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Abstract

Traditionally, the key idea of estimating independent component analysis (ICA) model
is to maximize the non-Gaussianity, however, often with the assumption that density of
data is near the standardized Gaussian density. To avoid the unsuitable assumption, this
article uses the nonparametric density estimating method. A nonparametric independent
component analysis algorithm based on Epanechnikov kernel function is proposed in this
paper. This algorithm uses the Epanechnikov kernel estimator to estimate random
variable distribution, meanwhile, employs the hypothesis test to derive the nonparametric
likelihood ratio (NLR) objective function. For optimizing the nonparametric density
estimation, the selection of kernel function and bandwidth is crucial. From the perspective
of minimizing the mean integrated square error (MISE), this paper discusses the optimal
selection and conducts experiments for further study. To increase the algorithmic
convergence rate and reduce the running time, the quasi-newton method has been used to
optimize the objective function. Compared with previous nonparametric ICA algorithm,
the simulation results demonstrate that the proposed method offers better performance
both on speech separation and computing capability.
Keywords: independent component analysis, Epanechnikov kernel function,
nonparametric likelihood ratio, quasi-newton method, speech separation

1. Introduction
Finding a suitable representation of multivariate data is the fundamental task in many
fields. ICA is a recently developed method in which the goal is to find a linear
representation of nongaussian data so that the components are statistically independent.
Such a representation seems to capture the essential structure of the data in many
applications, including feature extraction and signal separation [1]. Since the appearance
of the first papers on ICA and blind source separation several decades ago, the field has
made tremendous progress in terms of theory, algorithms, and applications [2].
Independent component analysis is widely applied to speech recognition[3],[4], speech
synthesis[5], time-frequency analysis of cabin noise[6], communication systems[7],
hyperspectral image processing[8],[9], and so on.
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Because of the unknown distributions of the components, Hyvarinen et al made the
assumption that the density was not far from Gaussian distribution [10] and developed new
approximations of negentropy as contrast function. A robust ICA algorithm called FastICA
[11]was then attained by using fixed-point iteration for optimization of the contrast
functions. In 2002, Bach et al proposed a class of kernel-based algorithms named Kernel
ICA that utilized contrast functions based on canonical correlations in a reproducing kernel
Hilbert space, and formulated Kernel ICA as a semiparametric model [12]. Cardoso
showed in [13] that incorrect assumptions on such distributions could result in poor
estimation performance, sometimes in a complete failure to obtain the source separation.
To tackle this issue, in [14] Boscolo et al proposed a nonparametric model where the
probability density functions were directly estimated from the data, by using a kernel
density estimation technique. Also with Nonparametric Density Estimator, Chien et al
presented a novel NLR objective function for ICA and applied the ICA method for speech
feature extraction as well as for speech recognition [4]. However, since the computational
cost was excessively high, it would be tremendous to do some computational improvement
on this method.
In this paper, we use the NLR function proposed in [4] as the objective function. From
the perspective of minimizing MISE, also for the sake of calculation, this paper discusses
the selection of kernel Function and bandwidth, and chooses the Epanechnikov kernel
function instead of Gaussian kernel to estimate random variable distribution. To increase
the algorithmic convergence rate and reduce the running time, the quasi-newton method is
used to optimize the objective function. In Section 2, firstly, the test of independence of
random variables using hypothesis testing is briefly introduced. Then, the choice of
Epanechnikov kernel and bandwidth is discussed from the perspective of MISE. Lastly, the
derivation of NLR objective function using the DFP method is provided. In Section 3, a set
of simulation experiments is conducted in order to demonstrate the performance
improvement obtained with the proposed technique, for the case of mixtures of two signals.
Finally, the conclusions drawn from this study are given in Section 4.

2. NLR-ICA Model Based on Epanechnikov Kernel Function
The conventional ICA separation model is usually based on the minimization of the
mutual information between the reconstructed signals. The mutual information is difficult
to approximate and optimize on the basis of a finite sample, and much research on ICA has
focused on alternative contrast functions [12]. By using the hypothesis testing theory and
Epanechnikov kernel, this paper derives nonparametric likelihood ratio which can be
calculated directly to construct ICA model.
2.1. ICA Model and Separation Principle
The
conventional
ICA
model
assumes
that
independent
source
(1)
( D) T
signals s  [ s ,..., s ] are mixed by an unknown, full-rank mixing matrix
A (size D  D ), resulting in a set of mixtures given by x  As [1]. It aims to recover the
original components with the transformed signals y  [ y (1) ,..., y ( D ) ]T under y  Wx ,
where W (size D  D ) is the demixing matrix.
Since ICA model focuses on finding a linear representation of non-Gaussian data so that
the components are as independent as possible, the null hypothesis H 0 is naturally set that
the components y (1) , y (2) ,..., y ( D ) are mutually independent. Accordingly, the alternative
hypothesis H1 is that the components y (1) , y (2) ,..., y ( D ) are dependent. When y is assumed
to be Gaussian distributed, the null hypothesis equals to the uncorrelatedness which
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implies covariance between two components y ( i ) and y ( j ) is zero. Then the problem is
easily solved.
However, the key to estimate the ICA model is nongaussianity. Without assuming any
distribution of y , a nonparametric method where the variable distributions are directly
estimated from the data using a kernel density estimation technique is introduced in this
section. With transformed signal samples Y={y1 , y2 ,...,yT } , the densities of transformed
signals y ( d ) are presented by

p( y ( d ) ) 

y ( d )  yt( d )
1 T
K
(
)，d  1,, D

Th t 1
h

(1)



Here, K ( x) is the kernel function, satisfying

 K ( x)dx  1 . T is

the sample size



and h is the kernel bandwidth, also called the smoothing parameter or bandwidth.
Using kernel method for multivariate data, the joint distribution density of
D-dimensional vector y is given by

1
p(y)  D
Th

T

K

D

(

t 1

y  yt
)
h

(2)

The nonparametric likelihood ratio function is then derived from the maximum
likelihood function measured respectively under the two hypothesis distribution [4]. When
the null hypothesis is true, y (1) , y (2) ,..., y ( d ) are mutually independent, the joint
distribution can be factored into the product of distributions of individual
components p(y | H 0 )  p(y) 

d

 p( y

(i )

) . Then the objective maximum likelihood

i 1

ratio for transformed signals becomes
T

NLR 

p (Y | H 0 )
p (Y | H1 )

D

 p( y

(d )
t



t 1

)

d 1
T

(3)

 p(y )
t

t 1

The objective function is the logarithm of NLR , which is a difference of log likelihoods
between null hypothesis L0 (W ) and alternative hypothesis L1 (W ) , defined by.


Max log NLR (W )  L0 (W )  L1 (W )
W

Here, L0 (W )   t 1  d 1 log( p( yt( d ) )); L1 (W )   t 1 log( p(yt ))
T

D

T

(4)

With a level of significance  , the null hypothesis is verified when NLR is located in
the acceptance region NLR   [4].
2.2. The Selection of Kernel Function and Bandwidth
Undoubtedly, the estimation of signal distribution by means of nonparametric method is
crucial for ICA model. It‟ll be necessary to discuss the selection of kernel function K and
bandwidth h . Just as the naive estimator can be considered as a sum of „boxes‟ centered at
the observations, the kernel estimator is a sum of „bumps‟ placed at the observations. The
kernel function K determines the shape of the bumps while the window width h determines
their width [15]. An illustration is given in Figure 1, composed of Gaussian kernel
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estimates of three different h . The individual bumps 1 Th *{( x  X i ) h} as well as the
estimate fˆ constructed by adding them up are shown, with a small sample of size 7.

Figure 1. Kernel Estimates with Different Bandwidth H
It can be seen that if h is chosen too small then spurious fine structure becomes visible,
however, if h is too large then the characteristic nature of the distribution is obscured. The
choice of bandwidth is of great important to get better probability density function p( y ) .
From the perspective of minimizing the MISE, there exists the ideal h and best kernel
function. MISE is the most widely used way of measuring the accuracy of fˆ ( x) as an
estimator of the true density f ( x) , defined by MISE ( fˆ )  E { fˆ ( x)  f ( x)}2 dx . By



minimizing

the

hopt  k

be

2 5
2

approximate

MISE,

{ K (t ) dt} { f ( x) dx}
2

15

''

1 5

2

the

n

1 5

optimal
,

where

value

hopt

will

k2  t K (t )dt  0
2

.

Substituting hopt back into the approximate MISE, then the approximate value of MISE

5
C ( K ){ f '' ( x) 2 dx}1 5 n 4 5
4
2/5
C ( K )  k2 {K (t )2 dt}4/5 [15].

will

be

,

where

constant

C(K )

is

This formula indicates that the value of MISE depends solely upon C ( K ) . Therefore,
we choose K (t ) to get a smaller value of C ( K ) . The minimization of C ( K ) turns into







minimizing K (t ) 2 subject to constrains K (t )  1, t 2 K (t )  1 . When K (t ) is set to be
Epanechnikov kernel K e (t ) , the problem above is solved.
Adopting Epanechnikov kernel introduced in [15], the kernel functions K (t ) and

K D (x) are defined as follows
1
 3
(1  t 2 )  5  t  5

K (t )   4 5
5

0
otherwise


(5)

And

 1 1
T
T
 c ( D  2)(1  x x ) if x x  1
K D (x)   2 D

0
otherwise
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Where cD is the volume of the unit D-dimensional sphere: c1  2, c2   , c3  4 3 .
After substituting K (t ) back into the approximation of hopt and making some
coefficient adjustment, the estimated value of hopt is set to be hˆopt =1.05 n1 5 . With
constrains of random variables, the in-depth simplification of hˆopt is 1.05n1 5 , which is
uniquely a function of the sample size.
For the consideration of computational effort involved and the degree of
differentiability required, the selection of kernel function is essential. In the kernel method
for multivariate data, one important factor in reducing the computational time is the choice
of a kernel that can be calculated very quickly. In particular, it will be bad to use the
Gaussian kernel, which requires calculating the exponential function each time [15].
Obviously, the choice of Epanechnikov kernel will avoid the weakness.
2.3. Objective Function Derivation
For the sake of smaller MISE and better computing capability, the Epanechnikov kernel
is adopted to estimate the density of component y ( d ) and the joint distribution density of
D-dimensional vector y . The nonparametric likelihood ratio function is then formed by

1 T
yt   yk 
K
(
)]
p(Y | H 0 ) t 1 d 1 Th 
h
k 1
NLR 
 T
1 T
y  yk
p(Y | H1 )
[ D K D ( t
)]

h
t 1 Th
k 1
The objective function is equivalent to Max log NLR (W ) , where
T

D

 [

d

d

W

T
yt  yk d 
1
1
log NLR (W )   log( K (
))   log( D
Th k 1
h
Th
t 1 d 1
t 1
T

D

d 

T

T

K
k 1

D

(

yt  y k
)) (7)
h

d 

yk is the kernel centroid, also the d th component of sample y k .
D

yk   w d x t  wdj xk
d

j

(8)

j 1

w d is the d th row of the separation matrix W , where W  [wdj ]DD  [w1T wTD ]T .
The quasi-newton method is employed to maximize the objective function. The basic
principle of quasi-newton method is to approximate the inverse of Hesse matrix in newton
method without derivative of second order, which makes it more effective than newton
method. Same with gradient descent algorithm, each step of iteration just needs the
gradient information. By measuring the variation of gradient, a model of the objective
function is generated to produce superlinear convergence. This method is vastly superior
to gradient descent algorithm, especially for difficult issues. There are various
quasi-newton methods by constructing different approximate matrix. Here we choose the
DFP algorithm and the approximate matrix is defined by

k
k
p   p  T H k q   q   T H k
  k T
(9)
k
k
k
p  T q  
q H k q 
The objective function defined by  NLR ( X ,W )  L0 (W )  L1 (W ) is maximized to find
the demixing matrix W . Two gradient terms W L0 (W ) and W L1 (W ) should be
determined. For W L0 (W ) , the elements of its jacobian matrix are determined as
k

k

H k 1  H k 
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W L1 (W ) is derived as
T D2 1

T
 T   k 1 c  h 2 W  x t  x k  (x t  x k )
D

W L1 W   
W x  x 
T
t 1
 k 1K D ( th k )


0


if (yt  y k )T (yt  y k )  1
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otherwise

Before applying the ICA algorithm on the data, it is usually very necessary to do
centering and whitening preprocessing. The ICA procedure using quasi-newton method is
as follows.
 Centering

x t  x t  E[x]
 Whitening
1. E[xxT ]  DT
2. x t  D1 2T x t
 The computing steps of DFP algorithm are as follows
1. Initialize W (1) & set parameters  , h and 
2. Set H1  I n , calculate the gradient at W (1) , by

W L0 (W (1) )  W L1 (W (1) )
3. d ( k )   H k gk ,W ( k 1)  W ( k )   d ( k )
4. w d  w d

w d , d  1,..., D

5. Check the convergence criteria, if W L0 (W ( k 1) )  W L1 (W ( k 1) )   , then stop
iteration, make W  W ( k 1) ; otherwise, go to step 6
6. If k=n, make W (1)  W ( k 1) and go back to step 2; otherwise, conduct step
7
7.
Compute
,
gk 1  W L0 (W ( k 1) )  W L1 (W ( k 1) )

p( k )  W k 1  W k , q( k )  gk 1  gk , use the approximate matrix to calculate H k 1 and
set k  k  1 , go back to step 3.

3. Simulation Experiments
In this paper, an improved ICA algorithm for blind separation of speech and audio
signals is proposed. The simulation experiments have been conducted in order to
investigate the performance of the proposed nonparametric method. The separation
performance is evaluated in terms of signal-to-interference ratio (SIR), defined as
M

M

m 1

m 1

SIR  10log10 (sm2 / ( sˆm  sm )2 (dB))

(12)
Where the original signal is sm and the reconstructed signal is sˆm . For comparison, we
also implement FastICA algorithm and NLR-ICA based on Gaussian kernel [4].

152

Copyright © 2016 SERSC

International Journal of Control and Automation
Vol. 9, No. 7 (2016)

In the first experiment, the sensitivity of the algorithm to the choice of the bandwidth
parameter h has been evaluated. The speech signal from a speaker and the noise signal are
shown in Figure 2. The two signals are mixed by a 2  2 matrix A, as given in Figure 3.

Figure 2. Source Speech (Upper) and Noise (Lower) Signals

Figure 3. Mixed Signals
For sample size T  1000 , the estimated value is hˆopt  0.264 . The bandwidth
parameter has been allowed to vary up to about 50% from the estimated value, from 0.1 to

0.4. In Figure 4, the theoretical bandwidth value hˆopt  0.264 where the SIR is 18.74 dB
and the experimental optimal value h  0.28 where the SIR is as high as 35.19 dB are both
marked. Since hˆopt is obtained at the approximating formulation, it is understandable that
the maximum SNR is got at a value which is near hˆopt . Also, the experiment seems to
suggest that the separation performance is relatively sensitive to the particular choice of
this parameter in a broad range of values.
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Figure 4. ICA Separation Results with Changing Values of Bandwidth H
In the second experiment, the signal separation has been attempted with the following
three algorithms: FastICA, NLR-ICA based on Gaussian kernel (denoted as GNLR-ICA)
and NLR-ICA based on Epanechnikov kernel (denoted as ENLR-ICA). As illustrated in
Figure 5, Figure 6 and Figure 7, the demixed signals using FastICA, GNLR-ICA and
ENLR-ICA algorithms are obtained, for sample size equal to 1000.

Figure 5. Demixed Speech (Upper) and Noise (Lower) Signals Using Fastica
Algorithm

Figure 6. Demixed Speech (Upper) and Noise (Lower) Signals Using
GNLR-ICA Algorithm
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Figure 7. Demixed Speech (Upper) and Noise (Lower) Signals Using
ENLR-ICA Algorithm
For different ICA methods, we compare the SIRs for the cases of mixed signals (without
ICA), separated signals with FastICA, GNLR-ICA and ENLR-ICA. The results displayed
in Table 1 show the obtained SIR. It‟s noted that the NLR-ICA methods get better
performance than the traditional FastICA. Especially, by using the Epanechnikov kernel
and setting the optimal value of smoothing parameter, this algorithm will be more powerful
both on blind source separation and computing capability. Compared with the GNLR-ICA
method, the iteration time has reduced about 30%.
Table 1. Comparison of SIR Using Three Different ICA Methods
SIR(dB)

Without ICA
-3.06

FastICA
6.17

GNLR-ICA
29.55

ENLR-ICA
35.19

4. Conclusion
In this paper, a novel nonparametric independent component analysis algorithm based
on Epanechnikov kernel function is presented. The proposed algorithm uses the kernel
estimator to estimate random variable distribution directly and drives the quasi-newton
method to optimize the likelihood ratio objective function. In the experiments on blind
separation of speech and noise signals, this improved approach has obtained better
separation performance compared to conventional FastICA and previous proposed
NLR-ICA. The capability of modeling sources, combined with the good convergence
properties for small sample size, makes the proposed approach a particularly attractive
alternative to current ICA algorithms. In the future, the issues of controlling model size and
reducing computational load will be studied.
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