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Abstract
All phase digital filter (APDF) is a new type of linear phase FIR digital filter that was
proposed in recent years. Firstly, the theory of biorthogonal wavelet transform and windowed
APDF based on DCT is expounded and the relationship between them is discussed. Secondly,
a novel algorithm is proposed to implement biorthogonal wavelet transform by using
windowed APDF based on DCT. As an important application of biorthogonal wavelet
transform, multi-resolution analysis of 2-D image signal could be used to test the feasibility
and applicability of the proposed algorithm. Finally, the simulation results using MATLAB
tool are shown in this paper and the analysis indicates that the proposed method performs
well.
Keywords: DCT Filtering; Windowed All Phase Digital Filter; Biorthogonal Wavelet
Transform; Mallat Algorithm

1. Introduction
The design of linear phase FIR digital filter was proposed in the last century. Due to
its well-developed theories and easy implementation by fast Fourier transform (FFT), it
has been playing an important role in image filtering. There are several methods for
designing FIR digital filters, they are the windowing, the frequency sampling and the
equal ripple approximation [1]. The equal ripple approximation can not precisely
control the responses at specified frequencies, and the designing process is complex to
some extent. The frequency sampling usually requires inserting some transition points
to improve the ripple; consequently the cut-off frequency is controlled not easily. The
windowing requires much more frequency samples in order to give a desired impulse
response truncated by a window. While the windowing method improving ripples, it
induces a wider transition band and loses control of the frequency response at the
sampled points as well. Because the conventional filter designing methods have many
disadvantages, some scholars try to improve it. Combining with overlapped digital
filtering, several kinds of all phase digital filters based on the discrete Fourier transform
(DFT), discrete cosine transform (DCT) and inverse DCT (IDCT) were proposed [2-5].
The all phase digital filter method is a new scheme for FIR filter design, and it is
superior to the conventional methods in overall filter performance. Also, we can further
improve the performance of the filter by adding a front window and a rear window on
the input signal and output signal respectively. In the following sections of this paper,
the filter designed by the method of all phase is called all phase digital filter (APDF) in
a precise manner.
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Compared with FFT, DCT has many advantages. Because the DCT transform matrix
easily reflects the characteristics of image signals and human speech signals, DCT is
considered as the quasi-perfect transform [6]. DCT is the most widely used orthogonal
transform, which is still a hot research topic. However, DCT also has many
disadvantages such as blocking artifacts and nonlinear phase characteristics. Therefore,
the DCT filter is also in the process of development. The all phase digital filters based
on DCT have many advantages [7], for example, since we can avoid complex operation
in the DCT domain, the sequency response vector is not required to be real symmetric.
Therefore, more APDFs can be designed based on DCT than that based on DFT.
As an important form of wavelet analysis, the biorthogonal wavelet tr ansform has a
lot of advantages. For example, the wavelet filter banks are symmetrical with compact
support [8]. Now, biorthogonal wavelet transform has been used widely in the fields of
image denoising [9] and image coding [10]. In 1989, pyramid algorithm was proposed
by Mallat to implement fast wavelet transform (FWT) [11], and it is equivalent to the
importance of FFT in Fourier transform. In 2013, Jiang et al. [12] proposed an
algorithm to realize biorthogonal wavelet transform using discrete cosine sequency
filter (DCSF). With analyzing the biorthogonal wavelet transform implemented by
Mallat algorithm and windowed APDF based on DCT, we propose a new algorithm to
implement biorthogonal wavelet transform using windowed APDF based on DCT.
The rest of this paper is organized as follows. Section 2 starts with a brief review of
biorthogonal wavelet transform, and then the bior4.4 biorthogonal wavelet is taken as
an example to illustrate the transform. Windowed APDF based on DCT is introduced in
Section 3. Section 4 presents the algorithm designed to implement biorthogonal wavelet
transform using the windowed APDF based on DCT. The proposed method is tested by
typical image, and the experimental results are given in Section 5. Finally, conclusion
and future work are given finally in Section 6.

2. Biorthogonal Wavelet Transform
The biorthogonal wavelet transform is composed of the decomposition process and
the reconstruction process with two different wavelets  (t ) and  (t ) .  (t ) is used in
the decomposition process, and  (t ) is used in the reconstruction process.  (t ) and
 (t ) are dual and orthogonal to each other, and this relationship is called biorthogonal.
Meanwhile, there are two scale functions  (t ) and  (t ) in the above processes, these
two scale functions are also dual and orthogonal. Each of them can be used in the
decomposition process, and the other one can be used in the reconstruction process.
The biorthogonal transform can be easily implemented using Mallat algorithm, which
is shown in Figure 1. There are two pairs of sequence, ({ pk },{qk }) and ({ pk },{qk }) .
The { pk } and {qk } are called decomposition sequences, the { pk } and {qk } are called
reconstruction sequences. Sliding inner product is introduced in [13].
What we can conclude from Figure 1 is that the essence of Mallat algorithm is
filtering the signal {cN ,k } by decomposition filters { pk } and {qk } . Then the results are
down-sampled by factor 2. After the decomposition, the original signal is divided into
two parts with the length which is equal to half of the original length. One part is the
signal {cN 1,k } generated by low-pass filter { pk } , which can be seen as the
approximation of the original signal. And the other part is the signal {d N 1,k } generated
by high-pass filter {qk } , which can be seen as the detail of the original signal. On the
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contrary, the reconstruction process takes the reverse process to reconstruct the original
signal by reconstruction filters { pk } and {qk } .
Sliding inner
product { pk }

{cN ,k }
Sliding inner
product {qk }

2

{cN 1,k }

{d N 1,k }

2

2

Convolution
{ pk }

{cN ,k }
2

Convolution
{qk }

Figure 1. Decomposition and Reconstruction Processes of 1-D Mallat
Algorithm
Reference [13] presented that realizing the wavelet multi-resolution analysis for twodimensional signal is similar to that of one-dimensional signal. We denote {cN 1,k } and
{d Ni 1,k (i  1,2,3)} as the approximation and detail of 2-D signal at scale N  1
respectively. After the horizontal and vertical filtering processing to the twodimensional signal {cN ,k } , four different frequency bands {cN 1,k } , {d 1N 1,k } , {d N2 1,k } , and
{d N3 1,k } could be obtained respectively. On the contrary, the reconstruction process is
the reverse of decomposition process.
When applying Mallat algorithm to the finite length signal {cN ,k } , the data beyond
the sequence must be extended. Among various boundary extension methods, periodic
extension is used frequently. Now, we use the “CDF 9/7” (“bior4.4” in MATLAB)
biorthogonal wavelet as an example to illustrate Mallat algorithm, and the length of the
1-D signal {cN ,k } is 8. The coefficients of bior4.4 wavelet filters are
0.0378, 0.0238, 0.1106,0.3774,

{ pk }  { p4 ~ p4 }  
,
0.8527,0.3774, 0.1106, 0.0238,0.0378
{qk }  {q2 ~ q4 }  0.0645,0.0407,0.4181, 0.7885,0.4181,0.0407, 0.0645 ,

{ pk }  { p3 ~ p3}  0.0645, 0.0407,0.4181,0.7885,0.4181, 0.0407, 0.0645 ,

(1)
(2)
(3)

and
0.0378, 0.0238,0.1106,0.3774,

(4)
{qk }  {q3 ~ q5 }  
.
0.8527,0.3774,0.1106, 0.0238, 0.0378
The processes of biorthogonal wavelet decomposition and reconstruction to 1-D
signal {cN ,k }  {162, 163, 166, 162, 155, 160, 157, 161} are shown in Figure 2 and Figure 3
respectively.

3. The Principle of Windowed APDF Based on DCT
All phase philosophy can be considered to an application of overlap philosophy [3,
14]. For a digital sequence {x(n)} , there are N vectors with N -dimension. Each vector
contains x(n) and has different intercept phases:
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X 0  [ x(n), x(n  1),

, x(n  N  2), x(n  N  1)]T ,

X1  z 1 X 0  [ x(n  1), x(n),

, x(n  N  3), x(n  N  2)]T ,

X N 1  z  ( N 1) X 0  [ x(n  N  1), x(n  N  2),

(5)

, x(n  1), x(n)]T ,

where z  j ( j  0,1, , N  1 ) is the delay operator. Obviously, x(n) is the intersection of
X i (i  0,1, , N  1) , that is x(n)  X 0 X 1
X N 1 . According to the regular
representation of data matrices, the all phase data matrix of x(n) is defined as
X  N 1,0 (n)  [ X 0 , X1 , , X N 1 ] , and all the column vectors X i (i  0,1, , N  1) span an all
phase data space of x(n) [15].
162 163 166 162 155 160 157 161
228.7313 233.3584 222.4895 224.7600

Down-sampled by factor 2
228.7313 231.7104 233.3584 228.1246 222.4895 222.9592 224.7600 226.5451

PE

p4 p3 p2 p1 p0 p1 p2 p3 p4
LPF

p4 p3 p2 p1 p0 p1 p2 p3 p4
155 160 157 161 162 163 166 162 155 160 157 161 162 163 166 162

HPF

q2 q1 q0 q1 q2 q3 q4 q2 q1 q0 q1 q2 q3 q4
1.6177 -2.8271 -0.9723

4.6425 -3.7390

2.3388 -1.1490 0.0884

Down-sampled by factor 2
1.6177 -0.9723 -3.7390 -1.1490

PE: periodic extension

Figure 2. The Decomposition Process of Biorthogonal Wavelet
Architecture of the windowed APDF based on DCT implemented directly in
frequency domain is shown in Figure 4 [16]. Windowing is a kind of modulation for the
signals. In Figure 4, we add a front window B1 (n) (n  0,1, , N  1) after the input
signal {x(n)} and a rear window B 2 (n) (n  0,1,
respectively.

, N  1) before the output signal y(n)

B1  [ B1N (0), B1N (1),

, B1N ( N  1)]T ,

(6)

B2  [ BN2 (0), BN2 (1),

, BN2 ( N  1)]T .

(7)

Particularly, when B1 (n)  1 and B 2 (n)  1 , the data without window can be regarded
as the data with the rectangular window.

4
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228.7313 233.3584 222.4895 224.7600

PE

PE

224.7600 228.7313 233.3584 222.4895 224.7600 228.7313 233.3584

Up-sampled by factor 2
0 224.7600 0 228.7313 0 233.3584 0 222.4895 0 224.7600 0 228.7313 0 233.3584

LPF

p3

p2

p1

p0

p1

p2 p3

p3

p2

p1

p0

p1

p2 p3

161.7108 164.3312 165.6399 161.3187 156.7892 157.1688 158.8601 160.1813



162 163 166 162 155 160 157 161

0.2892 -1.3312 0.3601 0.6813 -1.7892 2.8312 -1.8601 0.8187

q5 q4 q3 q2
HPF

q5 q4 q3 q2

q1 q0 q1 q2 q3

q1 q0 q1 q2 q3

0 -3.7390 0 -1.1490 0 1.6177 0 -0.9723 0 -3.7390 0 -1.1490 0 1.6177 0 -0.9723

Up-sampled by factor 2
-3.7390 -1.1490 1.6177 -0.9723 -3.7390 -1.1490 1.6177 -0.9723

PE
PE: periodic extension

PE

1.6177 -0.9723 -3.7390 -1.1490

Figure 3. The Reconstruction Process of Biorthogonal Wavelet
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Figure 4. Architecture of the Windowed APDF based on DCT Implemented
Directly in Frequency Domain
Denote C as the DCT transform matrix, and C T is the IDCT transform matrix. C is
an N  N matrix [C (i, j )]N  N , where C (i, j )  2/ N K (i)cos[(2 j  1)iπ / 2N ] ,
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1/ 2, i  0
. F is N-D respected sequency response vector for windowed
K (i)  

1, otherwise
APDF based DCT,

F  [ FN (0), FN (1),
S  [ s0 , s1 ,

, FN ( N  1)]T ,

(8)

, sN 1 ],

(9)

The matrix S with size of N  N is the extraction operator, where si (i  0,1, , N  1)
is the i-th N-D column vector. The i-th element in vector si is the value 1 and the rest
elements are the value 0.
The relationship between input signal x(n) and output signal y(n) in windowed
APDF based on DCT is shown in Figure 5.
Input the all phase
data matrix of x( n)

rear
window

front
window

DCT

DCT
domain

IDCT

B1

C

F

CT

B2

B1

C

F

CT

B2

B1

C

F

CT

B2

[ x(n), x(n  1),

, x(n  N  1)]T

[ x(n  1), x(n),

, x(n  N  2)]T

[ x(n  N  1), x(n  N  2),

Output

[ y N 1 (n), y N 1 (n  1),
[ y N  2 (n  1), y N  2 (n),

y ( n) 

1
N

N 1

 y ( n)
i

i 0

, y N 1 (n  N  1)]T
, y N  2 (n  N  2)]T

0
0
, x(n)]T [ y (n  N  1), y (n  N  2),

, y 0 (n)]T

Figure 5. The Relationship between Input Signal x(n) and Output Signal
y(n) in Windowed APDF based on DCT
X i (i  0,1,

, N  1) is the i-th column vector of the all phase data matrix of x(n) .

We can get a value y i (n) after X i is filtered. That is
yi (n)  sN 1i {B2 {C T {F  [C ( B1  X i )]}}} ,

(10)
where the mark “ ” represents dot product operation. According to Eqs. (6)~(9) and Eq.
(10), we have
1 N 1
y ( n)   y i ( n)
N i 0
N 1 N 1
1 N 1
 {BN2 ( N  1  i ) [( FN (k )Ck , N 1i Ck , j ) BN1 ( j )]}x( n  i  N  1  j )
N i 0
j 0 k 0
(11)
N 1 N 1
N 1 N 1
2
1
2
1
  [ BN (i ) A(i, j ) BN ( j ) x(n  i  j )    [ BN (i ) A(i, k  i ) BN (k  i ) x (n  k )]
i 0 j 0

i  0 k  i

N 1

 h0 x(n)   [hk x(n  k )  h k x(n  k )],
k 1

6
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where
A(i, j ) 
hk 

N 1 k

 [B

m0

2
N

1 N 1
 FN (m)Cm,iCm, j ,
N m0

(m) A(m, m  k ) B1N (m  k )] , h k 

N 1 k

 [B

m 0

2
N

(12)

(m  k ) A(m  k , m) B1N (m)] .

(13)

Eq. (11) can be written in the convolution form:
N 1

y ( n) 



k  ( N 1)

hk x(n  k )  hn  x(n) .

(14)

From Eq. (14), what we can conclude is that the unit impulse response of N -order
windowed APDF based on DCT is h  [hN 1 , hN 2 , , h1 , h0 , h1 , , h N 2 , h N 1 ]  {hk } . The
N -order windowed APDF based on DCT is equivalent to the FIR digital filter with the
length of 2 N  1 .
According to Eq. (11), signal filtering in convolution form using APDF based on
DCT is shown in Figure 6.
h
h

h k

h N 1

h N 1

h k

h1

h1

h0

h0

h1

hk

h1

hN 1

hk

hN 1

x(n  k )

x(n  N  1)

Input signal

{x(n)}

x(n  N  1)

x(n  k )

Signal after filtering { y ( n)}

x(n  1) x(n) x(n  1)

y (n) y (n  1)

Figure 6. Signal Filtering in Convolution Form using Windowed APDF
based on DCT
Theorem 1: The necessary and sufficient condition of N -order windowed APDF
based on DCT recognized as the zero-phase digital filters is that the front window and
rear window are equal [17]. That is B1  B2  hk  h k (k  0,1, , N  1) .

4. Algorithm Design of Biorthogonal Wavelet Transform Using Windowed
APDF Based on DCT
4.1. Relationship between the Coefficients of Biorthogonal Wavelet Filters and
Windowed APDF based on DCT
{hk } (k  N  1, N  2, ,1,0, 1, ,  N  2,  N  1) are the coefficients of windowed
APDF based on DCT. In biorthogonal wavelet transform, the { pk } and {qk } are the
coefficients of decomposition filters, while { pk } and {qk } are the coefficients of
reconstruction filters. We can find the relationship between {hk } and { pk } , {qk } , { pk } ,
{qk } . These coefficients described above will be discussed as follows.
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Because the length of N -order windowed APDF based on DCT is 2 N  1 , the length
of the filter coefficients { pk } , {qk } , { pk } , and {qk } should be odd.
Generally speaking, the lengths for biorthogonal wavelet filters { pk } and {qk } are
odd or even simultaneously. Reference [13] presented that when the lengths for both of
{ pk } and {qk } are odd, supposing the support intervals are indicated as
N3  0,
supp{ pk }  [ N3 , N3 ],

supp{qk }  [ N 4  1, N 4  1], N 4  0,

(15)

p k  pk , k  0,1, , N3 ,
q k  qk  2 , k  1,0,1, , N 4  1.

(16)

pk  (1)1k q1k , qk  (1) k p1k ,

(17)

where

Since that

correspondingly, the support intervals of { pk } and {qk } can be represented as
N 4  0,
supp{ pk }  [ N 4 , N 4 ],

supp{qk }  [ N3  1, N3  1], N3  0,

(18)

p k  pk , k  0,1, , N 4 ,
q k  qk  2 , k  1,0,1, , N3  1.

(19)

where

According to Eqs. (17) and (19), windowed APDF based on DCT should be
absolutely zero-phase so that the symmetrical coefficients {hk } can correspond to the
coefficients { pk } , {qk } , { pk } , and {qk } respectively. That is hk  h k
(k  0,1,

, N  1) . With Theorem 1, we get the conclusion that the front window B1 and

rear window B 2 of windowed APDF based on DCT should be equal. That is B1  B2 .
Thus, we can get the following relationship between the coefficients of biorthogonal
wavelet filters and windowed APDF based on DCT. As shown in Figure 7, the bior4.4
biorthogonal wavelet ( N3  4 and N4  3 ) is taken as an example to illustrate the
relationship. {hki }( i  1,2,3,4) are the coefficients of windowed APDF based on DCT.
The low-pass filter { pk }  {hk1 } (k  0, 1, 2, 3, 4) and high-pass filter {qk 1}  {hk4 }
(k  0, 1, 2, 3) are defined as the decomposition filter banks. The low-pass filter
{ pk }  {h2k } (k  0, 1, 2, 3) and high-pass filter {qk 1}  {h3k } (k  0, 1, 2, 3, 4) are
defined as the reconstruction filter banks.
Thus, with the convolution filtering method shown in Figure 6, the biorthogonal
wavelet transform (shown in Figure 2 and Figure 3) to 1-D signal can be realized by
using filters {hki } instead of the coefficients of biorthogonal wavelet filters { pk } , {qk } ,
{ pk } , and {qk } .

8
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The coefficients of filters are symmetrical

{ pk }

p4 p3 p2 p1 p0 p1 p2 p3 p4

{qk }

q3 q2 q1 q0 q1 q2 q3 q4 q5

{hk1 }

h14 h13 h12 h11 h01 h11 h21 h31 h41

{hk3 }

h43 h33 h23 h13 h03 h31 h32 h33 h34

{ pk }

p3 p2 p1 p0 p1 p2 p3

{qk }

q2 q1 q0 q1 q2 q3 q4

{hk2 }

h32 h22 h12 h02 h21 h22 h23

{hk4 }

h43 h42 h41 h04 h14 h24 h34

Figure 7. Coefficients {hki } Correspond to the Coefficients { pk } , {qk } , { pk } ,
and {qk }
4.2. Process of Input Signal through the Filter
The algorithm of biorthogonal wavelet transform to 2-D signal using windowed
APDF based on DCT is shown in Figure 8.
Column Filtering
Row Filtering
LPF

{hk1 }

LPF
1
k

{h }

2

Column Filtering
{
cN 1,k } PE
2
{
c
}
2 N 1,k

HPF

1
2 {d N 1,k } {d N1 1,k }

LPF

{h }

{hk1 }

2

2

{hk3 }

2
PE
2 {d N2 1,k } {d N 1,k }

2

{hk2 }

HPF

(a)

 {cN ,k }


3
3
2 {d N 1,k } {d N 1,k }

PE

2

LPF

2 {hk2 }

LPF

PE

{hk4 }

PE: periodic extension

PE

HPF

PE

{cN ,k } PE

4
k

Row Filtering



PE

{hk4 }

HPF

LPF

{hk2 }

PE

HPF

{hk3 }

2

HPF

{hk3 }

PE: periodic extension

(b)

Figure 8. Implementation of Biorthogonal Wavelet Transform to 2-D Signal
using Windowed APDF based on DCT: (a) Decomposition Algorithm, (b)
Reconstruction Algorithm
The implementation of biorthogonal wavelet decomposition and reconstruction to 2D signal can be decomposed into biorthogonal wavelet decomposition and
reconstruction to two 1-D signals. For example, an image signal can be decomposed
into two kinds of 1-D signal: row signal and column signal. The process of 1-D signal
through the windowed APDF based on DCT is shown in Figure 9.
The process of 1-D signal through the windowed APDF based on DCT can be
summarized as the following steps.
Step 1. The input signal {x(n)} is extended with periodic extension method.
Step 2. x(n) is a sample of signal {x(n)} . X i is the i-th column vector in the all
phase data matrix of x(n) . Each value in X i should be multiplied by each
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corresponding value in the front window B1 , and denote the result as {a i } . N is the
order of the windowed APDF based on DCT.
Step 3. The {a i } is transformed with DCT, and denote the result as {bi } .
Step 4. F is the sequency response vector in the windowed APDF based on DCT.
Each value in {bi } should be multiplied by each corresponding value in the response
vector F , and the result is denoted as {ci } .
Step 5. The {ci } is transformed with IDCT, and the result is denoted as {d i } .
Step 6. Each value in {d i } should be multiplied by each corresponding value in the
rear window B 2 , and the result is denoted as {ei } .
Step 7. Extract the ( N  i)-th element in the vector {ei } , and the extracted element is
the output value y i (n) .
Step 8. Because there are N column vectors in the all phase data matrix of x(n) ,
y ( n), i  0,1, , N  1 can be obtained. We take the mean of the values y i (n) as the
filtering output that corresponding to the input value x(n) , and the output is denoted as
y ( n) .
i

Step 9. Repeating Step 2 ~ Step 8 until the entire output signal { y(n)} is obtained.
1-D signal

PE

B1N ( N  1)

1-D extended signal

[ x(n  1), x(n),

X N 1

[ x(n  N  1), x(n  N  2),

N1

FN ( N  2)

N2

N1

BN2 ( N  2)

1

…
FN (1)

1

FN (0)

…
BN2 (1)

…

y i (n  1  i )
BN2 (0)

y i (n  i )

0

0

y i (n  N  1  i )

y i (n  N  2  i )

N2

IDCT

X1

Each column
vectors is filtered
according to the
following rule

DCT

x(n  N  1  i )
B1N ( N  2)
sample
x(n  N  2  i )
PE: periodic extension
x ( n)
…
… 1
…
Span the all phase
BN (1)
Any column
data matrix of x(n)
vector X i
x(n  1  i )
X  N 1,0 (n)  [ X 0 , X1 , , X N 1 ]
B1N (0)
T
[ x(n), x(n  1), , x(n  N  2), x(n  N  1)] x(n  i )
X0
Take out a value that
needs to be filtered

BN2 ( N  1)

FN ( N  1)

, x(n  N  3), x(n  N  2)]

T

, x(n  1), x(n)]

T

The signal
after filtering

y ( n) 

1
N

N 1

 y ( n)
i

i 0

averaging

Take out the
value y i (n) after
each filtering

Figure 9. The process of 1-D signal through the windowed APDF based on
DCT
4.3. Solving Sequency Response Vector and Window Sequences in the Windowed APDF
based on DCT
The coefficients { pk } , {qk } , { pk } , and {qk } in biorthogonal wavelet transform have
been obtained. The sequency response vector F and window sequences ( B1 , B 2 ) in the
windowed APDF based on DCT can be designed according to the relationship that the
coefficients of the windowed APDF based on DCT should correspond to the
coefficients of biorthogonal wavelet filters.
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As discussed above, the front window B1 and the rear window B 2 are the same. That
is B1  B2  B  [ BN (0), BN (1), , BN ( N  1)]T .
Denote the f N (k ) as IDCT-like spectrum of the sequency response vector F , that is
f N  rN F ,

(20)

where rN is defined as an ( N  1)  N IDCT-like matrix:
 1
,
j  0,0  i  N ,

 2N
rN (i, j )  
 2 cos ijπ , 1  j  N  1,0  i  N .
 N
N

(21)

So far, we can obtain the following conclusions [7]. Do not care about whether N is
odd or even. If k ( k  0, 1, ,  N  1 ) and N have the same parity, we have
hk 

1 ( N  k  2) / 2
 f N (2l  k  1)[ BN (l  k ) BN (l )  BN ( N  1  l )BN ( N  1  l  k )]
N 2 N l 0
N 1
1

[  BN (l ) BN (l  k )] f N ( k ).
N 2 N l  k

(22)

If k and N have different parity, we have
hk 

1
N 2N

( N  k  3) / 2


l 0

f N (2l  k  1)[ BN (l  k ) BN (l )  BN ( N  1  l ) BN ( N  1  l  k )]

N 1
N  k 1
N  k 1
1
 f N ( N ) BN (
 k ) BN (
)
[  BN (l ) BN (l  k )] f N ( k ).
2
2
N 2 N l  k

Obviously, hk (k  N  1, N  2,

(23)

,0) can be obtained according to Eq. (24):
hk  h k .

(24)

If we know the coefficients hk (k  N  1, N  2, ,1,0, 1, ,  N  2,  N  1) of the
windowed APDF based on DCT, according to Eqs. (20)~(24), eligible sequency
response vector F and eligible window sequence B can be obtained by solving
nonlinear equations.

5. Experimental Results
The principle and implementation of the biorthogonal wavelet transform using
windowed APDF based on DCT have been described above. As a verification of the
algorithm, in the following part, typical test images are used as input signal to simulate
the process of wavelet transform in computer by MATLAB7.0. This paper selects the
biorthogonal wavelet “CDF 9/7” as an example to explain the process of transformation.
This process is also called the separable multi-resolution analysis of 2-D images, which
has been shown in Figure 8.
Windowed APDF based on DCT is used to realize 2-D signal biorthogonal wavelet
decomposition and reconstruction in Figure 8. The next work we should do is to solve
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the sequency response vector F and window sequence B in each windowed APDF
based on DCT.
As shown in Figure 7, low-pass filter {hk1 } corresponds to { pk } ,
{hk1 }  { pk }  {0.85269867900889, 0.37740285561283,  0.11062440441844,
 0.02384946501956, 0.03782845550726}T , k  0, 1, 2, 3, 4.

(25)

Then {hk1 }(k  4,3,2,1) can be obtained by symmetry.
According to Eqs. (20)~(24), eligible sequency response vector F and eligible
window sequence B can be obtained by solving nonlinear equations. That is
F  [1.11475331542401, 0.988891664170742,
1.20722820574485, 0.207996712645094,  0.234650381462672]T ,

B  [1.14800813102789, 1.06165266504137,
1.21391031718411, 1.06165266504137, 1.14800813102789]T .

(26)

(27)

The other three cases follow the same principle, and all the results are shown in
Table 1 ~ Table 4.
Table 1. Low-pass Decomposition Filter Parameters of the Windowed
APDF based on DCT
Reconstruction
filter index k

Low-pass filter {hk1 } corresponds to { pk }

0

{hk1 } ( k  0 , {hk1 } is
obtained by symmetry)
0.85269867900889

1.11475331542401

Window sequences
B
1.14800813102789

-1

0.37740285561283

0.988891664170742

1.06165266504137

-2

-0.11062440441844

1.20722820574485

1.21391031718411

-3

-0.02384946501956

0.207996712645094

1.06165266504137

-4

0.03782845550726

-0.234650381462672

1.14800813102789

Sequency response
vector F

Table 2. High-pass Decomposition Filter Parameters of the Windowed
APDF based on DCT
Reconstruction
filter index k

12

High-pass filter {hk4 } corresponds to {qk }

0

{hk4 } ( k  0 , {hk4 } is
obtained by symmetry)
-0.78848561640558

0.178348726516796

Window sequences
B
-1.17856456042842

-1

0.41809227322162

-0.161609767534304

-0.630328266513568

-2

0.04068941760916

-1.94160159411144

-0.630328266497937

-3

-0.06453888262870

-2.53999394876350

-1.17856456037055

Sequency response
vector F
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Table 3. Low-pass Reconstruction Filter Parameters of the Windowed
APDF based on DCT
Low-pass filter {hk2 } corresponds to { pk }

Reconstruction
filter index k
0

{hk2 } ( k  0 , {hk2 } is
obtained by symmetry)
0.78848561640558

1.06031621715721

Window sequences
B
1.16082955466259

-1

0.41809227322162

1.25876211576288

1.14893864243466

-2

-0.04068941760916

0.257099561729294

1.14893864183989

-3

-0.06453888262870

-0.222318332512497

1.16082955431201

Sequency response
vector F

Table 4. High-pass Reconstruction Filter Parameters of the Windowed
APDF based on DCT
High-pass filter {hk3 } corresponds to {qk }

Reconstruction
filter index k

Sequency response
vector F

Window sequences
B

0

{hk3 } ( k  0 , {hk3 } is
obtained by symmetry)
-0.85269867900889

0.231796375205308

-1.42668294066615

-1

0.37740285561283

-0.101299026664208

-0.930583623766868

-2

0.11062440441844

-1.37397869330961

-0.305928073054824

-3

-0.02384946501956

-1.66297911700527

-0.930583627855862

-4

-0.03782845550726

-1.20535892515458

-1.42668294066667

The multi-level decomposition and reconstruction are not the focus of this paper, so
we take only one layer wavelet transform to illustrate the feasibility of the proposed
algorithm. The test image is the MATLAB image “woman2.mat” whose size is
128 128 . The result of one layer wavelet transform to test image “woman2” applying
windowed APDF based on DCT is shown in Figure 10, and the result of one layer
wavelet transform to test image “woman2” applying biorthogonal wavelet is shown in
Figure 11.
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Figure 10. Implementation of Decomposition and Reconstruction using
Windowed APDF based on DCT: (a) Original Image, (b) Decomposition, (c)
Reconstruction.
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Figure 11. The Decomposition and Reconstruction Results using the
Biorthogonal Wavelet: (a) Original Image, (b) Decomposition, (c)
Reconstruction
The methods of windowed APDF based on DCT and the biorthogonal wavelet have
similar results. The mean squared error (MSE) of the reconstruction and decomposition
is 1.9943 1021 applying windowed APDF based on DCT, and the MSE of the
reconstruction and decomposition is 1.9896 1021 applying biorthogonal wavelet.

6. Conclusion
On the basis of the biorthogonal wavelet transform and the windowed APDF based
on DCT, this paper proposes a new algorithm to implement biorthogonal wavelet
transform using the all phase digital filter. The experiments to typical test images are
done in MATLAB. Experimental results show that whether using the windowed APDF
based on DCT or the biorthogonal wavelet, the results of decomposition and
reconstruction perform very well and are almost the same. So we can draw a conclusion
that for biorthogonal wavelets whose filter coefficients length are odd, their wavelet
transforms can be implemented using the windowed APDF based on DCT.
With the windowed APDF based on DCT designed in this paper, more applications in
digital image processing, such as image coding, image denoising, and image edge
detection can be realized easily. These issues could be resolved in future research.
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