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Abstract 

As commonly used in two-dimensional magnetotelluric (MT) inversion, Occam 

inversion method, though featured by its stable convergence and independence on initial 

model, is relatively poor in time performance, with Gauss-Jordan elimination as one of 

the biggest time-consuming parts. For symmetrical banded coefficient matrix on 

two-dimensional constant bandwidth storage, the application of sequential dispatch 

strategy to the workload on lines of work triangle in parallel algorithm will lead to load 

imbalance. Therefore, based on paired-dispatch, a kind of strategy is presented to solve 

this problem, after which the algorithm’s effect on shared memory parallel system is 

verified and research is carried on to focus on the optimization methods of algorithm 

performance. Experimental results as compared with serial algorithm show that these 

methods have effectively improved the performance of algorithm, which contributes to a 

speedup of 3.72 of parallel Gauss-Jordan algorithm as a whole, and that MT Occam 

inversion algorithm based on this parallel algorithm also demonstrates good speedup 

performance. 
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1. Introduction 

Generally, the solution methods of linear algebraic equations can be divided into direct 

methods and iterative methods [1]. Parallel algorithms based on these two kinds of methods 

are widely researched, but most of them are iterative methods and based on distributed 

memory system. The reason, on the one hand, though direct methods based on Gauss 

elimination are simple, they always have high time complexity and poor time performance. 

On the other hand, iterative methods have better application adaptability for they have the 

advantage of balancing accuracy and time to some range. Meanwhile, distributed memory 

systems are apt at making use of multi-host environment for wider performance 

improvement space. Visibly, Gauss elimination has limited application scope. 

Magnetotelluric Occam inversion adopts especial adaptive algorithms to calculate 

Lagrange multiplier, whose method is stable and doesn’t need more experience, but 

relatively slow [2,6]. Gauss-Jordan elimination is exactly one of the most time-consuming 

steps. In Occam inversion algorithm, rigidity matrix commonly uses two-dimensional 

constant bandwidth storage for its zonal distribution. Two-dimensional constant bandwidth 

storage saves memory space while it adds difficulties to algorithm design on shared 

memory parallel systems. But the efficiency of elimination increases and the procedure of 
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elimination maintains its natural parallelism for the specificity of matrix. After all, the 

parallelization of Gauss-Jordan elimination can be still regarded as a workable scheme to 

improve time performance. 

It’s not difficult to prove Gauss-Jordan elimination’s parallelizability theoretically. But 

only a theoretical argument is not enough for such applications as Occam inversion 

method. Specific implementation detail increases the difficulty and complexity of parallel 

coding in the development process of application programs. Fortunately, such 

programming models as OpenMP (Open Multi-Processing) have greatly improved the 

development efficiency of parallel programs. Comparison results of the algorithm’s 

OpenMP realization to sequential dispatch strategy show that paired-dispatch strategy has 

efficiently solved the problem of load imbalance. Meanwhile, among factors that affect 

program’s time performance, influence of the performance of memory access can’t be 

overlooked. The bigger the problem’s scale is, the more important it is to optimize the 

performance of memory access, as well as other optimization such as improvement of the 

algorithm itself which contributes to better time performance to a certain degree, too. As 

experimental results indicated, these endeavors considerably speed up the program. 

 
2. Gauss-Jordan Elimination on Symmetric Banded Matrix 

Define n order non-singular symmetric matrix A and n order column vector B, then 

equations can be expressed as AX=B, in which X stands for the unknown vector. Process of 

Gauss-Jordan elimination is exactly the conversion process of A and B[7, 11]. One time of 

elimination process selects the ith line as the primary line, then executes elimination from 

line i+1 up to line n. So the elimination process needs n-1 times totally. Let L
i
 be the 

primary line in the ith elimination, A
i
 be the matrix after the ith elimination, C

i
 be the n-i 

order matrix to be eliminated after the ith elimination, it has: 

 
,,

i i

r i s ir sC A  
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in which 0≤i≤n-1, 1≤r,s≤n-i and C
0
=A

0
=A. There are also another two theorems for the 

elimination process of symmetric matrix A. 

Theorem 1: In the process of elimination, C
i
(0≤i≤n-1) keeps its symmetry. 

Prove: C
0
=A is symmetric, suppose C

k
(0≤k≤n-1) is symmetric, perform an elimination 

to C
k
. That is, to all 2≤r,s≤n-i, let: 
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That’s to say, C
k+1

 is symmetric, and theorem 1 is proved. 

Theorem 2: A
i
i,i=1, A

i
i,i+s=C

i-1
s+1,1/C

i-1
1,1 (1≤i≤n-1, 1≤s≤n-i). 

Namely, after the ith elimination, the ith element of L
i
 is 1, and the subsequent 

elements are respectively equal to proportionality coefficient in the process of the ith 

elimination. Theorem 2 is easily proved because of the symmetry of the submatrix to be 

eliminated according to theorem 1. These two theorems demonstrated above are the 

foundations of two-dimensional serial and parallel bandwidth storage Gauss-Jordan 

elimination method. 
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2.1 Algorithm Description 

Gauss-Jordan elimination is generally divided into two steps, namely, the elimination 

and the back substitution, which can be specifically described as follows: 

Step 1: Select the primary line L
i
, eliminate the elements of the non-primary lines 

successively, transform A and B’s corresponding elements; 

Step2: After finishing the elimination of the non-primary line, let the (i+1)th to nth of L
i
 

and the corresponding elements of B are  divided by the ith element respectively, the ith 

element of the L
i
  is set to 1; 

Step 3: Execute the above operations n-1 times totally to accomplish the elimination 

process, and at the same time, the matrix of A is transformed to the upper triangular matrix 

whose diagonal elements are 1; 

Step 4: From the n-1 line of the A, eliminate the non-zero elements on the right of the 

diagonal line, and meanwhile transform the corresponding elements of the B; 

Step 5: Perform Step 4 n-1 times, let A transform to the cell matrix. 

The steps mentioned above are general ones of Gauss-Jordan elimination method, the 

actual algorithm can be optimized according to theorem 1 and theorem 2. According to 

theorem 2, since the proportional coefficient has been calculated on the process of 

elimination, elements behind the ith element of L
i
 are set to the corresponding proportional 

coefficient directly. 

According to theorem 1, the submatrix to be eliminated in the process of elimination 

maintains symmetric, and only the elements on the right of diagonal line need to be 

eliminated, which reduces the amount of computation greatly. In addition, there are also 

some other feasible optimization methods. For example, for Step 2, because the A is finally 

transformed to a unit matrix, the operation of set 1 can be omitted if the elements on the 

diagonal line are set to 1. At the same time, in Step 3, “the diagonal elements are 1” is not 

really the 1. In fact, the diagonal elements do not need to be accessed truly, this agreement 

is feasible. Also, for Step 4, the solution of the equation can be obtained after this step is 

completed, since it is the transformed B, the matrix transformation in A is not necessary. 

In some implementations of Gauss-Jordan elimination method, Step 1 is decomposed 

into two steps: transform A first, and transform B after the first step is finished. As theorem 

2 shows, these decomposed steps are feasible. In fact, the decomposition algorithm reduces 

the time performance in some extent. The analysis is carried out below. 

 

2.2 Two-dimensional Constant Bandwidth Storage 

Suppose the bandwidth is b, the two-dimensional constant bandwidth storage matrix S 

of band symmetric matrix A is shown in Figure 1. As theorem 1 shows, the Gauss-Jordan 

elimination on A can be performed on S, the elimination algorithm for A needs only to 

correspond to S. The relationship between A and S can be expressed as follows: 

 
, , 1Ai j i j iS  
  (v) 

Thereinto 1≤i,j≤n, i≤j≤i+b-1. Since the operation on S is equivalently on A, for the sake of 

simplicity, the elimination method on S is described as the original matrix A in the 

following passage. Because the elements out of the primary line bandwidth are zero, the 

elimination on these columns can be omitted. Therefore, in an elimination process, the 

elements to be eliminated gather in a triangle region, as shown in Figure 1, which is called 

“work triangle”. From the above analyses, the two-dimensional constant bandwidth storage 

method not only saves the storage space, but also enhances the efficiency. 
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Figure 1. Two-dimensional Constant Bandwidth Storage of Matrix S 

3. Parallel Algorithm 

In the two steps of Gauss-Jordan elimination, elimination is the most time consuming. 

Take 50 thousand order, 1 thousand bandwidth matrix A for example, elimination 

occupies more than 99% of the running time as shown in Table 1 which records the 

statistical data of these two steps. In elimination process, the current elimination depends 

on the previous elimination result and the order of the submatrix to be eliminated 

minished step by step. Since the elimination operation of each element in the lines to be 

eliminated can be done parallelly, generally, the elimination step can also be paralleled. 

Table 1. Running Time of Serial Algorithm(s) 

Elimination Back Substitution Total 
Elimination/ 

Total 

162.2854 0.403 162.688 99.7% 

The banded distribution of non-zero elements in A gathers the elements to be 

eliminated inside the work triangle. Each time’s calculation amount decreases as the order 

of submatrix becomes smaller in elimination of normal matrix. Different to normal matrix, 

the width of work triangle’s right-angle side doesn’t diminish until it moves down to the 

tail. That’s to say, in the last b-1 times’ eliminations, the width of the work triangle 

reduces successively by 1 from b, but remains the same in the previous n-b+1 times’' 

elimination. Each time’s elimination workload is balanced though total parallel workload 

is smaller than the dense matrix at the same order, providing favorable conditions for the 

effect of parallel computing in a general way where b is much less than n. Even so, 

sequential dispatch strategy goes against the load balance and causes a waste of 

computing resource because element amount of each line in work triangle is not the same 

to each other. The following paired strategy can be adopted to solve this problem. 

 
3.1 Paired Dispatch Strategy 

Inside work triangle whose width is b, there are b-1 lines to be eliminated, and 

element number in lines to be eliminated decreases progressively. It will cause a waste of 

computing resources if lines to be eliminated are dispatched sequentially to processors, 

for the relatively huge difference of calculation amount between each processor leads to 

processor idleness when it finishes calculating before other processors. Visibly, partition 

among lines to be eliminated is not Uniform Partition[12, 14]. Workload must be 

decomposed in lighter granularity so as to achieve uniform partition, to balance workload 

and to enhance the processor utilization rate. Some kind of paired dispatch strategy can be 

applied to realize that. Lines to be eliminated are from line 2 to line b for work triangle of 

width b. Lines are dispatched to processors in pairs because element number decreases 

progressively in lines. Let the total amount of processors be p': 
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Thereinto, v is the total pair amount of lines to be eliminated. Each processor is tied 

to c' pairs of lines, while the amount of actually used processors is p. In addition, let pair 

number actually dispatched to a processor be c, for the ith processor Pi(0≤i≤p-1): 
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All lines dispatched to Pi can be expresses as set L=L1UL2, in which: 
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For processor Pi, paired strategy implies branch statement, namely, respectively, 

calculation of variable c and dispatch set L2 of lines to be eliminated. For the former, only 

processor Pp-1 executes different branches; for the later, when l=2+b-l, it has l=(2+b)/2, line 

l can only be dispatched to Pp-1 as well. So that processor P0 to Pp-2 execute the same 

branch, and no special regulations are needed for branch optimization for paired strategy. 

 
3.2 Parallel Algorithm 

In shared memory systems, the main parallelization means of the algorithm is that 

the lines which can be eliminated asynchronously in each elimination are dispatched to 

processors by paired strategy, and race condition brought in by data sharing is removed. 

An example, to which this strategy applies in multiple threads is shown in Figure 2, in 

which work triangle’s width is 12, lines to be eliminated are from line 2 to 12, and the 

total thread number is 3. Visibly, except for the last one, the workload of other threads is 

the same. Experimental results show that, compared to sequential strategy, paired strategy 

saves 42% of the running time. 
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Figure 2. Paired Strategy 

According to theorem 2, serial algorithm can be optimized by directly setting the 

proportionality coefficient on primary lines after the elimination of each line. But the data 

of primary lines in parallel elimination progress are shared by every processor which causes 

conflict condition. Generally two kinds of methods can be adopted to relieve conflict 

condition: 1) Cache primary line. Writing in to primary line won’t cause conflict because 

each line’s proportionality coefficient is located at primary line’s different position; 2) 

Write delay. Every processor writes a proportionality coefficient to the shared cache array, 

which is copied to the primary line after this time’s elimination completes. 

Paired strategy is mainly applied to elimination step. For back substitution step, one 

elimination can be sketched as continuous reductions of some element on B, in which 

conflict condition is write operation to that element. The rescission method is to reduce 

continuous reductions to continuous additions and one time of reduction to that element, 

ensures mutually exclusive writing. Time performance improvement of parallel algorithm 
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is mainly reflected in elimination step, for the back substitution step is less 

time-consuming. 

 
4. Performance Optimization 

Since the relatively high time complexity of Gauss-Jordan elimination method, store 

and access methods of it in particular, have great influence on the performance of the 

algorithm when the order of A is relatively large. 

 
4.1 Storage Optimization 

The effect caused by storage mode to algorithm time performance specifically 

manifests as the latency waiting for the completion of memory access. To balance the cache 

latency and hit rate, modern CPU usually has a multi-level Cache structure to reduce the 

average memory access time[15, 19]. Before the CPU access memory, multi-level Cache is 

sequentially inquired until it hits, or memory is accessed when it misses. In a multi-level 

Cache structure, the capacity and speed are different, LLC (Last Level Cache) is the highest 

level, usually with the largest capacity but the slowest speed. If the LLC is queried when 

Cache hits, it means Caches of all levels are queried. If Cache misses, the actual time of 

memory access is the time of query all levels’ Cache and direct memory access. Visibly, the 

number of LLC misses (LLC-M) and the number of LLC references (LLC-R) are two of 

the important indicators to measure the average memory performance[20, 21]. 

The data transfer units between Cache and memory are Cache line whose size are 

fixed. When the data are missing, a block which includes required data is copied from 

memory to Cache, so the data on the adjacent address of the memory should be assessed as 

continuously as possible to increase the hit rate of the Cache system. The higher the hit rate, 

the better the average access performance is. 

Two-dimensional or multi-dimensional arrays are deployed and stored at consecutive 

address space in memory. For example, in C language, two-dimensional array is stored by 

row major, and in the Fortran language, two-dimensional array is stored by column major. 

Different access orders have great influence on the performance. For example, when 

accessing to a matrix of n rows and n columns in Fortran, Figure 3 shows respectively the 

time spent when it is accessed by row major order and column major order. When n is equal 

to 2000, both are very close; but when n is equal to 10,000, the time required by row major 

order is 2 or more time by column major order. The function of Cache system is obvious-- 

the bigger the problem, the more prominent the effect. 
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Figure 3. The Time of Row-major and Column-major Access 

In the experiment, the two indicators LLC-M and LLC-R reflect the impact, as shown 

in Table 2. The “-” indicates the failure to statistical data (counter value is less than 6000). 

When data accessed by row major order and n increase from 2000 to 10000, the citations of 

LLC increases by 135 times.  While by column major order, the values of LLC-M and 

LLC-R are always under 6000. The elimination method in this algorithm description assess 
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data by row major order while Fortran’s default storage mode by column major order. 

Therefore, for the realization of the algorithm in Fortran, a possible optimization is adopted 

to transpose S, so that the sequential access of the elements to be eliminated in rows are 

converted to sequential access in columns. 

Table 2. Statistical Data for LLC-R and LLC-M by Row-major and 

Column-major Access 

n 
Row-Major (K) Column-Major(K) 

LLC-M LLC-R LLC-M LLC-R 

2000 340 340 -(<6) -(<6) 

4000 340 8162 -(<6) -(<6) 

6000 680 15305 -(<6) -(<6) 

8000 1020 26188 -(<6) -(<6) 

10000 1020 46254 -(<6) -(<6) 

 
4.2 Memory Access Merging 

In addition to the storage optimization, the reduction of the times of memory access or 

memory access merging is also an effective optimization tool. For example, for readability 

and maintainability considerations, elimination steps of the algorithm are usually divided 

into two separate parts: the elimination on A and the transformation on B. From Theorem 2, 

it’s known that this division mode is feasible. 

Generally the elimination refers to the elimination of a line in the augmented matrix, 

and elements needed to be processed include both elements in coefficient matrix A and the 

corresponding ones in B. From Theorem 2, elimination on A stores the corresponding scale 

factor, that is, after erasing all the lines of the work triangle, elements except for the first 

one in the primary row are equal to the scale factor when the other lines of the work triangle 

is eliminated. Therefore, the elimination of the augmented matrix can be divided into two 

steps: firstly, eliminate A, and do not transform the elements in B; secondly, after the 

elimination of A, transform B separately according to the proportion coefficient saved in A. 

When transforming B, except for the operation steps corresponding to elimination in A, 

setting the diagonal elements to 1 and other operations are also included. In fact, the 

diagonal elements can be agreed to 1 without being divided, but the division of B elements 

cannot be omitted. Obviously, the algorithm of decomposition steps is easy to be written, 

but the accessing time of elements on A is increased: in the elimination of augmented 

matrix, the calculated ratio coefficient r is saved as the main row’s elements, and then use it 

to transform B, while r is normally kept in registers; in the decomposition steps, B’s 

transform needs to take out r from A first. 

In decomposition steps, not only taking out the proportional coefficient but also 

accessing to the primary line of the first element would increase time because both the 

calculation of ratio coefficient and setting diagonal to 1 are required to access this element. 

In this regard, memory access merging is feasible, by immediately transforming B when 

eliminating A. In fact, the effect of memory access merging is far less outstanding than 

storage optimization due to the structure of the Cache which makes the accessing of A 

continuous in both cases. In both of the contrast experiments, the recorded data of LLC-M 

and LLC-R confirm the role of the Cache system. In short, the experimental data show that 

the above two kinds of optimization have greatly improved the performance of the 

algorithm. 
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5. Results and Analysis of the Experiments 

Optimization methods and paired strategies of the algorithm are tested as follows, 

taking a 50 thousand order matrix, whose bandwidth ranges from 100 to 1000, for example. 

The experimental host is equipped with quad-core processor, the programming language is 

Fortran, and the parallel routine uses OpenMP compiler directives. The compiler uses PGI 

CDK (The Portland Group Cluster Development Kit)[22, 24], PGPROF (Portland Group 

Profiler)[25] is one of the products of PGI CDK, which provides a powerful tool for 

analyzing and testing program performance. 

 

5.1 Storage Optimization and Memory Access Merging 

Figure 4 compares the time performance of no optimization, storage optimization, 

memory access merging and all optimization (storage optimization and memory access 

merging). When bandwidth is relatively narrow, the optimization almost doesn’t work, with 

the increase of bandwidth, the effect of optimization become obvious. When the bandwidth 

is 1000, the optimization methods save 22% of the running time. The influence of storage 

optimization is larger compared to memory access merging. Storage optimization and 

memory access merging, compared to no optimization respectively, storage optimization 

contributes more to the performance of improvement. However, memory access merging 

has little influence while proceeding memory access merging after storage optimization 

(that is, all optimization). The reason is that whether memory access merging is performed 

or not after storage optimization, the access of coefficient matrix A is sequential. Memory 

access merging does contribute to the time performance by reducing its accessing times; 

however, the existence of Cache system leads to the insignificance of this optimization. 
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Figure 4. Time Performance before and after the Optimizations 

In the realization, the elements of A are plural, which takes up 8 Bytes memory. When 

bandwidth increases from 100 to 1000, the work triangle increases from 39 KB to 3910 KB. 

The average accessing performance is closely linked with caching system structure, 

capacity and replacement strategy, etc. Table 3 calculates two indexes (LLC-M and LLC-R) 

on the matrix S whose bandwidth ranges from 500 to 1000.  

Table 3. LLC-M and LLC-R statistics 

Bandwidth 
No Optimization(K) Whole Optimization(K) 

LLC-M LLC-R LLC-M LLC-R 

500 3,061  768,626  0  91,827  

600 3,401  1,113,151  0  121,076  

700 5,782  1,525,011  0  150,325  

800 6,122  2,003,192  0  174,471  

900 10,203  2,604,142  0  210,862  

1000 28,568  3,286,731  340  247,593  
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As shown in the table, the two indexes fell dramatically after optimization and 

miss-query ratio of LLC (LLC-M/LLC-R) decrease significantly. For example, when the 

bandwidth is 1000, compared non-optimized algorithm with optimized one, the former’s 

LLC-M is 84 times of the latter’s and the former’s LLC-R is 13 times of the latter’s, 

miss-query ratio of the former is 8.7 ‰ while the latter is 1.4 ‰, which shows that storage 

optimization and memory access merging enhance the efficiency of caching system greatly. 

The following serial and parallel algorithms and their contrast are based on these 

optimizations. 

 

5.2 Load Balancing and Accelerating Performance 

Figure 5 shows the comparison among the serial algorithm, the parallel algorithm of 

sequential strategy and the parallel algorithm of paired strategy in time performance. In the 

sequential strategy, one elimination will distribute the b-1 line of the work triangle whose 

bandwidth is b to p processors, every processor’s workload is different, the processor with 

less workload ends first, so one elimination’s time ts is equal to the running time of the 

processor with largest workload: 

 
( 1)/

1
( ( ))

b p

i
ts b i




   (ix) 

In paired strategy, each processor distributes equal workload,and one elimination’'s 

time tp is: 

 
1

( )
2

b
tp b

p


   (x) 

So that the time performance of paired strategy would be ts/tp times of sequential 

strategy when processor number equals to p: 

 
1

/ (2 1) /
b

ts tp b b
p


    (xi) 

The value of ts/tp is 1.75 while b=1000, p=4. Meanwhile, in the experiment 

ts/tp=75.383/43.791=1.72, which reaches good agreement with the theoretical value 1.75. 

The proportion’s limit is 2-1/p when b→∞. 

As for acceleration performance, with the increase of bandwidth, the proportion of 

parallel component increases and the acceleration ratio of parallel algorithm also increases 

gradually. According to the Amdahl’s Law, when bandwidth is 1000, the proportion of 

parallel component is 99.8%, and the biggest speed ratio is 3.99 for 4 processors; while in 

the experiment the speed-up ratio is 3.72, it is close to the theoretical limit. 
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Figure 5. The Comparison of Sequential and Paired Strategy 

 



International Journal of Grid and Distributed Computing 

Vol. 10, No. 1 (2017) 

 

 

40  Copyright ⓒ 2017 SERSC 

5.3 The Calculating Example of Occam Inversion 

Gauss-Jordan elimination is one of the most time-consuming steps in the MT Occam 

inversion algorithm. Taking an 889 parameters model as an example, table 4 lists the 

proportion of running time of relevant steps. Gauss Jordan elimination method accounts for 

67% of the total time, which occupies the largest proportion. When applying parallel Gauss 

Jordan elimination which is based on paired strategy to this algorithm, the acceleration 

ratio of 4 threads can reach 2.01. According to the Amdahl’s Law, when the number of 

threads is 4 and the parallel component is 67%, the biggest improvable acceleration ratio is 

about 2.01, which is almost equal to the above value. 

Table 4. MT Occam Example of 889 Parameters 

Gauss Gaussd Cholin Atamul Parfld Parjac Others 

67% 12% 8% 6% 5% 1% 1% 

 
6. Conclusion 

Gauss-Jordan elimination based on two-dimensional constant bandwidth storage is 

paralleled applying paired strategy in this article, and optimization methods of the 

algorithm based on shared memory systems are discussed. Results and analysis of the 

experiments show that optimization methods like storage optimization and memory access 

merging have effectively saved the algorithm’s running time, whose effectiveness is 

highlighted especially for high-order matrix. Paired strategy, whose speed-up ratio is close 

to the biggest improvable performance according to the Amdahl’s Law, further improves 

the algorithm’s time performance as compared to sequential strategy whose running time is 

as 2-1/p times as the former. 
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