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Abstract
This paper theoretically analyzes the performance of distributed-antenna orthogonal
frequency division multiplexing (OFDM) systems with multiple carrier frequency offsets
(CFO) using zero-forcing (ZF) detection. Considering both the large-scale fading and the
multipath fading of the wireless channel, we derive the average power of the inter-carrier
interference (ICI) due to the CFOs and thus obtain the expression for the signal to
interference and noise ratio (SINR). By analyzing the underlying characteristics of the ZF
detection, we address the reason for the inaccuracy of the conventional SINR expression
and propose a novel modified SINR expression with better precision, and hence obtain a
closed-form expression for the bit error rate (BER) performance with the presence of
multiple CFOs. It is shown by the analytical and simulation results that the analytical
SINR obtained by the conventional expression appears lower than actually while the
analytical SINR and BER obtained by the expressions presented in this paper are more
accurate and closer to the corresponding simulation results.
Keywords: Distributed antennas, OFDM, Carrier frequency offset (CFO), Inter-carrier
interference (ICI), Zero-forcing (ZF) detection, Performance analysis

1. Introduction
With the rapid increase in the number of wireless users and the requirement for the
amount of wireless services during the last five years, ultra dense cells and distributed
multiple antennas have become the main features of the basic network architecture for the
4th and 5th generation (4G and 5G) mobile communications [1]-[2]. When deploying a
distributed high density network, a large number of remote radio heads (RRH) are
distributed at different geographic locations and connected to a pool of centralized
baseband units (BBU) via optical fibers, forming a so-called cloud radio access network
(C-RAN) architecture [3]-[4]. At the meantime, the technique of orthogonal frequency
division multiplexing (OFDM) [5]-[6] has become the basic radio transmission
technology of the physical layer for the 4G and 5G mobile communications, for it can
convert the multipath wireless channel into parallel flat-fading subchannels and hence a
simple single-tap frequency-domain equalizer can be adopted to equalize the channel
easily.
In wireless communications, since different local oscillators are used at the base station
(BS) and the mobile station (MS) respectively and the MS may move relatively to the BS
as well [7]-[8], the carrier frequency offset (CFO) will unavoidably exist in the received
signal. In particular, OFDM systems are very sensitive to the CFO, which damages the
orthogonality among subcarriers, and causes inter-carrier interference (ICI) and hence
degrades the performance [8]. Furthermore, as the RRHs are distributed at different
geographic locations in distributed-antenna OFDM systems, either different local
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oscillators may be deployed for each RRH [9], or the transmitted signals from different
RRHs may arrive at the MS from different angles [10], which results in multiple CFOs in
the received signal. Therefore, it is very important to theoretically analyze the effects of
the CFOs on the performance of the receiver, in order to provide reference to the link
design and budget in practical engineering. On the other hand, some CFO estimation and
compensation methods are usually adopted to estimate and compensate for the CFOs prior
to detection (see, e.g., [8]-[14]). Hence performance analysis with the presence of CFOs is
also required to evaluate the effectiveness of these CFO estimation or compensation
methods.
The conventional theoretical analysis of the effects of the CFO on the performance of
OFDM systems with a single antenna can be found in [7], which can be applied in
distributed antenna OFDM systems with some straightforward modifications.
Unfortunately, however, the analytical results appear inaccurate for distributed-antenna
OFDM systems, and there is little research interest in performance analysis with better
precision in the literature.
This paper theoretically analyzes the performance of distributed-antenna OFDM
systems with multiple CFOs using zero-forcing (ZF) detection. Considering both the
large-scale fading and the multipath fading of the wireless channel, we derive the average
power of the ICI due to the CFOs and thus obtain the expression for the signal to
interference and noise ratio (SINR). By analyzing the underlying characteristics of the ZF
detection, we address the reason for the inaccuracy of the conventional SINR expression
and propose a novel modified SINR expression with better precision, and hence obtain a
closed-form expression for the bit error rate (BER) performance with the presence of
multiple CFOs. The BER performance is also evaluated by computer simulations to
validate the corresponding analytical results.
The subsequent parts of this paper are organized as follows. In Section 2, we propose
the system model at hand. Section 3 addresses the performance analysis with the presence
of multiple CFOs, where a novel modified SINR expression with better precision and thus
a closed-form expression for the BER performance are derived. Some analytical and
simulation results are presented in Section 4. And Section 5 is the conclusion of the paper.

2. System Model
We consider a M T  M R multiple-antenna OFDM system, where the M T
transmitting antennas are assumed to be located at different places while the M R
receiving antennas are assumed to be still located at the same place. This accounts
for the downlink of a system with distributed antennas at the BS, where the CFOs
between the BS and all the antennas at the MS are identical while the CFOs between
the MS and each antenna at the BS may be different. We also assume that the
channel and the CFOs remain almost constant during an OFDM symbol period [11].
Performing an N-point inverse discrete Fourier transform (IDFT) on the data
substreams that will be transmitted via the M T transmitting antennas yields the
time-domain signal vector of an OFDM symbol:
x  n 

1

N 1

 X k  e
N

j2πnk N

, n  0,1,

(1)

, N -1

k 0

where x  n    x1  n  , x2  n  , , xM  n 
T

T

is the time-domain signal vector of an

OFDM symbol with xi  n  the time-domain signal of an OFDM symbol that will be
transmitted via the i-th transmitting antenna, X  k    X1  k  , X 2  k  , , X M  k  is the
data vector with X i  k  the data substreams that will be transmitted via the i-th
transmitting antenna, and N is the total number of subcarriers.
T

T
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At the receiver, performing an N-point discrete Fourier transform (DFT) on the
received signal vector yields the demodulated frequency-domain signal vector with
the presence of multiple CFOs [15]:
Y  k   H  k  S 0 X  k  

N 1



H l  S l  k  X l   n  k 

(2)

l  0,l  k

Useful Signal

ICI

where Y  k   Y1  k  , Y2  k  , , YM  k  is the demodulated frequency-domain
signal vector with Y j  k  the demodulated frequency-domain signal on the j-th
T

R

receiving antenna. H  k  ji  H ij  k  , where H ij  k  is the channel coefficient of the
branch from the i-th transmitting antenna to the j-th receiving antenna at the k-th
subcarrier, and n  k  is a Gaussian noise vector whose elements are independent
identically distributed (i.i.d.) with zero-mean and variance  n2 .
At the right hand side of the equation in (2), the first term can be regarded as the
useful signal and the second one can be regarded as the ICI due to the CFOs with
S  k   diag S1  k  , , SM  k  , whose diagonal elements are the ICI coefficients
T

Si  k  and can be expressed by [15]
Si  k  

sin π  k   i  jπ1 N1  k i 
e
π
N sin  k   i 
N

(3)

where  i is the normalized CFO (ratio of the actual CFO to the subcarrier
spacing) between the receiver and the i-th transmitting antenna, which can be
regarded to be composed of the integral part, which is called integer frequency offset
(IFO), and the fractional part, which is called fractional frequency offset (FFO). As
the IFO only changes the order of the DFT outputs while the FFO actually yields the
ICI [16], here we only involve the FFO in the CFO, i.e., it is assumed that
 i  0.5, i  1, 2, , M T .
We consider both the large-scale fading (including mean path loss and log-normal
shadow fading) [17] and the multipath fading of the wireless channel in the channel
model, and assume that the multipath fading is Rayleigh fading. As a result, the
channel coefficient H ij  k  can be written as Hij  k   ij hij  k  , where hij  k  is a
zero-mean complex Gaussian random variable with unit variance, and  ij is a power
gain factor that reflects the effects of the large-scale fading. As the transmitting
antennas are located at different places while the receiving antennas are still located
at the same place, ij  are possibly different for each transmitting antenna while the
same for all the receiving antennas, thus the expression of H ij  k  can reduce to
Hij  k   i hij  k  . Additionally, it is also assumed that the channel coefficients for

different branches from a transmitting antenna to a receiving antenna are mutually
independent.

3. Performance Analysis
3.1. Conventional SINR Expression
We can see from (2) that the ICI on a given data substream comes not only from
that data substream itself but also from other data substreams, and here we call the
former intra-substream ICI and the latter inter-substream ICI. Without any loss in
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generality, in the following we will concentrate on the first data substream on the jth receiving antenna and at the k-th subcarrier.
In most practical engineering cases, the total number of subcarriers N is often
large enough so that we can invoke the Central Limit Theorem, where the ICI can be
modeled as a zero-mean white Gaussian noise [15]. Therefore, the SINR can be
defined as the ratio of the average power of the useful signal for the first substream
to the sum of the average ICI power (including intra-substream ICI and intersubstream ICI) and the noise power:
2
E  H1, j  k  X 1  k  S1  0  


.
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2
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Using the assumptions made to the channel, we have
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where  s2  E  X i  k   is the average power of the data, and    s2  n2 is the





signal to noise power ratio (SNR).
When N is sufficiently large, we have [7]
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Note that the above SINR expression is independent of the indices j or k.
3.2. Modified SINR Expression
The conventional SINR expression in (7) appears inaccurate for distributedantenna OFDM systems using ZF detection. In the following we will address the
reason for the inaccuracy and propose a novel modified SINR expression with better
precision by analyzing the underlying characteristics of the ZF detection.
After demodulation by the DFT, a ZF detector [18] is applied to the demodulated
frequency-domain signal vector to recover the original data substreams, i.e., the
demodulated frequency-domain signal vector is multiplied by the pseudo-inverse of
the channel coefficient matrix subcarrier by subcarrier:
X (k )  H †  k  Y  k   S  0  X  k  

N 1



H †  k  H l  S l  k  X l   n '  k 

(8)

l  0,l  k

where H †  k    H H  k  H  k   H H  k  denotes the pseudo-inverse of the channel
1

coefficient matrix H  k  , X (k )   X 1 (k ), X 2 (k ), , X M (k ) 
T

T

is the recovered data

vector at the k-th subcarrier for decision with X i (k ) the recovered data substream
for the i-th transmitting antenna, and n '  k   H †  k  n  k  is the noise vector after
detection. The second term at the right hand side of the equation in (8) can be
regarded as the ICI after detection, also including intra-substream ICI and intersubstream ICI, which can be called post-detection intra-substream ICI and postdetection inter-substream ICI, respectively. The former is caused by the diagonal
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elements of the matrix H †  k  H  l  and the latter is caused by the off-diagonal
elements of the matrix H †  k  H  l  .
We can see from (3) that only the ICI coefficients introduced by the q adjacent
subcarriers are sufficiently large for a given subcarrier, where q increases with the
CFO, while the ICI introduced by the relatively distant subcarriers can be omitted,
i.e.:
S  l  k   0M , for l  k  q
(9)
T

where 0M denotes an M T  M T matrix with all-zero elements. Hence (8) can be
T

simplified as
X (k )  S  0  X  k  



H †  k  H l  S l  k  X l   n '  k  .

(10)

l k q

For wireless channels with relatively low delay spread, where the root-meansquare (r.m.s.) delay spread of the channel is sufficiently small so that the coherent
bandwidth of the channel is significantly larger than the total bandwidth of the 2q  1
successive subcarriers, the frequency-domain response of the channel can be
assumed to be approximately flat over 2q  1 successive subcarriers. Under this
condition, we have
(11)
H l   H  k  , l  k  q
and thus
H †  k  H l   I M , l  k  q .
(12)
T

where I M denotes an M T  M T unit matrix. Hence (10) can further reduce to
T
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or equivalently:
X i (k )  Si  0  X i  k  

 S l  k  X l   n '  k  ,

l k q

i
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i

i  1, 2,

, MT

(14)

where n 'i  k  is the i-th element of n '  k  .
It can be observed from (14) that the inter-substream ICI has been eliminated by
the ZF detection and the data substreams for different transmitting antennas have
been separated and recovered after the ZF detection, only with their own intrasubstream ICI respectively whereas without any inter-substream ICI.
Based on the above analysis, it proves to be more reasonable to only consider the
power of intra-substream ICI in the SINR expression and the power of intersubstream ICI should not be included. Therefore, the SINR expression in (7) should
be modified as
2
1 S1  0 
.
(15)
SINR 
2
1  1 1  S1  0 





3.3. BER Analysis
It is found in [19] that when the quadrature-phase-shift-keying (QPSK) modulation
is employed the BER performance of multiple antenna systems with ZF detection over
Rayleigh channels has a closed-form expression as
BER  J  M R  M T  1, 1, 2 
(16)
with
J  m, a, b  
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where  

 2k 
c
b
with c 
and   represents the binomial coefficient.
1 c
2a
k 

With the presence of multiple CFOs, since we have modeled the ICI as white
Gaussian noise, by replacing the SNR in (16) with the SINR we have derived in (15) the
BER performance of distributed-antenna OFDM systems with multiple CFOs using ZF
detection can be obtained as
(18)
BER  J  M R  MT  1, 1, 2  SINR  .

4. Analytical and Simulation Results
This section presents some numerical results of the SINR and BER expressions
we have derived above. The BER performance of the receiver with multiple CFOs is
also evaluated by computer simulations to verify the corresponding analytical
results.
A 2  2 distributed-antenna OFDM system is considered, i.e., M T  M R  2 , with
QPSK modulation and ZF detection, and the total number of subcarriers is N  256 .
The normalized CFOs are set as 1  0.1 and  2  0.2 . The COST207 six-ray reduced
typical urban (TU) channel model [17] is used, and the power gain factors are 1  1
and 2  2 .
We first compare the numerical results of the conventional SINR expression (see
(7)) and the modified SINR expression (see (15)) derived in this paper, as shown in
Figure 1. It is observed that the analytical SINR obtained by the conventional
expression is lower than that obtained by the modified expression. This is because
the former involves both intra-substream ICI and inter-substream ICI, while the
latter only involves the intra-substream ICI, which is closer to the actual case and
more accurate according to the above analysis. Furthermore, the differenc e between
the two analytical SINR results becomes larger as the SNR increases. This is
because the impact of the ICI becomes dominant in the SINR expression at high
SNR region and the difference between the two SINR expressions appears more
significant.
To verify the analytical results, the BER performance of the receiver with
multiple CFOs is also evaluated by computer simulations. Figure 2 compares the
BER performance obtained by the conventional analysis, the proposed analysis and
the simulations. It is shown that the analytical BER results derived in this paper are
much closer to the corresponding simulation results. However, it is also worth
noting the difference between the analytical BER and the simulated BER, the reason
for which is summarized as follows.
(1) At low SNR region, the analytical BER is slightly lower than the simulated
BER. This is because the r.m.s. delay spread of the COST207 TU channel is not
sufficiently small and thus the frequency-domain response of the channel is not
sufficiently flat over 2q  1 successive subcarriers so that the inter-substream ICI
cannot be suppressed entirely by the ZF detection and hence the analytical SINR is
slightly higher than actually.
(2) At high SNR region, the analytical BER is slightly higher than the simulated
BER. This is due to the Gaussian approximation made to the ICI, which may
introduce some inaccuracy when replacing the SNR in (16) with the SINR. This
becomes more significant as the SNR increases for the impact of the ICI becomes
dominant in the SINR.
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5. Conclusion
This paper theoretically analyzes the performance of distributed-antenna OFDM
systems with multiple CFOs using ZF detection. By analyzing the underlying
characteristics of the ZF detection, we have addressed the reason for the inaccuracy
of the conventional SINR expression and proposed a novel modified SINR
expression with better precision and hence obtained a closed-form expression for the
BER performance with the presence of multiple CFOs. It is shown by t he analytical
and simulation results that the analytical SINR obtained by the conventional
expression appears lower than actually while the analytical SINR and BER obtained
by the expressions presented in this paper are more accurate and closer to the
corresponding simulation results.
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Figure 1. Comparison of Analytical Results for SINR. M T  M R  2 , N  256 ,
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