlation time of the color pump noise can make 

the distribution of the laser intensity concentrate in the region where the laser intensity 

have larger values, enhance the mean of the laser intensity and stabilize the the system in 

a homogeneously broadened two-mode laser system; meanwhile, it strengthen the laser 

intensity of the stronger mode, recedes the laser intensity of the weaker mode and 

increases the competition between two mode in a inhomogeneously broadened two-mode 

laser system. Comparatively, it more clear that the influences of the color pump noise on 

the statistical properties of laser system in inhomogeneously broadened media than that 

in homogeneously broadened media.  
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1. Introduction 

The two-mode ring laser has attracted a great deal of attention over last decades [1-6]. 

Its properties such as the intensity correlations [1-3], the first-passage-time problem [4], 

the backscattering in a laser gyro[5] and a full account of saturation effects[6] have been 

studied. The reasons that the two-mode ring laser is so attractive are its widespread use 

[7-9] and there exists the strong competition exhibiting between two counterpropagating 

traveling-wave modes.  

In above works, the fluctuations of the system have been assumed as the white noises 

with correlation. However, allowing for that the fluctuations of the pump of the laser 

system may not be sufficiently rapid to be representable by a -correlated noise, it is 

more reasonable to model it using a colored noise with auto-correlation time[10]. And it is 

very interesting to further discuss the effects of the colored pump noise on the laser 

system. 

In a single-mode laser system study show that the pump noise is the colored noise can 

better explain the experimental data, but the pump noise color effect has not been take 

into account in the two-mode laser systems[1-9] . 

One the other hand, in a homogeneously broadened two-mode laser system, the atoms 

in the gain medium have basically the same the resonant frequency and linewidth, so they 

response to the same frequency and make identical contribution to eh laser field, in this 

case the coupling coefficient   between two modes of the laser system been assumed to 

2. While, in an inhomogeneously broadened two-mode laser system, the atoms in the gain 

medium have different resonance frequency, so the medium responses to a frequency 

range response as a whole of all atoms, in this case the coupling coefficient been set to 1 

when the system works at the line spectral center. 
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And because of the different coupling between two laser modes in inhomogeneously 

and homogeneously broadened two-mode laser systems, the statistical properties of the 

two-mode laser system have obvious difference. 

In this paper, the color pump noise is introduced into the two-mode laser system; its 

different effects on the steady state statistical properties of the homogeneously and 

inhomogeneously broadened laser cubic model have been discussed. 

 

2. Model and Theoretical Analysis 

The dimensionless coupled complex electric fields 1( )E t and 2( )E t of a two-mode laser 

follows Langevin equations [3]: 

2 21
1 1 2 1 1 1( ) ( ) ( )

dE
a E E E p t E q t

dt
     , (1) 

2 22
2 2 1 2 2 2( ) ( ) ( )

dE
a E E E p t E q t

dt
     , (2) 

where 1a  and 2a  are the pump parameters of the two modes, and   is the mode-

coupling constant which equals to 1 and 2 when the system works in the inhomogeneous 

and homogeneous medium, respectively. The term ( ) R Ip t p ip   is the pump 

fluctuation, 1 1 1( ) R Iq t q iq   and 2 2 2( ) R Iq t q iq   are the independent quantum 

noises. These random noise terms are assumed to be zero mean and correlation 

( ) ( ') (1 ) ( ')ki kj ij ijq t q t P t t          (3) 

and 

( ) ( ') ' ( ')i j ijp t p t P t t   , (4) 

where , ,i j I R  represent the real and imaginary parts and 1,2k  . P and 'P  are 

the strength of the quantum noise and pump noise, respectively.  is the cross-correlation 

coefficient which measures the degree of cross-correlation between ( )kIq t  and ( )kRq t , 

and 1  . Note that we think herein that fluctuation of the complex field can be 

coherent and the real and imaginary parts of the quantum noise generally originate from a 

common bath, thus should be cross correlated [11-12]. For the sake of convenience for 

analysis, we employ a new function f(E1,E2) which represents the part of the right side of 

the model equations except noise terms, and it is 
22

1 2( , ) ( )i i j if E E a E E E   . (5) 

where , 1,2i j   and i j . So, the model equation can be rewritten as 

1 2( , ) ( ) ( )i
i i

dE
f E E p t E q t

dt
   , (6) 

 

and 1,2.i   

 

By employing
 

   i k

k kE r e 
 

( 1,2k  ), Eq. (6) can be written in a two-dimensional 

form: 
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where 

1( ) ( )sin ( )cosri i i iR it q t q t    , 
(9) 

( ) ( )cos ( )sini iI i iR it q t q t    , (10) 

where 1 2( , )h r r  is the function about 1r  and 2r . 

 

Obviously, both ( )ri t and ( )i t are non-zero. But a sum form of one non-zero 

mean part and the other zero mean part for ( )ri t and ( )i t  can be obtained as 

follows, respectively: 

( ) (1 sin 2 ) ( )
2

ri i ri

i

P
t t

r
      , (11) 

( ) cos2 ( )
2

i i i

i

P
t t

r
       , (12) 

where 

( ) ( ') (1 sin2 ) ( ')ri ri it t P t t       , (13) 

( ) ( ') (1 sin2 ) ( ')i i it t P t t        , (14) 

( ) ( ') cos2 ( ')ri i it t P t t      , (15) 

where ir  and i  represent the amplitude and phase of the laser field, respectively.  

Inserting Eq. (12) into Eq. (8), we have 

2

1
cos2 ( ) ( )

2

i
i I i

i i

d P
p t t

dt r r



      . (16) 

 

 

Comparing with Eq. (8), there appears a new term
2( / 2 ) cos2i iP r   in Eq. (16). The 

phase-locking condition is 

0id

dt


 , (17) 

which leads to 

cos2 0i   , (18) 

and the condition for the phase lock to be stable is  
2

2

2

1 1
( ) 0

2

i
i

i i i

d
t

dt r





 

  
  

   
, (19) 

which leads to 

sin2 0i   . (20) 

 

Both Eq. (18) and inequality (20) lead the laser phase to be locked at a series of values 

of i for the non-zero cross-correlation coefficient  . We call them is , 

and (2 1) / 4is n   , ( 1, 2,...n    ) and they are determined by  

sin2 is   . (21) 
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Combining Eqs. (7) and (11) with Eq. (21), we have the Langevin equation for the 

amplitude ir ,  

1 2( , ) ( ) (1 ) ( )
2

i
i R ri

i

dr P
h r r r p t t

dt r
      . (22) 

 

By using the relation 
2I r , we have obtained two Langevin equations for the laser 

intensity 1I  and 2I , respectively: 

1
1 1 2 1 1 1 12( ) 2 ( ) (1 | |) 2 ( ),R r

dI
a I I I I p t P I t

dt
          (23) 

2
2 2 1 2 2 2 22( ) 2 ( ) (1 | |) 2 ( ),R r

dI
a I I I I p t P I t

dt
          (24) 

where noise terms ( )rk t  and ( )Rp t  are zero mean and their correlation are as follows:  

( ) ( ') (1 | |) ( '),rk rkt t P t t       (25) 

( ) ( ') ' ( '),R Rp t p t P t t   (26) 

and k = 1,2. 

 

Obviously, ( )rk t  and ( )Rp t  are white noises with   correlation. But allowing for 

that the fluctuations of the pump of the laser system may not be sufficiently rapid to be 

representable by a  -correlated noise, it is reasonable to model it using a colored noise 

with an auto-correlation time[10]. Now, we assume that the colored noise representing the 

pump fluctuation is zero mean and exponential correlation as follows: 

( ) 0,Rp t   (27) 

'
'

( ) ( ') ,

t t

R R

P
p t p t e 






  (28) 

where   is the auto-correlation time of the pump noise. 

Here has a drawback to using colored pump noise, that is the system changes to be 

nonmarkov process and so has no exactly analytic results. In present article, we employ 

the computer simulation method to study such properties of the system as the mean, the 

auto-correlation function and the cross-correlation function of the laser intensity. 

The expectation values of the product of the nth power of intensity 1I  and the mth 

power of intensity 2I  are given by[7] 

1 2 1 2 1 2 1 2
0

( , )n m n m

sI I I I Q I I dI dI


   . (29) 

 

Then the mean laser intensity of two mode of the laser system are 

1 2 1 1 2 1 2
0

( , )sI I I Q I I dI dI


    . (30) 

 

So the normalized auto-correlation function of the two-mode laser intensity are defined 

as 
2 2

1 1
11 22 2 2

1 1

( )
(0) (0) 1

I I

I I
 

    
   

   
. (31) 

And the normalized cross-correlation function of the two-mode laser intensity are 

defined as 
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1 2 1 2
12 21

1 2 1 2

(0) (0) 1
I I I I

I I I I
 

     
   

     
, (32) 

where iI  (i=1,2) is the laser intensity fluctuation relative to the mean laser intensity 

and it reads 

i i iI I I     , (33) 

 

The computer simulation is effective to study our problem in this letter [13] and we 

have mastered it through the experiences in previous works. The algorithm for computer 

simulation developed by Fox etc.[14] is used. The details of the simulation procedure are 

as follows. The starting point was 1 2 0I I   and the time step was 0.001. Five 

thousand independent realizations were obtained, and a realization was comprised of 

100000 different time steps. The simulation results show next parts of the article. 

 

3. Simulation Results and Statistics Analysis 
 

3.1. The Probability Distribution of the Laser Intensity  

 

    

Figure 1. The stationary probability distribution of the laser intensity as a 
function of the laser intensity for several different values of the auto-

correlation time of the colored pump noise   in a homogeneous medium, 

and related parameters values: 1a =15, a =0.8,  =0,  =2, P =2, 
'P =5, (a) 

the laser intensity probability distribution o for mode 1; (b) the laser 
intensity probability distribution for mode 2. 
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Figure 1 shows that The stationary probability distribution of the laser intensity as a 

function of the laser intensity for several different values of the auto-correlation time of 

the colored pump noise   in a homogeneous medium. It’s can be clearly seen that: 

For laser mode 1, the laser intensity distribution in homogeneous broadening laser 

system has two possible areas, one area is that near the laser intensity is zero, another area 

is around the region which is close to the laser intensity 1I = 1a , which makes the laser 

intensity distribution may migrate between two areas. Meanwhile, the probability which 

the laser intensity occur in the region nearby 1I = 1a  gets bigger as the auto-correlation 

time   increases. For laser mode 2, the similar things to what the mode 1 happens, the 

difference is that one of the probability of the laser intensity concentrating areas is not 

nearby 1I = 1a  but close to 1I = 1a - a . 

 

3.2. The Mean, Auto-correlation and Cross-correlation Functions of the Laser 

Intensity 

Figures 2-6 display the mean laser intensity, the auto-correlation and cross-correlation 

functions of the laser intensity of the laser systems in the homogeneous ( =2) and 

inhomogeneous ( =1) medium.  

 

Figure 2. The mean laser intensity of the mode 1 in different medium 
(homogeneous and inhomogeneous medium), the other parameter 

values: a =0.8,  =0, P =2, 
'P =5. 
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Figure 3. The mean laser intensity of the mode 2 in different medium 
(homogeneous and inhomogeneous medium), the other parameter 

values: a =0.8,  =0, P =2, 
'P =5. 

In Figure 2 and Figure 3, the dark grids represents the mean laser intensity of the 

homogeneous laser system ( =2) and the thin grids represents the mean laser intensity of 

the inhomogeneous laser system ( =1) , respectively. From two figures, we can see that 

below and at the threshold value of the laser system, the mean light intensities for both 

two laser systems are not different, but above the threshold value, the changes of the mean 

light intensities of the laser systems work in the different medium are distinctly different.  

Figure 2 gives that above the threshold value, the mean light intensities of the laser 

mode 1 of the inhomogeneous laser system increase faster than that of the homogeneous 

laser system when the auto-correlation time of the colored pump noise  increases with 

certain limits , and it is more obvious when the pump parameters 1a  is increasing.  

The different changes of two mean light intensities of the mode 2 in different medium 

show in Figure 3. This figure displays that that above the threshold value, the mean light 

intensities of the laser mode 2 of the homogeneous laser system increase faster than that 

of the inhomogeneous laser system when the auto-correlation time of the colored pump 

noise  increases with certain limits, and it is indeed more obvious when the pump 

parameters 1a  is increasing just as that show in Figure 2. In addition, the mean light 

intensities of the laser mode 2 of the inhomogeneous laser system firstly increase and then 

decreases as increasing   with certain limits. 

 

Figure 4. The auto-correlation functions of the light intensities of the mode 
1 in different medium (homogeneous and inhomogeneous medium), the 

other parameter values: a =0.8,  =0, P =2, 
'P =5. 
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Figure 5. The auto-correlation function of the laser intensity of the mode 2 
in different medium (homogeneous and inhomogeneous medium), the other 

parameter values: a =0.8,  =0, P =2, 
'P =5. 

Figures 4 and 5 show the auto-correlation functions of the light intensities and Figure 6 

displays the cross-correlation functions of the light intensities when the laser system work 

in homogeneous and inhomogeneous medium. Note that in Figure 4 the dark and thin 

grids keep the same sense as that of in Figures 2 and 3, but in Figures 5 and 6, In order to 

more clear exhibition, the dark grids represents the mean laser intensity of the 

inhomogeneous laser system ( =1) and the thin grids represents the mean laser intensity 

of the homogeneous laser system ( =2) , respectively. 

Figures 4 and 5 show that Below and at the threshold value of the laser system, the 

auto-correlation of the light intensities of the different medium are not different, but when 

the laster system works above the threshold value, the values of the auto-correlation 

function of the light intensities of the laser mole 1 in the inhomogeneous medium are 

smaller than that in the homogeneous medium; meanwhile, the values of the auto-

correlation function of the light intensities of the laser mole 2 in the homogeneous 

medium gets litter and litter when the values of  or 1a  gets bigger. 

 

Figure 6. The cross-correlation function of the laser intensity of the mode 1 
and 2 in different medium (homogeneous and inhomogeneous medium), the 

other parameter values: a =0.8,  =0, P =2, 
'P =5. 

As for the cross-correlation function of the light intensities of two laser modes, from 

Figure 6, we can see it decreases as increasing values of   or 1a  gets bigger when the 
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laser systems work above the threshold value of the system, it has the maximum value 

near the threshold value and then gets smaller when the pump parameter decreases. 

 

4. Conclusion 

Then studies show that the stationary probability of the laser intensity mainly occur in 

two regions, the correlation time of the color pump noise   may make the distribution 

of the laser intensity concentrate in the region where close to the laser intensity 1I = 1a  

and 1I = 1a - a   and the values of the light intensities are larger, thus enhance the mean 

of the laser intensity and stabilize the the system in the homogeneously broadened two-

mode laser system; at the same time, the mean laser intensity of the laser mode 1 

decreases and he mean laser intensity of the laser mode 2 increases when   gets bigger, 

so the correlation time of the color pump noise  may weaken the competition between 

the two laser modes. 
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