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Abstract 

Fractals are among the most exciting and intriguing mathematical objects ever discovered. 

Because of the spectacular development of technology - and particularly computers and 

computer science - during the last decades, they have become very popular not only in 

scientific and technological domains but also in mass media related fields such as 

advertising, computer art, computer design, computer animation and many others. Nowadays 

there is a wealth of programs and tools to generate fractals by computer. However, none of 

them is able to yield high-quality graphical output to be readily embedded into standard 

LaTeX source code in a text-like form. This paper is aimed at filling this gap by introducing a 

new and freely available KETPic add-on for generating and rendering IFS fractal objects. 

This new software, developed in the popular scientific program Matlab, generates LaTeX-

readable code so that image files are no longer invoked nor required. The resulting files are 

astonishingly small when compared with their image file counterparts, thus leading to higher 

compression ratios than other conventional formats such as JPEG, GIF, PNG, EPS and the 

like. In addition, since IFS fractals are auto-similar they still offer better quality. In fact, a 

great advantage of this method is that any final image encoded as a collection of IFS becomes 

resolution independent and hence it can be enlarged at will in a lossless fashion. This paper 

describes our program and gives some examples to illustrate the excellent performance of our 

approach.  

 

Keywords: Fractal geometry, Iterated Function Systems, chaos game, KETpic, Matlab, 

LaTeX, computer algebra systems, mathematical visualization, scientific artwork. 

 

1. Introduction 

Computer tools for mathematical editing and publishing (such as scientific editors, word 

processors, graphical editors, mathematical utilities for the web) are ubiquitous in today's 

technological era. Among them, LaTeX has become the standard “de facto” for high-quality 

typesetting of scientific documents, as it offers remarkable publishing features and extensive 

facilities for automating most aspects of typesetting and publishing, including numbering, 

cross-referencing, tables, figures, page layout, table of contents and handling of bibliographic 

entries. However, dealing with graphics is a different story. Although graphical output is 

supported, what LaTeX actually provides is a basic and very limited set of graphical 

capabilities to yield drawings. Pictures are generated by combining different simple objects 
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within the LaTeX code, very often a cumbersome, tedious and very time-consuming process. 

The only available alternative is to use a graphical editor to generate our artwork and then 

invoke the resulting image file from LaTeX. Typically, this option produces a large collection 

of heavy images files, thus requiring a huge size to store them and preventing users from their 

transferring on the web. Further, incompatibilities may arise as image files should comply 

with a limited set of prescribed formats. Although diverse solutions have been proposed so 

far, there is still a need for computer tools able to yield high-quality graphical output that can 

readily be embedded into standard LaTeX source code in a text-like form.  

In 2006, a research group from the “Kisarazu National College of Technology” at Kisarazu 

(Japan) released a new software for high-quality mathematical drawing in LaTeX [27]. The 

program, called KETpic (Kisarazu Educational Tpic), is a library of functions developed on 

various computer algebra systems (CAS) to generate LaTeX source codes for high-quality 

scientific artwork. Depending on the CAS they rely on, these plug-ins might typically run 

internally in a quite different way, but this process is usually transparent to end-users. Once 

KETpic is loaded, users are simply requested to execute commands in the CAS of their choice 

in order to plot graphs and other mathematical data. CAS-embedded KETpic commands 

generate additional LaTeX source code and files, which are subsequently compiled in LaTeX 

in the usual manner. As a result, accurate graphical figures can be obtained either on a PC 

display or on printed matter. So far, versions for Maple, Mathematica, Scilab and Matlab 

have been developed. The corresponding libraries and some interesting examples and 

documentation are freely downloadable at: http://www.kisarazu.ac.jp/~masa/math/. The 

interested reader is referred to [10,23,28,29,30,31] for a nice collection of illustrative 

examples and additional information about this software. 

Although smooth curves and surfaces are the most usual graphical objects displayed in 

scientific documents, it is also interesting to represent graphically irregular mathematical 

objects, such as fractals [24]. Among them, the Iterated Function Systems (IFS) models, 

popularized by Barnsley in the 1980s, are particularly interesting due to their appealing 

combination of conceptual simplicity, computational efficiency and great ability to reproduce 

natural formations and complex phenomena [1]. For instance, the attractors of nonlinear 

chaotic systems exhibit a fractal structure [7-9,12,13,17,19-21,26]. In the two-dimensional 

space IFS fractals are made up of the union of several copies of themselves, where each copy 

is transformed by a function (function system). Such a function is mathematically a 2D affine 

transformation (see Section 2 for details), so the IFS is defined by a finite number of affine 

transformations (rotations, translations, and scalings), and therefore represented by a 

relatively small set of input data [14-16]. This fact has been advantageously used in the field 

of fractal image compression, an efficient image compression method that uses IFS fractals to 

store the compressed image as a collection of IFS codes [2,5,22]. The method, based on the 

idea that in images, certain parts of the image resemble other parts of the same image, has the 

great advantage that the final image becomes resolution independent. Moreover, this 

compression method is able to achieve higher compression ratios than conventional methods 

and still offer better quality.  

In this paper we introduce a new, freely available KETpic add-on for generating and 

rendering IFS fractal objects. Our program, developed in the popular scientific program 

Matlab, generates LaTeX-readable code so that image files are no longer invoked nor 

required. The resulting text files are astonishingly small when compared with their image file 

counterparts, thus leading to higher compression ratios than other conventional formats such 

as JPEG, GIF, PNG, EPS and the like. These claims will be properly discussed throughout the 

paper.  
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The structure of this paper is as follows: in Section 2 some basic definitions and concepts 

about IFS are given. The chaos game algorithm and the optimal choice of the probabilities 

required by the algorithm are also briefly discussed in that section. Section 3 describes the 

software introduced in this paper, including the description of system components, some 

implementation issues and a typical session workflow. Some illustrative examples showing 

the good performance of our program are reported in Section 4. The paper closes with the 

main conclusions and our future work.  

 

2. Iterated Function Systems 
 

In this section we provide our readers with a gentle introduction to some basic definitions 

and concepts about Iterated function Systems (IFS). The interested reader is referred to [1,4] 

for a more comprehensive introduction to the field. See also [2,5,11,15,16] for details on 

fractal image compression with IFS.  

 
3.1 Basic definitions 

From the mathematical standpoint, an IFS is a finite set of contractive maps 

niXXwi ,1,=,: K→  defined on a complete metric space ),( dX . We refer to the IFS as 

},,;{= 1 nwwXW K . In the two-dimensional case, the metric space ),( dX  is typically
2R  

with the Euclidean distance 2d , which is a complete metric space, so the affine 

transformations iw  are of the form: 
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or equivalently: 

 iii BxAxw +.=)(  

where iB  is a translation vector and iA  is a 22×  matrix with eigenvalues 21,λλ  such that 

1|<| iλ . In fact, 1|<)(| iAdet  meaning that iw  shrinks distances between points. Let us now 

define a transformation, T , in the compact subsets of X , )(XH , by  

 ).(=)(
1=

AwAT i

n

i

U                                        (2) 

 If all the iw  are contractions, T  is also a contraction in )(XH  with the induced Hausdorff 

metric [1, 18]. Then, T  has a unique fixed point, ||W , called the attractor of the IFS. 

 
2.2  Chaos game 

Let us now consider a set of probabilities },,{= 1 nppP K , with 1=
1= i

n

i
p∑ . We refer to 

},,;,,;{=},{ 11 nN ppwwXPW KK  as an IFS with Probabilities (IFSP). Given P , there 

exists a unique Borel regular measure )(XM∈ν , called the invariant measure of the IFSP, 

such that 
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where )(XB  denotes the Borel subsets of X . Using the Hutchinson metric on )(XM , it is 

possible to show that M  is a contraction with a unique fixed point, )(XM∈ν . 

Furthermore, |=|)( Wsupport ν . Thus, given an arbitrary initial measure )(0 XM∈ν  the 

sequence 
K0,1,2,=}{ kkν  constructed as )(=1 kk M νν +  converges to the invariant measure of 

the IFSP. Also, a similar iterative deterministic scheme can be derived from Eq.(2) to obtain 

||W . 

However, there exists a more efficient method, known as  probabilistic algorithm, for 

the generation of the attractor of an IFS. This algorithm follows from the result 

|=|}{
0>

Wx
kk  provided that ||0 Wx ∈ , where (see, for instance, [3]):  

 0.>w)(= 1 ikik pyprobabilitithxwx −                     (3) 

Picking an initial point, one of the mappings in the set },,{ 1 nww K  is chosen at random using 

the weigths },,{ 1 npp K  according to Eq. (3). The selected map is then applied to generate a 

new point, and the same process is repeated again with the new point obtaining, as a result of 

this iterative process, a sequence of points. The sequence obtained using this stochastic 

process converge to the fractal as the number of points increases. This algorithm is known as 

probabilistic algorithm or chaos game [1] and generates a sequence of points that are 

randomly distributed over the fractal, according to the chosen set of probabilities. Thus, the 

larger the number of iterations (a parameter we can freely set up), the better the resolution of 

the resulting fractal image. As it will be shown later on, input data of main commands in our 

program include the number of iterations used to display the final image along with the 

method applied to generate the sequence of data points. 
 

2.3  Optimal choice of probabilities 

 The fractal image is determined only by the set of contractive mappings; the set of 

probabilities gives the efficiency of the rendering process. Thus, a good choice for the 

probabilities is relevant for the efficiency of the rendering process, since the random sequence 

of points is generated according to these probabilities. One of the main problems of the chaos 

game algorithm is that of finding the optimal set of probabilities to render the fractal attractor 

associated with an IFS. Several different heuristic methods for choosing efficient sets of 

probabilities have been proposed in the literature [4,6,11]. The most standard of these 

methods was suggested by Barnsley [1] and has been widely used in the literature. For each 

of the mappings, this method (called Barnsley's algorithm) selectes a probability value that is 

proportional to the area of the figure associated with the mapping. Since the area filled by a 

linear mapping iw  is proportional to its contractive factor, is , this algorithm proposes to 

take: 
 

 .,1,=;=
1=

nissp j

n

j

ii K∑                  (4) 

 

Another algorithm, proposed in 1996 and known as multifractal algorithm [15,16], 

provides a method for obtaining the most efficient choice for the probabilities as: 
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Then, the most efficient choice corresponds to  

 Nisp D

ii ,1,=;= K                                (5) 

where D  denotes the similarity dimension. This method will be called optimal algorithm 

onwards. 
 

 

3.  The Program 

In this section we describe the software presented in this paper. Firstly, the main 

components of the system are outlined; then, some implementation issues are given; lastly, a 

typical session workflow is briefly described. 
 

3.1  System components 

Before getting started two basic components need to be installed:   

1. the  scientific program Matlab (version 5 or later), which supports many different 

platforms, such as PCs (with Windows 9x, 2000, NT, Me, XP and Vista) and 

UNIX workstations. A version for Apple Macintosh with Mac OS X system is also 

available under X11 (the implementation of the X Window System that makes it 

possible to run X11-based applications in Mac OS X).  

2. a  TeX editor and compiler. You can use the text editor of your choice to generate 

your LaTeX documents. However, some specialized text editors are usually 

preferred because they provide some interesting features such as syntax 

highlighting, shortcuts for some usual commands and procedures, menus with 

frequently used LaTeX macros and styles, etc. Regarding the compiler, there are 

several LaTeX compilers (most of them freeware) available for Windows, Mac, 

UNIX and Linux.  

Once these programs are properly installed and configured, the only task you have to do is 

to copy our KETpic files into your workspace folder. Note that some additional programs 

might be required for specific tasks. For instance, you may need a Postscript viewer in case 

you include EPS graphics in your documents. However, these optional features are related to 

LaTeX rather than to KETpic itself and hence out of the scope of this paper so they will be 

omitted here. 
 

3.2  Implementation Issues 

Regarding the implementation, our software has been developed in Matlab [25] v2008b on 

Windows XP operating system by using a PC with Intel Core 2 Duo processor at 2.4 GHz. 

and 2 GB of RAM. However, the program supports many different platforms, such as PCs 

(with Windows 9x, 2000, NT, Me, XP and Vista), Linux, Mac OS X and UNIX workstations. 

The numerical functions have been implemented in the native Matlab programming language, 

while the graphical output is on top of the built-in low-level Open GL functions. 
 

3.3  Session Workflow 

This section describes a typical KETpic session workflow by means of a simple yet 

illustrative example. KETpic processing pipeline starts up by opening Matlab for a new 

session. Then, we load the add-on:  
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Figure 1. Different schemes for the determination of probabilities for Barnsley’s fern: 
(left) random algorithm; (middle) Barnsley algorithm; (right) optimal algorithm 

 
 

Table  1: IFS code of Barnsley's fern 

   

   a   b   c   d   e   f  

 1w    0.81   0.07   -0.4   0.84   0.12     0.195    

2w    0.18   -0.25   0.27   0.23   0.12   0.02  

3w    0.19   0.275   0.238   -0.14   0.16   0.12  

4w      0.0235       0.087       0.045       0.1666     0.11     0  

 

 >> Ketinit  

 

so that all new  KETpic commands are automatically available from the very beginning. The 

main command, Plotifs, returns the graphical data associated with the IFS fractal. Its 

syntax is as follows:  

   

Plotifs( sys, init, np, tr,opt1,opt2,…, optn)  
  

sys: the system of iterated functions representing the fractal, expressed as its IFS code, 

formatted according to Eq. (1),  

init:  the initial point, 0x , for the iterated sequence (see Eq. (3)),  

np: total number of iterations,  

tr: the trasient (the number of initial iterations that are not displayed in order to skip points 

that do not really belong to the attractor and might otherwise be displayed before 

convergence)  

opts: optional parameters; they account for options that either are not strictly required or have 

a default value (see below for details).  

Next input generates the classical  Barnsley's fern, represented here by variable fern and 

whose IFS code is given in Table 1: 

 
 >> G1=Plotifs(fern,[1,1],7000,10,'Method','Random');  
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Table  2: (left) Generation of a Tpic file; (right) LaTeX code of Figure 1 

 

1 Openfile(’Fern.tex’); 
2 Beginpicture(’3cm’); 
3 Generateifs(G1); 
4 Endpicture(1); 
5 Closefile();  

 

\documentclass[11pt]{article} 
\newlength{\Width} 
\newlength{\Height} 
\newlength{\Depth} 
\begin{document} 
\input{Fern} 
\end{document} 

 

 

This fractal is displayed in a new Matlab graphical window. The final semicolon precludes 

graphical data to be printed in the command window. It is however stored in variable G1 for 

further use. KETpic command Setwindow sets up canvas dimension for LaTeX drawing: the 

fractal will be plotted on the prescribed area [0,1]x[0,1]:  

 
 >> Setwindow([0,1],[0,1]);  

 

In order to make this output data available in LaTeX, it must be converted into a LaTeX-

readable format (Tpic in our case) and then stored into a file. Table 2(left) summarizes this 

process. Line 1 opens a TeX file called Fern.tex in the folder indicated in the namepath. 

Second line defines the units of length for the final picture (with default value 1 centimeter 

when empty). Command Beginpicture is also used to create the \begin{picture} 

...\end{picture} environment in LaTeX. Command Generateifs in line 3 converts 

2D data points into a sequence of Tpic commands to be inserted into the  picture environment 

created in line 2 for standard compilation. Command Endpicture() performs two 

different actions: on one hand, it closes the picture environment in the TeX file. On the 

other hand, it allows us to set up the display of cartesian axes, according to its value: 1 (empty 

value is also feasible) if axes are to be displayed and 0 otherwise. Finally, Line 5 closes the 

file. 

The final output of this process is a file called Fern.tex in our workspace folder 

containing a description of the graphical objects created in Matlab in terms of LaTeX and 

Tpic commands. The file can be embedded into a standard LaTeX file for compilation. Code 

in Table 2(right) will yield a printout of Barnsley's fern fractal. It is the typical LaTeX code 

with a documentclass declaration and the document environment. The only difference 

is given by the three lines in the preamble (lines in-between the start of the file and the 

\begin{document} command) that specify new directives for the length units, and the 

\input command in the main body of source code that causes the indicated file to be read 

and processed, exactly as if its contents had been inserted in the current file at that point. 

Compilation of the code above generates Figure 1(left) as a DVI file. 
 

4.  Illustrative Examples 

As discussed in Section 2.3, the efficiency of fractal rendering is related to the choice of 

probabilities. Plotifs command allows us to specify the method used to determine such 

probabilities. Figure 1 shows, from left to right, three standard choices for Barnsley's fern (all 

with 7000 points) selected by setting the option 'Method' to 'Random',  'Barnsley' 
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(given by Eq. (4)) and 'Optimal' (i.e. Eq. (5)) respectively. From a simple visual 

inspection of this figure, it becomes clear that efficiency improves dramatically in later cases. 

 

 
 

Figure 2. Applying the chaos game algorithm to Sierpinsky’s gasket with different 
probability sets for the three iterated mappings: (left) (0.8,0.1,0.1); (middle) (0.3,0.5,0.2); 

(right) (0.2,0.1,0.7) 

 
 

Table  3: IFS code of Sierpinsky's gasket 

   

   a   b   c   d   e   f  

 1w        0.5       0       0       0.5       -1       1  

2w        0.5       0       0       0.5       1       1  

3w        0.5       0       0       0.5       0       -1  

 

 

 

In fact, the multifractal algorithm provides the best efficiency rate and rendering quality of 

the fractal attractor (see [15] for further details). 

In addition,  Plotifs command provides users with a method to enter their own choice 

of probabilities, by setting the option 'Method' to 'User'. In this case, a new option,  

'Probabilities', is activated and the user can input the probabilities of his/her choice. 

Figure 2 shows three different choices of probabilities for Sierpinsky's gasket, whose IFS 

code is given in Table 3. The corresponding input is given by: 

 

 

 
>> lprob=[0.8,0.1,0.1; 0.3,0.5,0.2;0.2,0.1,0.7];  
>> for i=1:size(lprob,1)  
 S(:,:,i)=Plotifs(sierpinsky,[1,1],5000,10,'Method','User',...  
            'Probabilities',lprob(i,:));  
 end  
 

The corresponding output of previous code, depicted in Fig. 2, shows the enormous visual 

difference among the fractal images associated with three different sets of probabilities for the 

same number of iterations in all cases (5000 iterations in this example). Differences among 

the rendering processes are due to the different distributions of points generated by the 
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different sets of probabilities over the fractal attractor. For example, with the first choice of 

probabilities 0.8=1p , 0.1=0.1,= 32 pp  that corresponds to the left image in Figure 2, we 

are overestimating the rate of points associated with the left-most mapping, since in this case 

 
Figure 3. IFS fractal images obtained by iterating different LaTeX symbols and 

operators (left-right, top-bottom): crystal fractal (\star symbol), blocks fractal (\sharp 
symbol), spiral fractal (\heartsuit symbol), Koch curve (\diamon symbol) 

 

 

all the mappings fill equivalent regions of the fractal (so the probabilities should also be the 

same for all mappings). As a consequence, the points are not uniformly distributed in the 

resulting fractal image. Similar effects can be seen in the other two examples of this figure, 

where the right-most and bottom-most mappings are overestimated, respectively.  

Generateifs command provides us with some other interesting options, such as  

'Symbol', which admits all feasible LaTeX commands for symbols and operators. 

Furthermore, such symbols are written in standard LaTeX syntax, thus minimizing the time 

required to get accustomed to such input. Figure 3 shows four examples of IFS fractal images 

obtained by iterating different LaTeX symbols and operators (from left to right, top to 

bottom): the \star operator for the  crystal fractal, \sharp symbol for the  blocks fractal, 

\heartsuit symbol for the  spiral fractal and \diamon operator for the  curve of Koch. 
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As the reader can see, beautiful pictures can readily be obtained by applying the fractal 

generation scheme onto carefully chosen LaTeX symbols and operators. 

Default value for 'Symbol' is 'Point', which admits at its turn some additional 

options. For instance, we can set up the size of the point displayed on the screen (option  

'Pointsize', with default value 0.001), the filling of the point (option 'Filled', with 

default value 'On') and many other options not described here to keep the paper at 

reasonable length. 
 

 

5.  Conclusions and Future Work 

 In this paper a new  Matlab-based  KETpic add-on for generating and rendering IFS 

fractal objects has been introduced. Our software generates LaTeX-readable code so that 

image files are no longer invoked nor required. The program allows us to display any two-

dimensional IFS fractal in LaTeX by using a number of options that are explained throughout 

the paper. The excellent performance of our software is illustrated by several examples of 

beautiful two-dimensional IFS fractal objects. 
The reported add-on is very easy to work with; no proficiency on the software is actually 

required as all KETpic commands are virtually transparent to end-user. As a result, anyone 

with a minimal knowledge about Matlab can generate sophisticated LaTeX-readable IFS 

graphical output in a very short span with reasonable effort. Further, the resulting files are 

amazingly small when compared with those in formats such as EPS, JPG, GIF, TIFF, PNG 

and the like. Moreover, since no compression algorithms are applied, those files preserve the 

highest level of quality, thus providing the best size-quality ratio. For instance, total size for 

all source files of this paper is less than 1 MB. Besides, this software is freely available and 

easy to install, with extremely low demands in terms of computer memory and data storage 

capacity. All these pleasant features make it a highly advisable choice for graphical printout 

of IFS fractals at professional level. 

Regarding our future work, we plan to extend our software in several different ways: on 

one hand, we want to include some other interesting features such as the computation and 

rendering of fixed points and bounding boxes of contractive iterated mappings. On the other 

hand, we want to explore other ways to generate 2D fractals, such as escape algorithms, L-

systems, etc. The implementation of other types of fractals like Julia's and Mandelbrot's sets 

are also goals for further work. Finally, we plan to extend our program in order to display the 

three-dimensional case. Fractals in the 3D space are both challenging and more difficult to 

generate. They are typically constructed by superimposing polyhedra upon themselves 

recursively, a computational expensive technique in terms of CPU and memory requirements. 

Stereographic images, that will provide a higher degree of realism and a truly three-

dimensional feeling to our fractal artwork, are also part of our future work. This feature is 

currently available in KETpic version for Maple, which is based on the cross-eye view 

technique. We plan to apply the same ideas to our software in near future. 

This research has been supported by the Computer Science National Program of the 

Spanish Ministry of Education and Science, Project Ref. #TIN2006-13615, the University of 

Cantabria, the Japanese Society for Promotion of Science, Project Ref. KAKENHI 

#20500818 and Toho University. The paper has been written during a three-months stay of 

first two authors at Toho University (Funabashi, Japan). They are deeply thankful to last 

author for his kind hospitality, sincere friendship and great collaboration. 
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