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Abstract 

The topic of unrepairable system is an important content in system reliability theory. 

There are many reasons cannot be repaired, some because of technical reasons, cannot 

repair, some because of economic reasons, not worth to repair, and some because of 

making repairable system simplification. So it is essential to pay attention to unrepairable 

systems.  In this paper, the lifetimes of unrepairable systems are considered as uncertain 

variables.  Based on that, the fundamental mathematical models of series systems, 

parallel systems, series-parallel systems and parallel-series systems are established, 

respectively. Furthermore, we make reliability analysis of above four unrepairable 

systems, respectively. Some numerical examples are also given for illustration. 
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1. Introduction 

The unrepairable systems reliability theory has been successfully used for solving 

various reliability problems, in which the lifetimes of systems are assumed to be random 

variables and the system behavior can be fully characterized by probability theory. For 

example, Barlow and Proschan [1] mainly considered the mathematical models and 

methods directed toward the solutions of problems of components or systems. Barlow and 

Proschan [2] concentrated on probabilistic aspects of reliability theory. Khalil [16] 

considered several shut-off rules for series systems performance, and calculated limiting 

system availability under these shut-off rules. Osaki et al. [27] considered two models of 

two-unit nonindependent series system. Chao and Fu [7] studied the reliability of general 

series system and showed that the reliability of the system tended to a constant under 

certain regularity conditions. Chung [9] presented a reliability and availability of a series 

repairable system with multiple failures. Gurov and Utkin [12] proposed a new method to 

compute two-sided bounds for time-dependent availability of repairable series systems by 

arbitrary distributed time to failure and time to repair.  Goel et al. [11] investigated a two-

units (non-identical) parallel system and gave various state probabilities along with 

steady-state characteristics of the system. Sridharan and Mohanavadivu [28] presented 

three models with common cause failure and human error analysis of a two non-identical 

unit parallel system. Li et al. [18] considered the unavailability of a two-unit parallel 

system with one traveling repair person and common statistically independent exponential 

unit life lengths. Chhillar et al. [8] designed with an object to determine reliability 

measures of a parallel system of two identical units with priority to maintenance over 

repair subjected to random shocks. 
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Although the traditional reliability theory has been proved to be effective in many 

cases, using probability method in engineering problems needs to have three basic 

premises: firstly, the events should be clearly defined; secondly, there should exist a large 

number of samples; and thirdly, the samples should have the probability of repetition. If 

one of the three premises does not hold, using probability theory to deal with the 

reliability problems may have certain limitations. Beyond that, the lifetimes of systems or 

components sometimes be characterized subjectively. Therefore, several researchers have 

paid attention to applying the fuzzy sets theory to reliability analysis. For instance, 

Kaufmann [15] first used fuzzy theory in reliability engineering in 1975.  Cai et al. [3-6] 

introduced various forms of fuzzy reliability theories, including profust reliability theory, 

posbist reliability theory and posfust reliability theory. Utkin and Gurov [30] proposed a 

general approach on the basis of a system of functional equations according to Cai’s 

theory. Huang [14] developed the fundamental calculation formulas of fuzzy reliability 

and established the fuzzy reliability models of unrepairable systems. In Liu et al. [23], 

reliability and performance assessment for fuzzy multi-state elements were considered. 

Zhang et al. [31] considered a fuzzy age-dependent replacement policy, in which the 

lifetimes of components were treated as fuzzy variables. Ding and Lisnianski [10] 

considered a multi-state system where performance rates and corresponding state 

probabilities were presented as fuzzy values. Liu et al. [26] gave reliability analysis of 

unrepairable systems by using fuzzy theory. Liu et al. [25] considered two dependent 

components, in which the parameters in joint survival probability were assumed to be 

fuzzy variables. 

Although fuzzy theory had been widely applied, Liu [19] found that some kinds of 

uncertainty cannot be modeled by randomness nor fuzziness. In order to deal with this 

type of uncertainty, Liu [19] founded an uncertainty theory. Uncertainty theory has been 

used in many fields, such as Han et al. [13], Li and Liu [17], Tian et al. [29]. But just a 

few contributions showed that the uncertainty theory had been used in reliability analysis. 

For example, Liu [22] discussed the tool of uncertain reliability analysis.  Liu et al. [24] 

considered the states of components and systems as uncertain variables, then defined the 

uncertain coherent system and proposed its structural properties. So the aim of this paper 

is to make reliability analysis of unrepairable systems under the framework of uncertainty 

theory. 

The rest of this paper is organized as follows.  In Section 2, we recall some basic 

concepts on uncertainty theory.  In Section 3, we establish the fundamental mathematical 

models of uncertain unrepairable systems, including series systems, parallel systems, 

series-parallel systems and parallel-series systems.  Furthermore, the expressions of 

reliability and MTTF for the four systems are given, respectively.  Some examples are 

also presented to illustrate how to calculate the reliability and MTTF of given 

unrepairable systems. Section 4 draws some conclusions. 

 

2. Uncertainty Theory 

Let Γ be a nonempty set and L a σ-algebra over Γ. Each element Λ ∈ L is called an 

event. Then a number M{ }  will be assigned to each event Λ to indicate the belief 

degree with which we believe Λ will happen. There is no doubt that the assignment is not 

arbitrary, and the uncertain measure M must have certain mathematical properties. In 

order to rationally deal with belief degree, Liu [19] suggested the following three axioms: 

Axiom 1. (Normality Axiom) M{ }=1  for the universal set Γ. 

Axiom 2. (Duality Axiom) M{ }+M{ }=1C   for any event Λ. 
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Axiom 3. (Subadditivity Axiom) For every countable sequence of events 

1 2, , ,   we have 

                                                   i
1 1

M{ } M{Λ }.i
i i



 

   

Definition 1 (Liu [19]) The set function M is called an uncertain measure if it satisfies 

the normality, duality and subadditivity axioms. 

Definition 2 (Liu [19]) Let Γ be a nonempty set, L a σ-algebra over Γ, and M an uncertain 

measure. Then the triplet (Γ, L, M) is called an uncertainty space. 

Definition 3 (Liu [20]) Assume  k ,  L ,  Mk k  are uncertainty spaces for 1,  2,. . .k  Let 

1 2     , 
1 2L=L L   and 

1 2M=M M   Then the triplet (Γ, L, M) is called 

a product uncertainty space. 

Definition 4 (Liu [19]) An uncertain variable is a function ξ from an uncertainty space (Γ, 

L, M) to the set of real numbers such that {ξ ∈ B} is an event for any Borel set B. 

Definition 5 (Liu [19]) An uncertain variable ξ on the uncertainty space (Γ, L, M) is said to 

be positive if M {ξ ≤ 0} = 0. 

Definition 6 (Liu [19]) The uncertainty distribution Φ of an uncertain variable ξ is defined 

by 

 ( ) Mx x    

for any real number x. 

Definition 7 (Liu [19]) An uncertain variable ξ is called zigzag if it has a zigzag 

uncertainty distribution 

                           

0,                             if x a

(x-a)/2(b-a),            if a x b

(x+c-2b)/2(c-b),      if b x c

1,                              if x c,

x




 
  

 
 

 

denoted by Z (a, b, c), where a, b, c are real numbers with a < b < c. 

Definition 8 (Liu [20]) The uncertain variables 1 2 , , , m    are said to be independent 

if 

                                        
11

M { B }  M{ B }
m m

i i i i
ii

 


 
   

 
  

for any Borel sets 1 2 mB , B , ,B .  

Theorem 1 (Liu [20]) The uncertain variables 1 2 , , , m    are independent if and only if 

                                        
11

M { B }  M{ B }
m m

i i i i
ii

 


 
   

 
  

for any Borel sets 1 2 mB , B , ,B .  
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Definition 9 (Liu [19]) Let ξ be an uncertain variable. Then the expected value of ξ is 

defined by 

                                    
0

0
M{ }dx-E[ { }X] M dxx x 




    

provided that at least one of the two integrals is finite. 

Theorem 2 (Liu [21]) Let ξ be an uncertain variable with uncertainty distribution Φ. Then 

                                                  
-

d ( )E[X] .x x



   

 

3. Reliability Analysis of Unrepairable Systems with Uncertain 

Lifetimes 

In this section, we first define the reliability and MTTF of unrepairable systems with 

uncertain lifetimes.  Then the reliability and MTTF of uncertain series systems, parallel 

systems, series-parallel systems, parallel-series systems are discussed, respectively. 

Consider the lifetime of an unrepairable system as a positive uncertain variable X on the 

uncertain space (Γ, L, M). We propose the following two definitions. 

Definition 10 The reliability of the unrepairable system at time t is defined by 

R(t) = M {X > t} . 

Definition 11 The MTTF of the unrepairable system is defined by 

                                                  
0

(t)dt.MTTF R


   

 

3.1. Reliability Analysis of Unrepairable Series Systems with Uncertain Lifetimes 

Consider a series system consisting of n independent components, see Figure 1. Let 
iX  

be the uncertain lifetime of component i defined on the uncertainty space  i i iΓ , L , M  ,  

i=1,2, ,n.  The lifetime of the series system can be expressed 

by  1 2 nX=min X , X , ,X ,  which is also an uncertain variable on the product 

uncertainty space (Γ, L, M), where 1 2 ,n       1 2 nL=L L L   and 

1 2 nM = M M M .    

 

Figure 1.  A Series System 

Theorem 3 The reliability of the unrepairable series system is 

                                                       
n

i
i=1

R(t)= M{X >t}.  

Proof. It follows from Definition 10 and Definition 8 that 

                                 

 

 

1 2 n

1

n n

i
i 1

2

=

n

1

 M min{X , X , ,X }

X t, X t, ,

R(t)= > t

     M

      = M {X t} M{X >t}.

X t

i

i



 
  

 

  



 

The proof is complete. 
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Theorem 4 The MTTF of the unrepairable series system is 

                                                  
n

i
i=1

MTTF= E[X ].  

Proof. It follows from Definition 11 and Theorem 3 that 
n

0 i=1

0

MTTF=  M{X t}dt

          M{X t}dt E[X ]. 

i

i i





 

  




 

Since i be an arbitrary number in{1,2, ,n},   so 

                                             
n

i=1
MTTF E[X ]. i                                                           (1) 

On the other hand, for any {1,2, ,n},i  

                                               
n

i=1
E[X ] E[X ].i i  

holds, which implies that 

                                              
n

i=1
E[X ] E[X] MTTF,i                                                    (2) 

where  1 2 nX=min X , X , ,X . It follows from equation (1) and (2) that 

                                                   
n

i
i=1

MTTF= E[X ].  

The proof is complete. 

Example 1 Suppose that the series system composed by two components. The lifetimes 

of component 1 and 2 are denoted by 
1X  and 

2X , which have zigzag uncertainty 

distribution Z(1, 2, 3.5)  and Z(1.5, 2.5, 3) , respectively. By Definition 6, we have 

             1 2

0,                 if t 1
0,                 if t 1.5

1
1.5,           if 1 t 2

,        if 1.5 t 2.52
    2

2 1
2,           if 2.5 t 3,         if 2 t 3.5

6
1,  

1,                 if t 3.5

t
t

t and t
t

t





  

 
   

    

 

               if t 3.










  

It follows from Duality Axiom that 

 1 1

1,                 if t 1

3
,           if 1 t 2

2
M{X t} 1

7 2
,         if 2 t 3.5

6

0,                 if t 3.5

t

t
t





  


    
  


 

 

and 

 2 2

1,                 if t 1.5

3.5
,        if 1.5 t 2.5

M{X t} 1 2

3 t,            if 2.5 t 3

0,                 if t 3.

t

t





  

    
   




 

By Theorem 3, we have 
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1 2 R t =M X >t M X(   .) { } { >t}  

The plot of the reliability of the series system can be shown in Figure 2. 

 

Figure 2. The Reliability of the Series System 

By Theorem 2, we can arrive at 

                           
2 3.5

1
1 2

1 2 1
E[X ]=  ( )  ( ) 2.125

2 6

t t
t d t d

 
    

and 

                           
2.5 3

2
1.5 2.5

1.5
E[X ]=  ( )  ( 2) 2.375.

2

t
t d t d t


     

 It follows from Theorem 4 that 
1 2MTTF=E[X ] E[X ] = 2.125.  

 

3.2. Reliability Analysis of Unrepairable Parallel Systems with Uncertain Lifetimes 

Consider a parallel system consisting of n independent components, see Figure 3. Let 

iX be the lifetime of component i on the uncertainty space  i i iΓ , L , M , i=1,2, ,n.  The 

lifetime of the parallel system can be expressed by  1 2 nX=max X , X , ,X ,  which is 

also an uncertain variable on the product uncertainty space (Γ, L, M), where 

1 2 ,n       1 2 nL=L L L   and 1 2 nM = M M M .    

                                            

                                             Figure 3. A Parallel System 

Theorem 5 The reliability of the unrepairable parallel system is 

                                                 
n

i
i=1

R(t)= M{X >t}.  

Proof. It follows from Definition 10 and Theorem 1 that 
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i

1

n

i
i=

1

1

2 nR( Mt)= > t

      = M {X >t}

     M{X >t

max{X , X , ,X

}.

}

n

i

 
 
 

 

 

The proof is complete. 

Theorem 6 The MTTF of the unrepairable parallel system is 

                                              
n

i
i=1

MTTF= E[X ].  

Proof. It follows from Definition 11 and Theorem 5 that 

                                     

n

0 i=1

0

MTTF=  M{X t}dt

          M{X t}dt E[X ]. 

i

i i





 

  




 

Since i be an arbitrary number in{1,2, ,n},   we have 

                                               
n

i=1
MTTF E[X ]. i                                                       (3) 

Note that, for any {1,2, ,n},i  

                                               
n

i=1
E[X ] E[X ]i i   

holds, so we have 

                                              
n

i=1
MTTF E[X] E[X ],i                                                    (4) 

where  1 2 nX=max X , X , ,X . It follows from equation (3) and (4) that 

                                                   
n

i
i=1

MTTF= E[X ].  

The proof is complete. 

Example 2 Suppose that the parallel system composed by two components. The lifetimes 

of component 1 and 2 are denoted by 
1X  and 

2X , which have zigzag uncertainty 

distribution Z(1, 2, 3.5)  and Z(1.5, 2.5, 3) , respectively. The expressions of 

   1 2,  ,  t t   1M X >t ,   2 1M X >t ,  E[X ] and 
2E[X ] can be referred to Example 1. 

Then by Theorem 5, we have 

   1 2R(t)= M X >t M X >t .  

The plot of the reliability of the parallel system can be shown in Figure  4. 
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Figure  4. The Reliability of the Parallel System 

 

It follows from Theorem 6 that 

 

1 2MTTF=E[X ] E[X ] = 2.375.

 
3.3. Reliability Analysis of Unrepairable Series-Parallel Systems with Uncertain 

Lifetimes 

A series-parallel system is a series system of m subsystems, each subsystem composed 

of n parallel components, see Figure 5. Let ijX  be the lifetime of component j in ith 

subsystem, which is an uncertain variable on the uncertainty space 

 ij ij ijΓ , L , M , i=1,2, ,m, j=1,2, ,n.  

Suppose ijX , i=1,2, ,m, j=1,2, ,n be independent mutually.  The lifetime of the 

series-parallel system can expressed by  
1 1

X= min max X ,ij
i m j n   

which is also an uncertain 

variable on the product uncertainty 

space  Γ, L, M , where
11 12 ,mn      11 12 mnL=L L L    and 

11 12 mnM = M M M .    

 

                                                  Figure 5. A Series-Parallel System 

Theorem 7 The reliability of the series-parallel system is 

                                             
m n

ij
i=1 j=1

R(t)= M{X >t}.   

Theorem 8 The MTTF of the series-parallel system is 



International Journal of Security and Its Applications  

Vol.9, No.12 (2015) 

 

 

Copyright ⓒ 2015 SERSC  297 

                                            
m n

ij
i=1 j=1

MTTF= E[X ].   

 

3.4. Reliability Analysis of Unrepairable Parallel-Series Systems with Uncertain 

Lifetimes 

A parallel-series system is a parallel system of m subsystems, each subsystem 

composed of n series components, see Figure 6.  Let ijX  be the lifetime of component j in 

ith subsystem, which is an uncertain variable defined on the uncertainty space 

 ij ij ijΓ , L , M , i=1,2, ,m,  j=1,2, ,n.  Suppose
ijX , i=1,2, ,m, j=1,2, ,n be 

independent mutually. The lifetime of the parallel-series system is 

 
1 1

X= min max X ,ij
i m j n   

which is also an uncertain variable on the product uncertainty 

space  Γ, L, M , where
11 12 ,mn      11 12 mnL=L L L    and 

11 12 mnM = M M M .    

 

                                                Figure 6. A Parallel-Series System 

Theorem 9 The reliability of the parallel-series system is 

                                                         
m n

ij
i=1 j=1

R(t)= M{X >t}.   

Theorem 10 The MTTF of the parallel-series system is 

                                                         
m n

ij
i=1 j=1

MTTF= E[X ].   

 

4. Conclusions 

Using probability theory to deal with reliability problems, the lifetimes of systems or 

components are required to follow certain probability distributions. However, in many 

real-world applications, the lifetimes of systems or components may only be characterized 

subjectively.  Uncertainty theory is a branch of mathematics of studying the subjective 

uncertain behavior.  The superiority of uncertain measure is that it has the properties of 

normality, duality and subadditivity.  The main contribution of the paper is to make 

reliability analysis of unrepairable systems by using uncertainty theory.  In further 

research, we can use uncertainty theory to deal with repairable systems about reliability 

problems or other fields related to subjective uncertainty. 
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