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Abstract

A SVD-Krylov method for large scale MIMO(multi-input multi-output) system
model-order reduction is proposed in this paper. Its aim is to combined the singular value
decomposition(SVD)and Krylov methods by retaining the best feature that can be applied
for solving some problems for the large scale system model-order reduction. The method
matches the first r Markov parameters and minimizes the error in the remaining ones in
the least-squares sense. The reduced model is asymptotically stable, matches a certain
number of moments, and minimizes a weighted error in the discrete time case. The
effectiveness of the proposed approaches is tested by the Iss (international space
station)model that in the SLICOT library, getting the frequency-response, the error and
the error bounds of different order reduced model. The result shows that the proposed
method is efficiently.
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1. Introduction

With the development of science and technology, in fluid dynamics, the controller
design, mechanical engineering, aerospace engineering, integrated circuits and other
fields need to build the higher order model . Calculation of high order model equations of
the particularly difficult and complicated, it is difficult to use traditional analysis methods
to ensure that the analysis of the model is accurate and efficient [1]. Therefore, in order to
solve this problem, the high order model order reduction analysis has become the
inevitable trend. Model order reduction is a high order model of the original large system
using low order model to approximate, and keep the original system's main features, such
as the stability of the system and dynamic process [2].

There are many different model order reduction methods. The first one is Multi pointfit
model reduction [3]. This method for nonlinear system model-order reduction is
efficiently and mainly applied to the block Arnoldi algorithm and Frobeniu norm. The
second is Krylov subspace method [4]. This method mainly includes classic Arnoldi and
Lanczos order reduction. Krylov based model reduction methods are based on matching
the so called moments of the original transfer function around some selected frequencies
[5-6]. The last is SVD model order reduction method [7-8]. In this SVD based model
reduction [9], Hankel singular values play the role of the singular values in approximation
of constant matrices [10].One of the most common approaches in this category is
Balanced Model Reduction. The methods belong to a kind of single order reduction
method, which already could not meet the requirements of order reduction. This paper
combines the traditional Krylov method with SVD method, This method not only can
keep Krylov subspace model order reduction method of numerical analysis advantages,
but with the theoretical characteristics of the SVD method, like stability and the global
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error bounds. An illustrating example of international space station for the large scale
system model-order reduction is given to verify the SVD-Krylov method order reduction
effect.

2. The Basic Theory of Krylov Model Order Reduction Method

Many phenomena are modeled with linear time-invariant systems, given a state-space
of large-scale MIMO system.

EX(t) = Ax(t)+Bu(t)
y(t) =Cx(t)+Du(t)
With E, AeR™ , BeR™,6 CeR™ .The state vector x(t)eR" jthe scalar input

u(t) e RPand the scalar output y(t)eR"™ .be expressed as:

AB
5513 22)

To simplify the calculation, assumed that the system initial state is 0, given the transfer
function of the original system.

2.1)

H(s)=C(A-sE)"B (2.3)
The transfer function of Taylor series expansion inthe s, [11].
H(s)=-C(A-s,E) ‘B —m—c((A—soE)’lE)i (A—S,E) "B(s—5,) —- (2.4)

Thus can be obtained the ith order moments of the transfer function in thes; .

M, :C((A—solz)’lE)i (A—s,E) "B(s—5,) (2.5)
$)=> 00 (s, )’ (2.6)

In the eig.6, the 7 is the jth pattern in thess, (j>0). In the case of s, = oo.

7 =C(sE-A)""B 2.7)
In the case of s, = 0.

7% =0, n)=CAB (1) 2.8)

The key of Krylov order reduction method is model matching approach. First of
all is to find a reduced order model X, . The transfer function is [12].

Zm” s -5)’ (2.9)

The transfer function must ensure that the parts of the model can be exactly equal
with the parts of the original transfer function. In other words.

n) =i j=012, 0k, (2.10)
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3. The SVD Model Order Reduction Method

In this thesis, we will interested in the linear time invariant systems described in
state space form.

X(t) = Ax(t)+Bu(t) A'B
Yi=| o (3.1)
y(t)=Cx(t)+Du(t) c:D
The system is observably and controllably, if this system is met [13].
rank[ B, AB,---, A"™'B]=n
(3.2
rank[C, CA,---, CA™|=n
There are two important Lyapunov equations in this system.
AP +PAT +BB" =0
(3.3
A"Q+QA+C'C=0

Assumed that the system is stable, the observable and controllable Gramians
matrixes P and Q can be calculated by use the Lyapunov matrix equation.
P and Q are positive definite matrixes.

P.= jo”eAfBBTeA”dr (3.4)

Q:= j:eAchTCeAfdr (3.5)

Cholesky decomposition performed on the observable and controllable Pand Q,
P=C,C;, Q=0,0, . Finding a transformation matrix T and satisfy the following
conditions.

P=TPT"
Q _ (T—l )T QT—l

For the linear system, if the observable and controllable Gramians are equality.
Obtain-ed the C/O, =UXV' by decomposed the C O, using the SVD method.

Where Uand V are orthogonal matrix, X is a diagonal matrix [14].

(3.6)

o, 0 - 0

5 ~ |0 o 0
X=P=Q=| . . 0 (3.7)

0 O o,

0,20,20,-->20,20 in the eig. (17),o0, is the Hankel singular values of the
system ,the balanced truncation method can choose different length [14-15] of
singular value of system. ¢, is the maximum singular value.

IZ], = A (PQ) =05 (3.8)

The left and right eigenvector of the eigenvalues are V, and V;.
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V/PQ=diag{c? o7 | V]
PQV, =V, diag{c}, -7}

n

(3.9)
VL :[VLmax’VLmin]’VR :[VR
corresponding eigenvectors constituted V, (V ) the others eigenvalues of the

Rmax

Vm], The first g large eigenvalues of left (right) of the

max !

residual form the left (right) eigenvector matrix V,_, (V,. ).

Emax = UEmaxZEmaxVEmax (310)
Where E, .. =V, o Ve
B
SLmax = VLmaxUEmaxZ'Enix PLrﬁax € Rnxq (311)
L
SRmax :VRmaxUEmaxZEmzax < Ran (312)

The original system reduced to order q

A=8T

Lmax

B=S/

ASRmax
B (3.13)

Lmax

=CS

@

Rmax
The error bound of reduction-order is given by the Hankel singular value

|2 -2 |H., <2(0yy +--+0,) (3.14)

4. The SVD-Krylov Model Order Reduction Method

The SVD-Krylov method can combine the stability and error bound character of
the SVD with the numerical calculations of the effective combination of Krylov,
from that can improve the reduction efficient. Calculating the Hankel singular values
of the system X, obtained.

e T 1,
1M, 15
M, 13 M,

H= (4.1)

Assumed that the system is stably, The observable and controllable Gramians
PandQare

P=[B AB -+ ATB -] (4.2)
Q::[CT ACT .. (AT)CT T (4.3)

In the eig. (25), the 7, :=CA'B isthe i+1th parameter.
H=QP (4.4)
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The firstr columns and the r+1column of the Hankel singular values matrix are
respectively denoted by H,and h, [16].

Mo = M,
m 7, s
Ho=[: & @ (4.5)
e e =0 M
_ " _
77r+1
h,=| : (4.6)
Mar 1

The first rcolumns of the observable and controllable Gramians Pand Q are
selected to constitute the new observable and controllable Gramians P, andQ, .

P=[B AB - A"'B] (4.7)
. T

Q ::[cT ATCT . (A7) 1CT} (4.8)
Through the eig(29)-eig(32), we can get

H,=H| " =QP ! =QP (4.9)
" lo| T o] T '

h,.,=He,,=QPe_,=QA'B (4.10)
The next step is to solve the problem of the least squares [17].

H x, =h_ + m[9||er—hr||2 (4.11)

With the mig||H,x—hr||2 is the least square error.
For a discrete control system meets the Gramian observable matrix.
3=Q'Q (4.12)

Which can calculated

x, =(HIH,) "Hh, ., =(PT8P,) P/8A'B (4.13)
The characteristic polynomial of the reduction system is
r _Xls
Xls:|:1 Z .- Z :| 1 (414)
For the reduced order model of the system by using the method of projection
Z'AV Z'B]
X = (4.15)
cv 0 |
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Where ZTz(PrTSPr)flPrTS, V=P . The Zcan be calculated by comprising

seeking Grames of SVD method [18-19] and on the calculation of the V can reflect
the matching concept. This method can guarantee the matrix of linear combination
of r column with the first r+1 columns of Hankel singular value has the
minimum error?®. Using the method not only can ensure the stability of the
reduction model of r order, but ensure that order-reduction system can exactly
match the first r with the original model.

5. Model Reduction Example

In order to verify the SVD Krylov order reduction method , the Russia
international space station model used as benchmarks [21]. The full-order model
represents the componentlR (Russian Service Module) for the ISS. It is comprised
of 270 states, 3inputs and 3outputs [22]. The frequency responses of the MIMO
system are shown in the Figure 1.
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Figure 1. MIMO Frequency Responses of the 1R Module of the Iss

The matrix A that is given by Iss model is a sparse matrix , the figure of sparse
matrix A is shown in Figure 2. The normalized Hankel singular values are shown in
Figure 3. When the system is reduced to 20 order can keep the characteristics of the
original system, which can make sure the order reduction system can approximation
with the original system.
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Figure 2. Sparsity of A
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Figure 3. Normalized Hankel Singular Values of the Iss

Using the method of SVD-Krylov, the Iss model are reduced to 120, 50, 20 order.
The eigenvalues distribution of the original and the reduced-order model are shown
in Figure 4. From the Figure 4, can be seen that the system reduced to 20 order will
still be able to better retain most of the original system performance.
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Figure 4. Eigenvalues of the Original and Reduced-Order Iss

The frequency-response curves of the original and reduced-order of the Iss model
are depicted in Figure 5. Through the figure can determine when the system after the
order reduction to 10 order, major changes have taken place in the performance of
the system, there are great differences with the original system. when the r=20 can
keep most of the original system performance and satisfies , taht can meet the
requirements of order reduction. The system in the low frequency and high
frequency has less volatile, a reduced order model in volatile in the frequency and
the original model of frequency response is larger difference, the spectrum of
especially is appeared after dropped to 10 order, the differences are obvious, so the
order reduction effect is not ideal.
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Figure 5 .The Frequency-Response of the Original and Reduced-Order of Iss
The error bound of reduced-order are depicted in Table 1. When r>20 have the smaller

error bound ,with the order of model is lower, the error bound is higher. The performance
are not similar with the original model when r=10.
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Table 1. The Error Bound of Reduced-Order Iss

Error Bound

r=120 1.727441314298694¢e-04
r=50 0.010459279344335
r=20 0.222267955116393
r=10 1.068074535326629

When r=120,50,20,10, the error of reduction are shown in Figure 6
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Figure 6. The Error of Reduction

The error is relatively larger when reduced to 10 order. The order greater than or
equal to 20, the error is relatively smaller. In the intermediate frequency, the error
has the larger change because of the frequency response has relatively larger
volatile, the smaller size of model, the larger error.

6. Conclusion

We have proposed a model reduction algorithm which combines the SVD and
Krylov-based methods. It is a two-sided projection method where one side carries
the SVD (Gramian) information and another side the Krylov information. The
reduced model matches the first r Markov parameters of the full order model.
Through error analysis, it was found that the reduced system turned out to minimize
a weighted error. In order to verify the SVD-Krylov order reduction method, we
reduced the Russia the international space station model. When the r=20 can keep
most of the original system performance and satisfies. But when the system reduced
to 10 order, major changes have taken place in the performance of the system and
have great difference with the original system through the frequency-responses of
the original and reduced-order can determine. The results show that the proposed
method can improve the large system model order reduction effect which can be
widely used in reducing large scale MIMO systems.
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