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Abstract 

For the problem of electrical energy measurement could not be united under the 

condition of non-stationary distortion signals, in the paper, the functionals series was 

used to modeling the signals. Firstly, the Wiener kernel of nonlinear load was acquired;  

the output signal of nonlinear load was expressed using functionals series under the 

condition of sinusoidal excitation; and then, we used the wavelet transform to processed 

and acquired component of fundamental and distortion; and though the acquisition 

component of voltage and current, we analyzed the power flow of nonlinear load, and 

according the result of power flow, we proposed a new method of active power 

measurement. The simulation result shows that the result of theoretical analysis is the 

same as the new method, and the new method of electric energy measurement based on 

the functional series can achieve the reasonable electrical energy measurement. 

 

Keywords: Electrical energy measurement; Power flow; Functional series; Wavelet 

transform 

 

1. Introduction 

With the rapid increase of nonlinear load in power gird, the signal of power grid keeps 

deteriorating [1-3]. In the environment of the distortion power system, there’s a complex 

energy exchange between nonlinear load and power grid, which was  difficult  for us to 

accurately  measure the electrical energy of nonlinear load. 

At present, there’s some problems about the method of measuring the electrical energy 

under the condition of distortion. For example, under the condition of harmonic, 

according to the traditional electrical energy measurement method, the users of linear load 

not only need to pay the costs of fundamental power, but also to burden the costs that was 

forced to absorb harmonics energy. As to the nonlinear load, on the contrary, but the users 

burden little the costs that harmonic electricity energy pumped into the power system [4-

5]. Obviously, it is extremely negative impact on improving the power quality. A 

reasonable method is to use the technical scheme of fundamental wave watt-hour meter, 

which has been successfully applied to the non-linear loads of using electric energy 

measurement, and achieved some results [6-7]. However, under the condition of 

harmonic, the electric energy measurement theory, method and instrument can’t solve the 

universally accurate measurement of electricity in the condition of distortion signal. 

Especially the Non-stationary voltage and current signal of the nonlinear load such as 

impact loads, it can’t be described by the mathematical model of harmonic signals [8]. 

In this paper, we established the general mathematical model of power grid signal 

using the Wiener-G functional series, and on the basis of that, we analyzed the power 

flow of nonlinear load and proposed the new method of energy metering. The simulation 

result shows that the new method of electrical measurement that proposed according to 

the analysis of power flow theoretically solved the problem of united energy 

measurement. 
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2. The Mathematical Models of power Grid Signals and Power under 

the Conditions of Distortion Signals  
 

2.1. The Simplified Model of Power Grid   

As shown in figure 1, the simplified model of power grid signals under the conditionals 

of distortion signals. The power supply voltage of power grid is  tu  and the current is 

 ti  , lZ is the impedance of circuit, Z is the impedance of nonlinear load, a is the 

energy measurement nodes of load. 
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∆u(t)
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Figure 1. The Electrical Network Simplified Model 

The voltage, current and its decomposition of nonlinear load are defined as follows 

              )1(tututu sIa   

      )2(tititi sI   

Where  tuI and  tiI are the fundamental component of power signal,  tus and 

 tis are the distortion component of power signals. 

The voltage drop of circuit impedance can be express as follow 

( ) ( ) ( )I su t u t u t      

Where the  tuI and  tus are the fundamental and distortion component of  the 

voltage drop of circuit impedance respectively. 

In the simplified model of power grid,  tus ,  tis  and  tus are random signals, they 

include not only harmonic component, also include other forms of distortion such as DC, 

inter-harmonic components.  

 

2.2. The Mathematics Model of Power under the Conditions of Distortion 

By the theory of power, we know the instantaneous power of a point 

        )3(titutp aa   

Will (1) and (2) into (3) 
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The average power of a point is  
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Where IP is the fundamental component of power, IsP is produced by the fundamental 

component of voltage and distortion component of current, sIP  is produced by distortion 

component of voltage and fundamental component of current and sP is produced by 

distortion component of voltage and distortion component of current(here, we called 

distortion power).  

 

3 Modeling the Power Grid Signal under the Condition of Distortion 

Signal and Wavelet Decomposition Algorithm 

The previous section shows, it is important to know the voltage and current model of 

nonlinear load, if we want to measure the consumptive electrical energy of nonlinear load. 

1) The mathematical model was unified description using functional series. 

2) The component of fundamental and distortion were acquired using the wavelet 

transform. 

 

3.1. Wiener Kernel Acquisition of Non-linear Systems 

According to the reference [9], and the nature of functional series, we have the Wiener 

kernel of nonlinear load: 
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  , n>0. A is the power spectral density of input Gaussian White 

noise; Gm(t) is the items of Wiener series; i(t) is the output of non-linear system, u(t) is the 

input of non-linear system.
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 And then the Wiener kernel could be acquired. 

 

3.2. Wiener-G Functional Series Expression under the Condition of non-Gaussian 

White Noise Input 

If the input u(t) of non-linear power system is non-Gaussian White Noise, the output 

i(t) of system can be described as a mutually orthogonal of series, that is to say  

     1
0

, , ,m m m
m

i t L h u t 




   
                     

(4) 

Where, Lm is the items of Wiener series, it is a function of input u(t) and Wiener 

kernel hm(τ1,…,τm). The items are: 
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and Фuu
+
(ω)=C is the  power spectral density of 

input signal u(t)，     j t

uu u t e dt
 


   , If the input signal of (4) is Gaussian White 

Noise, then the Фuu
+
(ω)=C, where C is constant, the output electric parameters of power 

load can be described as (4) no matter what the input is. 

The  tua  could be acquired by  ti : 

     tiRtutu la   

Where  tu  is power voltage, lR  is impedance of line 

 

3.3. Wavelet Decompose and Reconstruction 

Based on the functionals series model voltage and current signal, using the wavelet 

algorithm decompose and reconstruct  the voltage and current, we can find the component 

of fundamental and the component of distortion under the conditions of distortion 

signals[10]. 

From the MRA(Multi-resolution Analysis) theory,  tu and  ti can be broken down into 

different frequency components 
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Where J is the level of decomposition,  kc j and  kc j

'
is the scale 

coefficient,  kd j and  kd j

'
is the wavelet coefficient.  t  is the scale function,  t  is 

the  wavelet function. The voltage and current could be decompose to different frequency 

band from initial-scale coefficients layer by layer. 

The different frequency band wavelet coefficients of  voltage and current could be 

expressed matrix form: 
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Similarly,  the wavelet coefficients matrix
basisC  , 

basic
C , 

randC  and 
rand
C  of ( )Iu t , 

( )Ii t , ( )su t  and ( )si t , respectively. 
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According to reconstruction equation as follow, the distortion voltage and current were 

acquired  
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Similarly, the component of fundamental voltage and current could be reconstruction. 

By now, the signal of any nonlinear load could be expressed to functional series, if the 

Wiener kernel could be obtained. 

 

4. Simulation Test of Load Power Flow and Error Analysis 

In order to verify the functionals series model, according to the functionals series 

model of nonlinear load and the decomposition algorithm of signal, in this section, we 

have a power flow simulation experiment and error analysis about three type nonlinear 

load and its composite nonlinear load. 

 

4.1. Power Flow Analysis of Electrical arc Furnace 

We take an electric arc furnace of steel factory for an example. According to the 

characteristic of electrical arc furnace, the theoretical model was acquired by simulink 

modeling, the simulation model was acquired by functionals series modeling. fs=3200Hz 

is sampling frequency of simulation, n =256 is sampling points, and the signal is 

decomposed into 4 levels, the components of fundamental and distortion were acquired. 

The figure 2 is wavelet decomposition of voltage and current under the condition of 

distortion signal. The table 1 is simulation result of voltage and current under the 

condition of distortion signal.  

Table 1. The Simulation Results 

 Pa PI PIs PsI Ps 

Theoretical 

value(W) 
153.815 158.370 21.654 -14.514 -11.695 

Measured 

value(W) 
145.293 147.594 19.844 -13.078 -11.067 

Error -5.5% -6.8% 8.4% 9.9% -0.5% 

 

From the simulation result, we know 

1) The power accuracy level is 10
-2

, the direction of fundamental and distortion power 

flow is same as theoretical situation, it shows that the functional series models could 

be apply to analysis power flow of the impact nonlinear load.  

2) PIs and PsI are not zero, it shows the fundamental meter ignore these two item is 

neither reasonable nor accurate. 

3) In this simulation instance, distortion power accounted for 7.6% of total power, but 

with the increase of the load, the effects are not negligible.   
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Figure 2. Current and Voltage of Semiconductor Rectifier and its 
Decompose 

4.2. Power Flow Analysis of Composite System 

The theoretical model of composite system contain the semiconductor rectifier device 

of the conduction angle α is π/4, SS1 electric locomotive-type load and electrical arc 

furnace, of which the semiconductor rectifier device and the SS1electric locomotive-type 

load had been analyzed. The frequency fs=3200Hz is sampling frequency of simulation, n 

=256 is sampling points, and the signal is decomposed into 4 levels, the components of 

fundamental and distortion were acquired. 

The figure 3 is wavelet decomposition of voltage and current under the condition of 

distortion signal. The table 2 is simulation result of voltage and current under the 

condition of distortion signal.  

Table 2. The Simulation Results 

 

From the simulation result, we know 

1) The composite system power accuracy level is 10
-2

, the direction of fundamental and 

distortion power flow is same as theoretical situation, it shows that the functional 

 Pa PI PIs PsI Ps 

Theoretical 

value(W) 
880.4649 926.8676 27.1569 -37.1176 -36.4421 

Measured 

value(W) 
870.8557 913.5854 25.3569 -33.5980 -34.4886 

Error -1.1% -1.4% -6.6% 9.5% -5.4% 
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series models could be apply to analysis power flow of composite system with many 

nonlinear load.  

2) The error level of composite system is same as single system, it shows that the unify 

power flow analysis is feasible for composite system. 

 

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
-400

-200

0

200

400

Time/s

Am
pl
it
ud
e 
/V

a) Voltage signal

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
-400

-200

0

200

400

Time/s

A
m
p
l
i
t
u
d
e
 
/
V

b)The fundamental voltage of reconstruction

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
-40

-20

0

20

Time/s

A
m
p
l
i
t
u
d
e
 
/
V

c) The distortion voltage of reconstruction

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

-50

0

50

Time/s

A
m
p
l
i
t
u
d
e
/
A

d) Current signal

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

-50

0

50

Time/s
A
m
p
l
i
t
u
d
e
/
A

e)The fundamental current of reconstruction

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
-10

-5

0

5

10

15

Time/s

A
m
p
l
i
t
u
d
e
/
A

f) The distortion voltage of reconstruction

 
Figure 3. Current and Voltage of Composite Load and its Decompose  

5. A New Method of Electrical Energy Measurement under the 

Conditions of Distortion 

From the result of power flow analysis and simulation, we can available that: 

What the power was produced by fundamental components of voltage and current is 

0IP , it indicate that the nonlinear load absorption fundamental power from power grid, 

so this part of electrical energy should be include into total energy of load consumption.  

What the power was produced by fundamental component of voltage and distortion 

component of current that is 0IsP , it indicate that the nonlinear load absorption 

distortion power from power grid, so this part of electrical energy should be measure.  

What the power was produced by distortion component of voltage and fundamental 

component of current is 0sIP , it indicate that this component power is not be 

consumption, but as the distortion power back to the grid. However, the form of current 

back to the power grid is fundamental, and don’t bring pollution to the power grid, so it 

should be measured.  

What the power was produced by distortion component of voltage and current is 

0sP , it indicate that this part of power not been consumption, but as the distortion 

power back to the power grid. However, the form of current back to the power grid is 

distortion, and bring pollution to the power grid, therefore not be measured. 
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In summary, we proposed a universal method of electrical measurement for the 

nonlinear load 

sIIsI PPPP   

Sa PPP   

Where, aP is the measure power of measurement node a , sP is the distortion part of 

aP . 

When the  tus and  ti s are the higher-order harmonics, type become on  

IsIIsI PPPPP   

According to the type, we manufacture the meter of electrical energy measurement 

degenerate as a fundamental watt-hour meter, so it also applies to the harmonic user.  

 

6. Conclusion 

In this paper, the functionals series model of nonlinear load was regarded as basis to 

analyse the power flow of nonlinear load, and according to the result of power flow, we 

proposed a new method of electrical energy measurement,  and got the conclusion as 

following: 

1) It is different between simulation and theoretical components of power value what 

the composite system contains the semiconductor rectifier device, electric 

locomotive-type load and electrical arc furnace, and the error level is 10
-2

. The main 

reasons of simulation error are the speed and memory storage which limit the usage 

of the functional series model proceed power flow analysis, on one hand just a little 

sample data can be used to computations, one the other hand ,only a few items of 

functional series can be used to approximate the practical system. 

2) The simulation result of power flow direction of composite system contain the 

semiconductor rectifier device, electric locomotive-type load and electrical arc 

furnace that are consistent with theoretical results, and at the same time, the results 

are consistent with theoretical analysis results of article[8], it shows that the 

functional series models could be apply to analysis power flow of  composite system 

with many nonlinear load, and also the new method could be used to measure 

electrical energy. 

3) In order to further validate the universality of the new method of electrical energy 

measurement, the authors are developing the experiment instrument of electrical 

energy measurement 
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