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Abstract

In this paper, we develop an analytical method in order to derive approximated
average symbol error expressions as tractable and closed forms in amplify-and-forward
with relay receiving diversity (AFwRRD) and amplify-and-forward with relay
transmission diversity (AFwRTD) systems. In AFwRRD system, each relay receives two
signals from the source node and the previous relay node and transmits to the next relay
or the destination node. In AFwRTD scheme, it is assumed that each relay can receive a
signal from the source node or the previous relay node and transmit to the next relay and
the destination node. In the proposed analytical method, we modify a dual-hop relay
scheme as a single branch channel over Rayleigh fading channels. Furthermore, it is
confirmed that the derived performance expressions can be applied to both AFwRRD and
AFwRTD schemes. Through a numerical simulation, the analyzed performance well
concurs the simulation results and it is confirmed that the performance is well analyzed in
terms of the diversity order and the signal to noise ratio (SNR) gain for the different
number of relays.
Keywords: Average symbol error expression, AFwRRD, AFwRTD, Rayleigh fading
channels, diversity order

1. Introduction
In general, a dual-hop and multi-hop relay systems can be used to extend the network
coverage and to enhance throughput owing to shorter hops [1-12]. It is also guarantee the
network connectivity to locations of which the general single-hop network cannot connect
[1]. The performance improvement in a dual-hop and a multi-hop system can also be
achieved via spatial diversity gains [1-3]. For these reasons, many researchers have
widely discussed for their performance [1-12].
The authors in [2] showed that the two-hop amplify-and-forward (AF) single relay
system can provide a full diversity order of two, where the AF relay forwards the signal to
the next nodes after amplifying the received signals. It is also extended to the dual-hop
AF relay systems with multiple relays; the authors in [3] showed that the diversity order is
linearly increased with the number of relays by analyzing the exact symbol error rate. For
dual-hop adaptive decode-and-forward (DF) schemes with burst transmission,
approximated error rates were derived in [4]. The multi-hop AF relay systems have been
analyzed, with or without cooperative diversity [5-12]. The authors in [5] and [6]
proposed a signal-to-noise ratio (SNR) upper bound by using mini-mum SNR of all hops.
Then, they evaluated the outage probability for a multi-hop channel-assisted AF relay
network. In [7], the asymptotic bit error rate (BER) of multi-hop AF relaying over
Nakagami-m fading is analyzed. In [8], based on the analytical method of [6],
asymptotically exact performance bounds were derived. Note that in [8], multi-hop relay
system is divided into two sub-systems. Recently, the authors in [9] derived the
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transmission latency of multi-hops DF and AF. However, these works are all based on a
single-branch multi-hop system without cooperative diversity reception. On the other
hand, in multiple-branch multi-hop AF systems, where all relays broadcast to other relays
and the destination so as to obtain cooperative diversity gain. In [10] and [11], the concept
of multi-hop diversity was introduced in terms of the instantaneous end-to-end SNR. In
[12], the approximate symbol error rate (SER) was analyzed as related with number of
relays. Nevertheless, the derived SER is very complicated and untraceable, so it is
difficult to analyze the system performance with regard to cooperative diversity.
To the best of our knowledge, an analytical approach to approximate AF with relay
receiving diversity (AFwRRD) and AF with relay transmission diversity (AFwRTD)
schemes is not shown. In AFwRRD scheme, each relay can be assumed to receive two
signals from the source node and the previous relay node and then, transmit to the next
relay or the destination node. In AFwRTD scheme, each relay can be assumed to receive a
signal from the source node or the previous relay node and then, transmit to the next relay
and the destination node. In the proposed analytical method, we approximate a dual-hop
AF relay channel as a single branch channel. In addition, we sequentially apply this
approximation to AFwRRD scheme. Consequently, the average error rate expressions are
presented as closed-forms similar to the error rates of dual-hop AF system. Furthermore,
it is confirmed that the proposed analytical approach can be applied to AFwRTD scheme
only by changing relay index.
We organize the remainder of this paper as follows: Section 2 describes the system
model of AFwRRD and AFwRTD cooperative relay systems. Section 3 presents the
derived performance expressions. Section 4 shows the numerical and simulation results
and Section 5 provides our concluding remarks.

(a) AFwRRD Systems

(b) AFwRTD Systems
Figure 1. Block Diagram of AFwRRD and AFwRTD Systems (source(S),
destination(D), relay(R), L=4)
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2. System Model for AFwRRD and AFwRTD Systems
The main aim of this paper is to present an analytical method from which a dual hop relay scheme in AFwRRD and AFwRTD systems can be considered as a single
branch channel over Rayleigh fading channels. First, let us describe the model of
AFwRRD and AFwRTD systems.
2.1. Channel Model of AFwRRD and AFwRTD System
AFwRRD and AFwRTD Systems are shown in Fig. 1(a) and Fig. 1(b),
respectively, in which the number of relays is L  = 4  . As shown in Fig. 1(a), in
AFwRRD scheme, each relay is to receive two signals from the source node and the
previous relay node and transmit to the next relay or the destination node. On the
other hand, in AFwRTD scheme as shown in Fig. 1(b), each relay is to receive a
single signal from the source node or the previous relay node and transmit to the
next relay and the destination node. In AFwRRD scheme as shown in Fig. 1(a), we
consider a source  S = R0  , a destination  D = RL1  , and relays {Ri }iL=1  . Also, in
AFwRTD scheme as shown in Fig. 1(b), we consider a source
destination

 D = R0  ,

 S = RL1  ,

a

and relays {Ri }iL=1  . For the given i and r, let hi ,r be the

channel gain between the ith node and the rth node. Note that, as shown in Fig. 1,
hi ,r can be the channel gain from the ith transmission node to the rth receiving node
and the channel gain from the rth transmission node to the ith receiving node, for
AFwRRD and AFwRTD systems, respectively. Under the assumption that all link
channels are quasi-static Rayleigh fading channels, the magnitude and phase of are
the Rayleigh distributed and the uniformly distributed over [0,2 ) , which can be
regarded as mutually independent for different i and r [13][14]. For the Rayleigh
fading channel corrupted by a complex additive white Gaussian noise (AWGN) with
zero mean and variance of  2 , the SNR of the Ri  Rr link can be modeled as a
random variable,  i ,r , with the probability density function (PDF) of

f

 
i ,r

=

  
exp  
 u( )
 i ,r
  i ,r 
1

(1)

2
2
where  i ,r = E  i ,r  = E  hi ,r  Ei /  , Ei is the average symbol energy of the ith





transmission node, and u( ) is the unit step function [13][14][19-21].
As shown in Fig. 1, to avoid the interference, it is assumed that time resource is
divided into ( L  1) time slots and each of the source and L relays exclusively
transmits its signal over its own time slot in an orthogonal manner [1 -15]. Data
transmission consists of ( L  1) steps for AFwRRD and AFwRTD systems.
At first, let us describe the AFwRRD system. In the 0th step for AFwRRD
systems, the source node broadcasts the modulated symbol to all relays and the
destination. During the next L steps for AFwRRD systems, let us consider the ith
relay (i.e., the ith transmission step for i = 1, 2, , L ). The ith relay can receive two
signals from the source and previous (i  1) th relay and it can combine the received
signals with maximum ratio combining (MRC). Then, the given ith relay transmits
the combined signal after amplifying it to the next (i  1) th relay or the destination.
Consequently, as shown in Fig. 2[1], the combined SNR at the destination receiver
can be expressed as [10][12][19-21]
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 C   0,L1 

 L L,L1
 L   L,L1  1

(2)

r =  0,r 

 r 1 r 1,r
 r 1   r 1,r  1

(3)

with 1 =  0,1 and

which is the combined SNR at the rth relay from the source and previous ( r  1) th relay.
Secondly, let us describe the AFwRTD system. In the 0th step for AFwRTD systems, the
source node transmits the modulated symbol to a single relay which is most closely
located at source node. During the next L steps for AFwRTD systems, let us consider the
ith relay. The ith relay can receive a single signal from the source or the previous
(i  1) th relay. and then, the given ith relay transmits the received signal after amplifying
it to the next (i  1) th relay and the destination. Therefore, as shown in Fig. 2 [1], the
combined SNR at the destination receiver can be expressed as (2).

(a) Approximation for AFwRRD Systems

(b) Approximation for AFwRTD Systems
Figure 2. Approximation for AFwRRD and AFwRTD Systems (example for
L=4)
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2.2. Proposed Approximation Method

Figure 2 shows the simplification of Ar in (2) as the example with L = 4 [1]. For

1 = 1,1 =  0,1 and 1,1 =  0,1 , we can approximate  2 as
 2 = min{ 0,1 ,  1,2 }   0,2 =  min   2,2

(4)

1

with  min = min{ 0,1 ,  1,2 } and 2,2 =  0,2 . Then, the PDF of  2 can be presented as
1

  
exp  
u( )
(5)
  
2
p =1  2, p
2,
p


 2,2
 2,1
, and  2,2 =
.
=  0,2 , 1 / 2,1 = 1 / 1,1  1 /  1,2 ,  2,1 =
 2,2   2,1
 2,1   2,2
2

f    = 

with  2,2

 2, p

Note that the approximation method used in (4) can be sequentially applied to A3 , A4 ,
and so on. After ( r  1) times approximations for Ar , the PDF of  r can be expressed as

  
exp  
u( )
  
p =1  r , p
r
,
p


r

f    = 
r

with 1, p = 1 , 1 / r , p

r 1
p =1

 r, p

= 1 / r 1, p  1 /  r 1,r , r ,r =  0,r ,  r , p |rp=11 =  r 1, p

(6)
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,
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 r ,r =  p=1 r 1, p
r 1

 r ,r
.
 r ,r   r , p

3. Approximated Performance Analysis
From (6), for AFwRRD and AFwRTD systems, the combined SNR in (2) can be
approximated as

 C   App1 =  0,L1 

 

 L L,L1
.
 L   r ,L1

(7)

In this paper, hi ,r are assumed to be mutually independent for different i and r , so that

r r=1 are mutually independent for different r . Therefore, ASER for M-ary phase shift
L

keying (M-PSK) can be expressed as [1][14]
App

PS ,M 1

=

1



( M 1) / M

0

1
M   s  d
AFL
1  s 0,L1

(8)

with s = gPSK / sin2( ) , g PSK = sin2( / M ) , and

M

AFL

s

=  L , p M AF  s,  L , p ,  L ,L 1 
L

(9)

p =1

where M AF  s,  ,   is the MGF of the dual-hop AF relay schemes in which  and 
are the average SNRs of the S-R link and R-D link, respectively. Note that M AF  s,  ,  
was derived as different forms [3][15][16][18].
Moreover, when we apply the approximation used in (4) to (7), we can obtain
another approximated SNR of
 App   App =  L1
(10)
1
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with the PDF of  App can be obtained from (6) with r = L  1 . Consequently, ASER can
2

be more approximated as
APP

PS ,M 2

=

1



( M 1) / M L 1

0

 L1, p

 1  s
p =1

d .

(11)

L 1, p

Basically, the ASER expressions of (8) and (11) are derived under L times and
( L  1) times approximations used in (4) in order to obtain  L and  L1 ,
respectively.

Figure 3. Numerical and Simulation results of AFwRRD schemes (R=1,2,3,4
and M=2)

Figure 4. Numerical and Simulation results of AFwRTD schemes (R=1,2,3,4
and M=2)
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Figure 5. Numerical results of AFwRRD schemes (R=4 and M=2,4,8)

Figure 6. Numerical Results of AFwRTD Schemes (R=4 and M=2,4,8)

4. Numerical and Simulation Results
In this section, we show the numerical results of ASER, and then verify their
accuracy by comparing the simulation results. For simplicity, we assume that
Er = E0 / L for r = 1, , L and L relays are uniformly located when the distance
between the source and the destination is 1. To capture the effect of path -loss, we


r i
introduce the channel model where E | hi ,r |  = E | h0,L1 |  /
with the pathL 1
loss factor  . From here, we use  = 3.76 , which is the parameter of the outdoor
2

hotzone

model

[Table

A.2.1.1.2-3]

in

2

[17]

and

SNR

is

defined

as

 0,L1 = E  h0,L1  E0 /  .
2
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Figures 3 and 4 show a comparison of analytical results from (8) and (11) with
the simulation results with L = 1, 2,3, 4 , for AFwRRD and AFwRTD systems,
respectively. As a performance reference, we also plot the S-D link's ASER.
Comparing our approximated analytical results with the simulation results shows
they are well matched over medium and high SNR regions. It verifies the accuracy
of the derived analytical method. We confirm that, with approximation used in (4),
the derived approximated ASER of (8) can be a lower bound for achievable
performance. We can see that the diversity order does not linearly increase as the
number of relays L for AFwRRD and AFwRTD systems. It is shown that each
relay's receiving diversity or transmission difersity in multi -hop AFwRRD and
AFwRTD schemes can provide the amount of increase of not the diversity order but
the average SNR gain.
Figures 3 and 4 show a comparison of analytical results from (8) and (11) with
the different number of M for AFwRRD and AFwRTD systems, respectively. As a
performance reference, we also plot the S-D link's ASER. Comparing our
approximated analytical results shows that approximated error expressions are
similar for different M and SNR.

5. Conclusions
In this paper, we propose the analytical method to approximate a dual-hop relay
scheme as a single branch channel over Rayleigh fading channels. Then, it is
confirmed that our proposed performance analysis can be applicable to AFwRTD as
well as AFwRRD schemes by only changing the relay index. By comparison
numerical results with simulation results, it is shown that the analyzed performance
well concurs the simulation results and the accuracy of our analysis is confirmed for
the different number of relays.
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