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Abstract

This paper studies notions and approaches to attribute reduction in property oriented
concept lattices of formal contexts and formal decision contexts based on congruence
relations. Firstly, dependence space based on the property oriented concept lattice is
researched to obtain the relationship among property oriented concept lattices and the
corresponding congruence relations. Then notions of attribute reduction is defined for
formal contexts and decision contexts to find minimal attribute subsets which can
preserve all congruence classes determined by the original attribute set, and also keep all
property oriented extents and their original hierarchy in the property oriented concept
lattice. Finally, approaches of discernibility matrix are presented to calculate all attribute
reducts.

Keywords: Property oriented concept lattice, attribute reduction, congruence relation,
formal context, formal decision context

1. Introduction

Knowledge reduction for formal concept analysis [1-2] can make knowledge
representation of database more succinct, knowledge hiding in database clearer, and
adaptability of rule sets for decision tables better. Many types of approaches to
knowledge reduction for formal concept analysis have been proposed [1,3-7,9-17]. Some
of these approaches consider knowledge reduction from the viewpoint of the extents of
formal concepts and their hierarchy. For example, an attribute reduction approach was
presented to find minimal attribute sets which can determine all extents and their original
hierarchy in the concept lattice in [17-18]. And attribute reduction in a consistent formal
decision context was also investigated in [15]. Wang et al. [9-10] provided another
approach to attribute reduction, which only required to preserve all extents of
A—irreducible elements, and this method also preserves all extents and their original
hierarchy in the concept lattice all extents and their original hierarchy in the concept
lattice. Other approaches have been also developed for knowledge reduction for formal
concept analysis on the basis of different criteria. For example, the reducible attribute and
reducible object were proposed from the viewpoint of shortening lines or rows in [1].
Methods for attribute reduction were studied by an order-preserving mapping between the
set of all the extents of the condition concept lattice and that of the decision concept
lattice in [3]. In [4], methods of approximate concept construction were presented for an
incomplete formal context. In [5] an efficient post-processing method was shown to prune
redundant rules by virtue of the property of Galois connection, which inherently
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constrains rules with respect to objects. In [7] a Boolean approach was formulated to
calculate all reducts of a formal context via the use of discernibility function. Wu et al.
[16] studied attribute reduction in formal contexts from the viewpoint of keeping granular
structure of concept lattices. Wang et al. [11] developed an approach to attribute reduction
in a formal context and a consistent formal decision context based on congruence
relations. The approach in a formal context is to find minimal attribute sets which can
preserve all original congruence classes. Four types of approaches to attribute reduction in
inconsistent formal decision contexts were defined in [12]. In [13], a unified model is
constructed for formal contexts, consistent formal decision contexts and inconsistent
formal decision contexts, which is called a consistent approximate representation space.

Yao [19-20] introduced the notion of formal concept and formal concept lattice into
rough set, and defined the object and property oriented formal concept lattices based on
approximation operators. There are also some approaches of knowledge reduction in the
object and property oriented formal concept lattices. In [6] the approach developed in [9-
10] was generalized to attribute reduction in the attribute oriented concept lattices and the
object oriented concept lattices. The approach used in [11] was extended to attribute
reduction in object oriented concept lattices and property oriented concept lattices.
Subsequently an approach to attribute reduction in an object oriented concept lattice of a
formal context based on congruence relations in [14].

The purpose of this paper is to introduce the approach proposed in [11-12] into
knowledge reduction in the property oriented concept lattice based on formal contexts and
formal decision contexts respectively. Basic definitions and properties of formal concept
analysis are recalled in Section 2. In Section 3, dependence space is introduced into the
property oriented concept lattice to obtain relationships among property oriented concept
lattices and the corresponding congruence relations. Then an approach to attribute
reduction in formal contexts is also proposed using discernibility matrices in Section 3. In
Section 4, notions and approaches to attribute reduction in formal decision contexts is
discussed. Finally, we conclude the paper in Section 5.

2. Preliminaries

In this section, we recall some basic notions and properties about formal concept
analysis which will be used in this paper.

Definition 1 ([1]) A formal context(U’ Al )consists of object setU and attribute set A,

and a relation! €Y A The elements of U are called objects and the elements of Aare
called attributes of the formal context.
For any XcU angBc A, Y.Y. Yao [20] defined two pairs of dual operators:
X'={faeA|VxeU,xla=xe X}, X°={acA|IxeU,xlarxeX};
B'={xeU|VaeA xla=aeB}, B’={xeU|3acA xlaracB}.

(U, AT

Definition 2 ([20]) Let be a formal context and BEA . The formal

context(U’B’ ls) is called a subcontext of Ch I),where le=1NUxB)

For any Bc A, let e stand for the operator in the subcontext(U’B’ IB). Clearly,
for anyx cU, X" =X" X"B=X""AB,X%=X%and X*® = XOAmB.

Definition 3 ([20]) A property oriented concept of a formal context(U’ A I) is a pair

(X, B) with X SU.BSAX=B' 3nqB=X" We call X the extent and B the intent

of the property oriented concept(x’ B).
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For any two property oriented concepts(xl'Bl) and (X,,B,) , Y.Y. Yao defined two
operators meet and join as follows:

(X, B) A (X5, By) = (X, m X, (X; M Xz)o)a
(X3, B) v (X;,B) =((B, v Bz)H! B, UB,).

(U, A I)

The set of all property oriented concepts of as well as meet and join

operators is denoted by 7 (U, AT)

the formal context(U’ A, I).

Property 1 ([20]) Let (U’ A, I)
B,B.,B, be attribute sets, then the following results hold.

@ If X, < X,,then X' = X;,and X, = X;; If B, B,,then B/ = B,,and B — B;.

(2 X=X X, and B’ =B B”.

(3) X ] =X \OI’ and B] :B\O]; XO :XO\O, and BO :BO\OI

@) (X, nX,) =X!nX], and(B,nB,)’ =B/ UB,.

(B) (X,uX,)’ =X UX;, and (B, UB,)’ =B UB;.
(U, A F)

and is called the property oriented concept lattice of

X, X,, X,

be a formal context, be object sets, and

An information system is a triple , where U is the finite set of objects and A

is the finite set of attributes, F is a set of functions between YU and A Obviously, a formal
context is a special two-valued information system.

In [8], Novotny defined a congruence relation on the attribute power set P(A) and a
dependence space in information systems.

Definition 4 ((g]) Let (Y A F)
relation on P(A) Then, K is called a congruence relation on
satisfies  the  following  condition :if ~ (BuC)eK.(BnC)eK, ey
(B,UB,,C,uC,)eKq,, any B.B,,C.C,cA

Definition 5 ([8]) Let A be a finite nonempty set, and K a congruence relation
on (P(A)’U). Then the ordered pair (AK) is said to be a dependence space.

Definition 6 ([2]) A closure operator is a mapping C:2” —2” such that X cC(X) .

be an information system. K is an equivalence

(P(ALY)  \whenever it

3. Notion and Approach to Attribute Reduction in Formal Contexts
U, Al)
P(U)

be a formal context. For any Bc A, a binary relation on the object
R® ={(X,Y)eP(U)xPU)| X*® =y*®

Let (

power set is defined as Ftis easy to prove

OB
that R® is a congruence relation on (PU),V) and U.R )is a dependence space by

— OB
Property 1 (5). We then define[x]R°B ={V ePU)[(X,Y)eRTY, the congruence class
determined by X with respect to the congruence relation R®

CROB (X) :U{Y |Y E[X]ROB} [X]ROB _

and the maximum element of the congruence class

By Property 1 and the definition of CR°B(X)

immediately.

, we have the following Lemma 1
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Lemma 1 Let (Y A1) pe a formal context. For any %Y. ZePU)andBc A 4o

oB
following statements hold: (D) (Ces (X). X) €R ; (2) Coee

(3)C... (X)= X%,

is a closure operator;
ROB
Let Lru U AD={X[(X.B)eL,(U,A D} be the set of all extents in the property

oriented concept lattice Lo (U, AT) .
OB
ha.Ve (C (X),X )ELP(U!B,IB)

C..o (X) €Ly, (U,B,1,)

By Lemma 1 and Property 1 (3), we

for any XcUandBc Ayt s

ROB

. On the other hand, if X €LuU.Bila) then X = X®E

According to Lemma 1 (3), we have X =Ce (X)

LPU (U,B, IB):{C (X)l X QU}

Hence

ROB

Example 1 Table 1 gives a formal context L. AT) with Y =12.3,4.5}

and A=1a.0.¢,d.€} Fjgire 1 shows the property oriented concept lattice e - A1) |
Table 1. A Formal Context L. AT)
U a b c d e
1 0 1 0 1 0
2 1 0 1 0 1
3 1 1 0 0 1
4 0 1 1 1 0
5 1 0 0 0 1
(U, 4)
(14, bed) (135, abde) (235, abce)
(35, abe) (25, ace)
(1, bd) (5. ae)
(@.2)
L.(U,AI)

Figure 1. The Property Oriented Concept Lattice

According to the definition of the congruence class, all congruence classes of the

context (U, A I)are calculated as

{31, =18}, {231, = {2425}, {3}, = {835}, {4}, = {4 {143},

[{5}, = {5}, {13}, ={L3H{L5H{L 3,5}, [{2,3}], ={2.31{2,3,5}}, [9],. ={<},

[{L.2}].. ={{L.2}.{2,4}.{3,4}.{4.5}.{1.2,3}.{1.2,4}.{1.2,5}.{1,3,4}.{1.4,5}.{2,3,4},
{2,4,5},{3,4,5}.{1,2,3,4} {1,2,3,5}.{1,2,4,5}{1,3,4,5}{2,3,4,5}, U }.

Coe (X)=UY Y €[X],0}

Since , We obtain
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Co (@=L, C..({2h={2,5}. C . ({3H =135}, C..({4}) ={1.4}, C_.({5}) ={5},
C.({L3)={L35} C,. ({23 ={2.35}, C,.(©)=2.C.. (L) =U.
Therefore,

{Coo X)X cUF={{1}{2,5}.{3,5}{1.4}.{5}.{1.3,5}.{2,3,5}, DU }=L,, (U, A ).
Lemma 2 Let (Y A1) be a formal context. For any XY, Z€PU)and B A, ¢
XcYCZ gng (X.Z2)eR™® oy (X.Y)eR” 44 (Y.2)eR™ ).

Since R™ isa congruence relation, Lemma 2 can be easily proved by the definition of
congruence relation.

Lemma 3 Let U.AL) and U, AlL) be two formal contexts with the same object
set. For any X<U i LuUALIcLLUAL) e
(@) Coon (Coone (XN =Cron (X) 1y @) Con () =Cran (XD 1y

Proof. (1) Since Con (X eloy U, A1) for any XcU | we obtain that

|f LPU (UlAzylz)g LPU (U,A_1I1) , then CROAZ (X)ELPU (U’A’Il)
oMTA _

ot Coon ONA A =C(X)

that Cien Ca (X)) = (C s (XN 4

which implies
Therefore, (i) is concluded considering

based on Lemma 1 (3).

(2) Since Con is a closure operator, we have Coon (X) = Con (Cpore (X)) . Thus,

Cron (X) = Cpe (X) follows directly from (i). The proof is completed.
The following Theorem 1 shows us the relationship among property oriented concept
lattices and the corresponding congruence relations.

Theorem 1 Let U AL) and U, A L) be two formal contexts with the same object
set. Then Leu U AL L) S Loy (UL A, L) if and onlyif R™ < R™

Proof. (Sufficiency.) Assume that the condition Loy U A1) c Ley (UL AL L) does not
hold, then there exists Xelyy U A L) gueh that X el U ALL) Thus,
Coon (X) =X = Cn (X) is concluded. Since R~ SR™
[XJgen DX Do for anyX <U  we have Crn (X) € € (X) , Which is a contradiction
to Cron (X) = Cpen (X) . Consequently, Loy U A1) € Loy (UL AL L) g s,

(Necessity.) Assume that R™ < R™ does not hold, then there exits XU gych
[X]pn SIX]i does not hold. Thus, there exists Y e[XIpn such thatY £[X ] )
Xely,U,A,l)orX ELPU(U’ANI;L)'

Firstly, we suppose Xelyy U, A L) gince Y €[X ] andY 2[X ], , We

obtain Y eCun () =X Combining with Crn (V) = Cpen (Y) by Lemma 3 (2), we
YcX :CROAL(Y)QCROAZ (Y) .

is equivalent to

that

We prove the theorem from two cases

oA,

have Due to Lemma 2, ("X)ER™ " which is a
O O

contradiction to ' #X ] Therefore, [XJgen S[X D holds. ThatisR"* <R™ |

Secondly, we suppose X % Leu (U, A
[CRWﬁ (X)]ROAQ - [CROAI (X)]ROAQ

Ye [X]Rw = [CRW (X)]Rw

) . According to the above discussions, we have
Con (X) el U, ALL)

due to .
Y cCon (X)andY E[CRoAl (X)]RW.

Since , it is evident that
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Cron (X) SCr (X), we have ' S Crn (X) Since ©%* is a closure

operator, we have Cron (X) & Cron (Coon (X)). And Y elCon (X

CRoAz )= CROAZ (CRO@ (X)). Thus, Yc CROAZ (X)c CROAQ (Y). By
OA, 0A,

2, VG CDER™ otds. That is, (VXD €R

YelXlpw Therefore, [XJen SD%Den i concluded. That is R™ € R™ . The proof is
completed.

Corollary 1 Let U.AL) and U.AlL) be two formal contexts with the same

object set. Then Leu (s Ao 1) =Ly (U, A1) if andonlyif R%™ =R™

In the following section, we develop the notion of attribute reduction in a property
oriented concept lattice of a formal context based on the congruence relations and then
define an approach to attribute reduction.

(U, A )

Combining with
R™  implies
Lemma

, which is a contradiction to

Definition 7 Let be a formal context. For anyBS A if R* =R | then

Bis called a consistent set of the property oriented concept lattice Lo (U, AT) . Further,

for any P€B jf R” = R®™ thenBis called an attribute reduct of L (U, AT,

Definition 7 shows that consistent sets preserve all original congruence classes
determined by the original attribute set. By Corollary 1 and Definition 7, we can obtain
the following result directly.

Lemma 4 Let (U’ A I) be a formal context. For any Bc Aangbe B, we have the

following two statements: (1) B is a consistent set if and only if
LPU(UiA!I)zLPU(U’B’IB).

) B is an attribute reduct if and only if v AD=LyU.B 1) ong
Loy U, A1) # Loy (U, B—{b} 15 4)
Q. o)
For convenience, we use R™ instead ofR foranyae A )
Definition 8 Let U, AT be a formal context. For any X X, U , we define
D([X; ] [X, 1) ={ae A[(X;, X,) £ R™}
Then PO4Ten IX ) 56 catled the discernibility attribute set between L% 1w

and [Xj]ROA . and A:(D([Xi]ROM[Xj]ROA)l X, xj ePU))
matrix.

is called the discernibility

(U’ A, I) be a formal context. For any Xi XU , we have
D([X]«.[X;]..)=B UB, -B NB,,
(CROA(Xi), B)eL.(U,Al) and (CRQA(XJ-), B)eL.(U,Al.

(CROA(Xi)vBi)E LP(UIA’ I) and (C (Xj)!Bj)E LP(UIA’ I)

Theorem 2 Let

where

Proof.  Since R™

Xi,ngU

for any

Oa da Oa
, We obtain ae DX Lo s [XIgn) = (X, X)) g R = X7 # X

S (Con (X)) #(Con (X)) <aeB UB,-B NB;,
The proof is completed.
Property 2 Let (U’ A I)

following properties hold:
(1) D([xi]ROAv[Xi]ROA) :Q.

be a formal context. For any X X; U andBSA | the
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D(X, T [X ) = DX, T [X 1.
DX, T X 1) € DX, T [X, T ) U DX, T X 1,0
D(X,Jye 1 [X;Tge ) = DUX, T [X 1) A B

U, A1) |

()
®3)
(4)

Theorem 3 Let ( be a formal context. For any nonempty attribute set B, we

have that B is a consistent set if and only imeD([xi]R“’[xi]R“) #9

D([Xi]RoA l[Xj]ROA) # .

holds for any

B D([Xi]ROA a[xj]RoA) # holds for any
DO XL *8 o

. On the other hand, we have that if DX Jga o [X 1) # D

by Property 2 (4). Thus, DWXiee [X 1) # 2
[xi]ROA m[xj]ROA :®

Proof.  (Sufficiency.)  Since
D([Xi]ROAI[Xj]ROA) i ®1

D([X, ] [X ;1) £ D
D([X, ]y [X ;1) = D
D([X, ] [X ;1) £ D
[X,Jge AIX e =
set.

we  have  that
, then
if and only if
, Which implies that

& X, X, cU
for any !

if and only if

. Therefore, R” =R® ie. Bis a consistent

(Necessity.) If Bis a consistent set, then R” =R” which implies[X]R“‘ =[Xlge for
any X €U Thus we have [XiJr OIX I =9 if and only if [XiJpe OIX g =2 :
DX Jon o [XIn) 2D D([Xi]e:,[X]pe) =D

Hence if and only if . Therefore, for any
DXL (X Je) 2D 0 pave BODMX I IX 1)@
D([Xi g [X 1) = DUXi]eon [X I ) VB

Example 2 Table 2 shows the discernibility matrix A of (Y* A 1) in Table 1.

Table 2. The Discernibility MatrixA of (U, A1)

U {14y {135y {235} {35+ {25} {1} {5¢ O

U %)

{14} {ae} %)

{135} {c} {a,c.e} %)

{2,355}y {d} {a,d,e} {c,d} %)

{35y {cd} {ac,de} {d} {c} %)

{25y {bd} {abde} {b,cd} {b} {b,c} %)

{1} {ace} {c} {ae} {acde} {ade} A )

{5y {b,cd} A {b,d} {b,c} {b} {c} {abde} O

%) A {b,c,d} {abde} {abce} {abe} {ace} {bd} {ae} I
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. B) W, &)

(14, bed) (135, abd) (235,abe) (14, bmh(zﬁ, bee)

Figure 2. The Property Oriented Concept Lattices Le(U.Byl5) and
L (U.B,. 1)

According to Theorem 3 and Table 2, B ={ab,c,d} pq B, =0.C.d,€} 416 two
attribute reducts of U.AT) Figure 2 shows the property oriented concept

Le(U.Byls) and Le(U.B;,1e) respectively. It is easy to see that the three
LU ADLUB) 4 LUB,I)

lattices

property oriented concept lattices
isomorphic to each other.

are

4. Notion and Approach to Attribute Reduction in Formal Decision
Contexts

In this section, we develop the notion of attribute reduction in formal decision contexts
based on the congruence relations and then define an approach to attribute reduction.

Definition 9 Let U.Al) and L.C.J) be two formal contexts with the same object

set. U,ALCJ) is called a formal decision context, where IcUxAJcUxC 4pyg

ANC=9 A and C are called condition attribute set and decision attribute set
respectively.

Definition 10 Let U,AL1CJ) be a formal decision context. U,AL1CJ) is said to

OA oC
be consistent if R SR Otherwise, it is said to be inconsistent. Where
R ={(X,Y)eP(U)><P(U)|X°C=Y<>C}.

Definition 11 Let U,AC,J) be a formal decision context. For any BQA, if

oB oC
RTcR . then Biis called a consistent set of the formal decision context U,AC,J) .

RYBb}

0C
Further, if <R™ does not hold for anyb €B  thenBis called an attribute reduct

of U.ACJ)
By Theorem 1 and Definition 11, we can obtain the following result directly.

Lemma 5 Let (U’ A, I’C"]) be a formal context. For any BQA, we have the

following two statements: (1) B is a consistent set if and only if
LPU(Uici‘J)gLPU(U1B’IB)_
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(2 B is an attribute reduct if and only if

LPU (UaCaJ)QLPU (U,B,IB),and LPU (U'Cv‘])gLPU (U-B_{b}vls{b}) does not hold for

anyPeB

Example 3 Table 3 gives a formal decision context (U’ A I’C"]) with
U={12345 A={abcd.e} 5,4 C={9.hi} ere the formal context (U, AT) is
the same with that in Example 1. And Figure 3 shows the property oriented concept

lattice LP(U’C’J),
Table 3. A Formal Decision Context (U’ A |’C’J)
2 - b c d e g h i
1 0 1 0 1 0 0 1 0
4 0 1 1 1 0 0 1 1
5 1 0 0 0 1 1 0 0
(U ’ A1 I ) .

In Example 1, we have obtained all congruence classes of the context
{31, =18}, {231, ={Z{2.5}, [{3}], ={{8+{3.5}}, {4}, = {4{1.4}},
[{5},. = {8}, {13}, ={L3h{L5}:{13,5}, [{2,3}],. ={2,3}{2.3 5}, [D],. ={<},
{12}, = (1. 23.{2,4}.{3,4}.{4.5}. {1.2,3}.{1, 2,4} {1, 2,5} {1,3,4} {1,4,5}. {2,3,4},
{2,4,5}{43,4,5}.{1,2,3,4},{1,2,3,5}.{1,2,4,5}.{1,3,4,5}.{2,3,4,5},U }.

And all congruence classes of U.c.J )are computed as:
{31 = {8, {2 ={2+{25}, {8}, = {{3H{3,5}.{13}.{1.5}.{L.3 5},
{4}, = {414}, {5}, ={{8}, <], ={2},
{12}, ={1.2}.{2.3}.{2,43.{3.4}.{4.5}.{1. 2,3}, {1,2,4},{1, 2,5} {1.3,4}.{1,4,5},
{2,3,4}{2,3,5}.{2,4,5}.{3.4,5}.{1,2,3,4} {1, 2,3,5},{1, 2, 4,5},
{1,3,4,5},{2,3,4,5},U}.

Obviously, Crn (X) = Ce (X) for all X €U

(U, A 1,C,J)

. Thus, the formal decision context

is consistent.
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(U, O)
(14, hi) (135.gh) (25,¢g0)

(1. h) (5. 8)

\//

(2.9)
Figure 3. The Property Oriented Concept Lattice L. (U.C,J)

Definition 12 Let (U, A 1,CJ)

X, X, cU

be a consistent formal decision context. For
any , we define
{ae Al (XI ) XJ) & Roa},[xi]Roc r\[xj]Roc =

Dd([xi]RQA’[XJ']R"A):{ B, [Xi]R°C m[Xj]ROC i

Then Da (X T [X Jgen) is called the discernibility attribute set between
and X de ang e = Cu@X T [X, 1) X0, X, €P))

[xi]ROA

is called the discernibility

matrix of the formal decision context(u’ A I’C’J).
(U,A,I,C,J) . .
Theorem 4 Let be a consistent formal decision context. For
any X, X, U , we have Dy ([X‘]R°‘*’[XJ’]R°A): B VB -B B, if
[XiTge NIXIge =9 Otherwise Dy ([XiJens [X ] ) =2 where

Con (Xi),B) e (U, Al a.nd (Con(X;),B)) e L, (U, Al.

Property 3 Let (U, A1CJ)

X;, X, cU

be a consistent formal decision context. For any

andB< A , the following properties hold:
Dd ([Xi]ROA 7[Xi]R<>A) = .

(2) Dd ([Xi]ROA ’[Xj]ROA) = Dd ([Xj]ROA I[Xi]ROA)'

@) Dy ([XiTge s [X 1) = Dy ([XiJgu [X Ien) N B

Moo that Do (D60 1X 1) € Dy (DX 1 X 1) OB (X, X 1,0)
i,XJ.,Xk cUuU

@)

may be not
hold for any X . For example, if we select X, ={85h X, ={13:5} 4pq
XS :{1’ 4} in Table 3, then Dd ([Xl]ROA '[XZ]ROA) = Q! Dd ([Xl]ROA l[x3]R<)A) Z{a,cyd7e},

Ds ([Xo ] [Xs]gn) ={a.c.€} according to Definition 12. Therefore,

Dy ([X, ] (X ) Dy (DX, (X1 ) 0 D (X DXL s ot o
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U, A 1,C,J)

Theorem 5 Let ( be a formal context. For any nonempty attribute set B,

we have that B is a consistent set if and only if BAD [XiJgn [X 1) # 2 holds for

any Dy ([X; 1w o[ X 1o0) = 2.

The proofs of Theorems 4 and 5 are similar with those of Theorems 2 and 3
respectively.
Example 4 Table 4 gives the discernibility matrix of the formal decision context

(U’ A I’C’J) in Example 3.

Table 4. The Discernibility Matrix2s of (U’ A I’C"])

U {14y {135+ {235} {35+ {25} {1} {5% O

U %}
{14} {ae} )
{1,3,5} {c} {a,c,e} %)
{2,3,5} %) {a,d,e} {c,d} %)

{35y {cd} {acde} %) {c} %)

{25y {b,d} {ab,de} {b,c,d} {b} {b,c} %)

{1} {ac.e} {c} {ae} {acde} {ade} A %)

{5y {b,c,d} A {b,d} {b,c} {b} {c} {abde} O

%) A {b,c,d} {abde} {abce} {abe} {ace} {bd} {ae} U

According to Theorem 5 and Table 4, B, ={a,b.c} yng B:=.C€} are attribute

(U,A,I,C,J) . Figure 4 shows the property oriented concept
lattices U Bole) gy BUBLLG)

Loy (U,B51 1) = Loy (U, By, 1) = Loy (U,CL9).

reducts of

respectively. Obviously,

(U. B;) (U, 34)

(14,60 (135lab) (25.a0) (14,{(135‘}(25,(:9}

(1. b) (3. a) (1. 6) (5;€)

Figure 4. The Property Oriented Concept Lattices Le(U.Byils) and
L-(U.B,.15)
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5. Conclusion

This paper has developed notions and approaches to attribute reduction in property
oriented concept lattices of a formal context and formal decision context based on
congruence relations. Discernibility matrices have been subsequently defined to calculate
all attribute reducts. Basing on the reduction method proposed in this paper, we can study
knowledge reduction in property oriented concept lattices of inconsistent formal decision
contexts in further research.
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