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Abstract 

Friction and wear process is due to the interaction of the relative motion between 

friction pair surfaces. Problems of rough surface and contact mechanics are not just 

appeared in tribology, but they have close relationship with friction or tribology and they 

are the necessary problem to solve in understanding of friction and wear phenomena. In 

the paper, we make the assumption of deformation continuity and smoothness of the 

surface asperity and combined with related theory to establish a mathematical model for 

the calculation for surface contact. The model is verified with a specified example. The 

results have been calculated and compared with results of other models. The comparison 

results show that the calculation model established in this paper has small error when the 

load is small load but with big difference with test results when the load is higher. The 

model can be used in the research of influence factors of real contact area of sliding 

friction surface, but it should take actual factors into consideration. 

 

Keywords: open pit mining, semi continuous system, intermittent system, economic 

comparison 

 

1. Introduction 

Friction wear process is due to the interaction of the relative motion between friction 

pair surfaces. It is the friction phenomenon occurred on relative motion surface. Problems 

of rough surface and contact mechanics are not just appeared in tribology. They have a 

close relationship with friction or tribology and they are the necessary problem to solve in 

understanding of friction and wear phenomena. Recently, contact on surface becomes a 

specialized research field in tribology. Studies on the characteristics of real contact sliding 

friction between surfaces play an important role in the analysis of the friction, wear, 

lubrication and heat transfer performance. 

The real contact characteristics on sliding friction surfaces can be classified as rough 

surface contact with smooth plane and rough surface contact with rough surface. And 

each class has two subclasses of static and sliding. So far, there are many study articles 

have been published. They are mostly based on the theory of elastic contact. 

(1) Rough surface contact with smooth surface 

Contact model (G – W model) for rough surfaces has been firstly developed to predict 

the relations between real contact area and normal loads [2]. Then, other models based on 

G – W model have been proposed [3-6]. When two rough surfaces contact with same 

elastic constants, the tangential force would not affect normal pressure; and if with 

different elastic constants, problem can be transformed into contact between 1 rough and 

1 rigid smooth surface [7]. Then, many finite element method (FEM) studies have been 

proposed [8-9]. Topography height distribution of a convex body surface has 

characteristics of stochastic with non-stability. It is not continuous and smooth anywhere 

and has statistical self-similarity and self-affine characteristics [10-12]. The rough surface 

has fractal characteristics and can be studied with fractal theory. 
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For sliding condition, density function of temperature distribution and integral function 

of temperature rise on the real contact area has been derived with slow sliding of elastic 

and elastoplastic contact surfaces and slow sliding of elastic contact surfaces [13-15]. 

With FEM method, variation of stress and strain has been studied with the tangential 

force and normal force [16-17]; with semi analytic method, elastoplastic contact analysis 

has been developed for three dimensional model and get the distribution of contact 

pressure, residual stress, etc. [18]. With fractal theory rough surfaces have been generated, 

contact adhesive wear model has been studied under different loads [19]. 

(2) Rough surface contact with rough surface 

In order to simplify the analysis, the top surface of micro convex body is assumed as 

spherical, contact between the balls is the start points and purely elastic or pure plastic 

contact have been taken to be the actual condition in most models [20-21]. If make the 

assumption of maximum elastic or plastic deformation at friction interference of 2 balls, 

contact area of elastic deformation under normal force is the same as results calculated 

with Hertz theory, and plastic results are similar with slip field theory [22]. Fractal theory 

is used to establish 2 two-dimensional static contact model. Asperity is defined as elastic 

or plastic completely without transition stage of elastoplastic, and shear force between 

asperities is caused by tangential friction stress [23] 

Plane strain hypothesis is used to establish surface elastoplastic contact model for the 1 

spherical asperity on 1 regular shape and residual stress on the contact surface has also 

been calculated [24]. Based on previous sliding contact model, a new elastic-plastic finite 

element model has been proposed with the effect of the sliding friction force taken into 

account, and 3D rough surface is composed of many by many spherical asperity with 

different distances [25]. This method may consume a longer time when computing. 

Combined with the semi analytical method and the finite element method, sliding friction 

process between the two spheres is analyzed. In the method, formula to calculate the 

average tangential force and the normal force has been developed and parameters of 

typical materials are used to verify the accuracy [26]. 

The fractal theory has a wide range of applications in the calculation of contact for 

rough surfaces. Many studies have promoted the analysis of the stress level on the rough 

surface. In this paper, with related theory and assumption of deformation continuity and 

smoothness of the surface asperity, contact stress on smooth and rough surfaces has been 

studied, and a mathematical model for surface contact has been established. The new 

model can be used in the research of influence factors of real contact area of sliding 

friction surface. 

The main contribution of this paper is an investigation on a mathematical model for 

surface contact. It can help to study the contact mechanics occurred on sliding friction 

surfaces. The remainder of the paper can be organized as the following: section 2 is the 

introduction of deformation manners in sliding friction surface. Section 3 is the real 

contact area of sliding friction surface. Verification has been described in section 4 and 

the conclusion is shown in section 5. 

 

2. Deformation Manners in Sliding Friction Surface 

Assume that sliding friction is a contact between rough surface with smooth rigid plane, 

and the equivalent roughness characteristics is isotropic; ignore the interaction between 

adjacent contact in the process of contacting asperities and the elastoplastic contact 

enhancement [3-9]. Friction face contact model unfolded along the circumferential is 

shown in figure 1. Where,   is deformation of the asperity tip; 'l  is transverse width of 

the section of asperity before deformation; l  is transverse width of the section of asperity 

after deformation;  is the curvature radius of the top of the micro convex body. 
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Figure 1. Contact between Rough Surface and Smooth Surface 
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Figure 2. Deformation of Micro Conc Convex Body 

Contour line of micro contact area with area of 'A  on the rough surface can be shown 

as the Figure 1.  Then, the relation between 'A  and 'l  is /'2' Al  . Micro convex body 

before deformation [27] can be defined as: 

'
cos')( 21
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x
lGxh DD                    

2

'

2

' l
x

l
                            (1) 

Where, )(xh is the height of the asperity contour; x is the position of profile;  

G  is the characteristic scale coefficient of contour; 

D  is the number of fractal dimensions of profile, 21  D ; 

From Figure 2, deformation of micro convex body is of )0(h , then we can know 

that: 
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Then, we can know the curvature radius of top of the micro convex body by: 
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For a contact micro convex body of rough surfaces with certain properties, their 

deformation manners change with the different tip radius of curvature and deformation.  

Deformation of contacting asperities has three kinds of elastic, elastic-plastic and plastic 

manners. As shown in Figure 2. Under certain loads contact, shape of deformation is from 

the dashed line showed in figure into a solid line. So, the actual contact area is the circle 

with radius of 2l  instead of 2'l . The actual micro contact area A  has a relation of 

deformation manners of convex bodies with micro contact section area 'A . 

 

2.1 Critical Elastic Deformation of Micro Convex Body 

For an ideal rigid extruded asperity, when it is in elastic deformation, maximum 

contact pressure which the micro convex body suffered is [28]: 
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Where, E  is the general elastic modulus, and expressed as: 
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Where, 
21,EE  are the elastic modulus of materials of hard ring and soft ring; 

 
21,EE are the Poisson's ratio of materials of hard ring and soft ring; 

When in elastic deformation of micro convex body, the actual micro contact area A  

has a relation with micro contact section area 'A  as 2/'AA  .  

Considering the sliding between the end face of friction pair, the critical maximum 

contact pressure of micro convex body began to yield can be get by: 
yfKp 1.1max   

Where, 
fK  is the modification factor of friction; 

y is yield strength of the softer 

material. 

Friction correction factor 
fK  can be approximated by the friction factor f  function 

[29]: 
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Then, critical elastic deformation of micro convex body began to yield can be 

calculated by: 
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In the equation,  is material coefficients, and Ey  . 
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Formula (6) shows, size of the actual critical elastic deformation 
ec  is related to 

contact area A  of micro convex body. When A is reduced, curvature radius R  of the top 

also decreases and make the critical elastic deformation even smaller.  

When micro convex is in elastic deformation, relationship between deformation   and 

micro contact area can be described as: 
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If we compare the results of 
ec and , we can judge whether the micro convex is elastic 

deformation. Combined with (6) and (7), we can get: 
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When  ec
, the critical micro contact area of elastic deformation can be calculated 

as: 
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Then, we can get
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When 21  D , it has two conditions: (1) if ecAA  , ec  , then, contacting 

asperities is in plastically or plastic deformation; (2) if ecAA  , ec  , then then, 

contacting asperities is in elastic deformation. That is to say that small micro contact area 

would cause elastoplasticity or plastic contact and big micro contact area would cause 

elastic contact. Although deformation of contact asperity with small contact area is small, 

the curvature radius is still small for the relationship between micro convex body and 

micro contact area. The smaller curvature radius is, the less critical elastic deformation 

ec is. More important is that  and ec are changed with 2DA  and  changes with the 

variation of 2)2( DA  , so, condition of ec  can be easily met only in the area of small 

contact area of ecAA   

 

2.2 Critical Plastic Deformation of Micro Convex Body 

When asperities deformation  of the top of the micro convex body is bigger than pc , 

the micro convex body would occur plastic deformation. Here, we define the pc  as the 

critical deformation. When the contacting asperities in the fully plastic deformation, 

relationship between the micro contact area A  and micro contact section area 

'A is 'AA  . When 60'  yEl , the contacting asperities would occur the complete 

plastic deformation [30]. And based on this, micro contact area under critical plastic 

deformation is: 
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3 Real Contact Area of Sliding Friction Surface 
 

3.1 Distribution Function of Contact Area of Asperity 

With the fractal theory, Distribution function of contact area of asperity on the sliding 

friction surface can be expressed as [31]: 
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In the formula,  is the fractal area expansion coefficient; lA is the maximum contact 

area of micro convex body; r
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  ; rA is the real contact area of sliding 

friction surface.  

 

3.2 The Relationship between the Contact Area and the Load 

The relationship between the contact area and load of convex bodies are shown in the 

following: 

(1) Relationship between the load and contact area of asperity under plastic 

deformation. If we define the friction factor fK , we can get the contact pressure of 

asperity under plastic deformation condition [32]: 

yfp Kp 1.1                                                              (12) 

The relationship between contact area A  and load )(AFp
 of asperities under plastic 

deformation is AKApAF yfpp 1.1)(  . 

(2) Relationship between load and contact area of the asperity with elastic deformation. 

For an asperity extruded by ideal rigid, when it is in elastic deformation, contact pressure 

acting on the micro convex body can be calculated by: 
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Then, we can get another expression as: 
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So, relationship between contact area A  and load )(AFe  of asperity under condition 

of elastic deformation can be expressed as: 
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(3) The relationship between contact area and load of asperity in elastic plastic 

deformation. When
ecpc AAA  , both elastic deformation and plastic deformation 

are existed in contacting asperities. In this stage, relationship between contact area and 

contact pressure becomes extremely complex. Based on the basis of asperity deformation 
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smoothness and continuity principle, contact pressure and contact area at critical 

transition point of plastic deformation to elastoplastic deformation and elastoplastic 

deformation to elastic deformation should also be continuously and smoothly without any 

mutation. 

Some published articles show a relationship between deformation with contact area 

and contact pressure with a polynomial function for micro convex body. This relation 

meets continuous and smooth conditions of plastic deformation to elastoplastic 

deformation and elastoplastic deformation to elastic deformation. 

If we set the relationship between contact pressure and contact area of micro convex 

body in elastoplastic deformation on sliding friction surface as a polynomial function, the 

relationship can be described as the following: 

32
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xxy                                                  (16) 

The contact area of micro convex body with elastoplastic deformation is ),( ecpc AA , 

and contact pressure 
epp of elastoplastic deformation belongs to the range of ),( ep pp . 

Now we return to the function (16). This function is increases monotonously when in the 

interval [0, 1]. And the boundary value is 0,0  yx , or 1,1  yx  

If we define
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 , then, 

pcAA  and ecAA   are relative to 

0,0  yx  and 1,1  yx . 

Take the boundary condition into consideration, we can get: 
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Then, we can get the relationship between contact area A and load )(AFep
of micro 

convex body with plastic deformation by: 
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(18) 

Here, we complete the relationship between the contact area A and load )(AFep
of 

micro convex body with plastic deformation. Next, we would talk about the relation 

between real contact area with contact load of micro convex body 

According to the relationship of maximum asperity contact area lA , micro contact 

area 
ecA of critical plastic deformation, and micro contact area 

pcA of critical plastic 

deformation, the relationship between real contact area and micro convex body contact 

load can be classified in to following 3 kinds of conditions. 

(1)
lec AA  . Part contacting asperities is in elastic deformation state; Part is in 

the elastoplastic deformation state; and part is in the state of plastic deformation. The 

micro convex body contact load 
cF is the sum of elastic load

eF , elastoplastic load 

epF   and the plastic load
pF .  
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With the formulas described before, we would give the dimensional relation. The 

equation would be divided with the nominal contact area 
aA of sliding friction surface 

and comprehensive elastic modulus E , and then we can get: 
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For equation above, it should meet the demand of 5.1,21  DD ;  
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For equation (21), 5.1D  
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 (2)
eclpc AAA  . Part contacting area of asperities is in elastoplastic state, 

and the other part is in plastic deformation state. Total contact load 
cF of micro convex 

body is the sum of elastoplastic load 
epF and the plastic load

pF .  
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With the same method, we can get the ^P in this 

condition:
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^G  is the dimensional scale coefficient, and 
aAGG ^ . 

 ^
ecA is the critical contact area of elastic deformation, and aecec AAA ^

; 

^
pcA  is the critical contact area of plastic deformation, and apcpc AAA ^

; 

 ^
lA  is the maximum contact area of micro convex body , and all AAA ^  

(3)
pcl AA  . Contacting asperities are in the state of plastic deformation, and 

then micro convex body contact load 
cF is equal to total plastic load

pF .  
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ppc dAAnAFFF
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)()(                         (23) 

With the same method, dimensional relationship between contact load of micro convex 

body and the real contact area can be expressed as: 
^^ 1.1 rf AKp                                                   (24) 

Where, ^P is the dimensionless load, )(^ EAFP ac ; 

 ^

rA is the dimensionless real contact area, )(^
arr AAA  . 

 

4. Verification of the Method 

The algorithm the paper proposed is used to compare with other algorithms. In the 

comparison, we choose one theory model and a group experimental result. The theory is 

GREENWOOD-WILLIAMSON model and experiment results are got from BHUSHAN.  

Figure 3 shows the comparison results. From the figure, we can get some useful 

conclusions. Due to the basement of statistical characterization to calculate rough surface 

morphology, G-W model has a large deviation from the experimental data, and only 

relatively small error in the high load.  Calculation model established in this paper has a 

small error in a small load. When the higher load, the error is relatively big. G-W model 

takes the impact between adjacent contacting asperities in to consideration and it can get 

satisfactory results when it is in condition of high load. The model established in this 

paper didn’t give the consideration and it leads to a large error. 

 



International Journal of Signal Processing, Image Processing and Pattern Recognition 

Vol. 8, No. 5 (2015) 

 

 

32   Copyright ⓒ 2015 SERSC 

 

Figure 3. Comparison Results between Different Model and Test 

5. Conclusions 

The fractal theory has a wide range of applications in the calculation of contact for 

rough surfaces. Many studies have promoted the analysis of the stress level on rough 

surface. In this paper, we make the assumption of deformation continuity and smoothness 

of the surface asperity and combined with related theory to establish a mathematical 

model for surface contact. The model can be used to study the contact stress on smooth 

and rough surfaces.  

G-W model is based on statistical characterization. When used to calculate rough 

surface morphology, it has a large deviation from the experimental data and only 

relatively small error in the high load. Calculation model established in this paper has 

small error in small load, but it has big difference when the load is higher. The main 

reason may be that interaction between asperities is not taken into consideration. 

The model can be used in the research of influence factors of the real contact area of 

sliding friction surface, but it should take actual factors into consideration. 
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