International Journal of Control and Automation
Vol.9, No.3 (2016), pp.89-100
http://dx.doi.org/10.14257/ijca.2016.9.3.09

The Synthesis Design and Application of Hybrid Systems

Hai-bin Zhang

School of Computer Science and Technology, Xidian University, Xi‘an City, P.
R. China
h_b_zhang@126.com

Abstract

In this paper, a computational model for hybrid systems is defined. Based on this
model, a partial order relation of hybrid systems is given and a lattice of hybrid systems
is formalized. Armed with these notations, synthesis of hybrid systems is discussed. The
synthesis can be seen as the operation of solving the least upper bound of members of
the lattice. An example is given to illustrate the approach.
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1. Introduction

A hybrid system is a dynamical system with both discrete and continuous state
changes [1-8].The continuous activities are usually governed by differential equations
or algebraic equations, and the discrete events are expressed by discrete variables. Most
safety critical systems such as aircraft landing system and the system controlling fast
trains, as well as some manufacturing systems such as the nuclear plant control system,
are typical hybrid systems .To model, simulate, verify and control such a system,
various kinds of formalisms based on finite state machines, e.g. phase transition systems
[9], hybrid automata [10], hybrid graphs [11], state charts [12], and integration graphs
[13-14], as well as formalisms based on logics, e.g. Duration calculus [15], TLA+[16],
and ERTL [17] have been used with success in recent years. It seems that the machine-
based notations admit a computational model for hybrid systems based on a two-phase
step assumption. That is, a computation run of a hybrid system is assumed to be a
sequence of two-phase steps. The first phase of a step corresponds to a continuous state
evolution usually described by differential equations; in the second phase, the state is
submitted to a discrete change taking zero time.

This paper focuses on the synthesis (or composition) of hybrid systems. In some
cases of physical environments, a complex hybrid system can be viewed as a
composition or synthesis of a number of small sub-hybrid systems. For instance, a steel
plant system consists of several soaking pit furnaces, the ingots cooling bank, and
transport systems such as cranes and chariots [4]. To model and verify such systems, it
is important for us to investigate theory and technique for dealing with synthesis of
hybrid systems. In this paper, an approach based on lattice for synthesis of hybrid
systems is presented. With this method, a continuous activity is modeled as a macro-
state, and a discrete event is modeled as a micro-state which occurs between two macro-
states. Thus, a hybrid system is modeled as a sequence of continues activity and discrete
events, that is, an interleaving sequence of macro-states and microstates. This sequence
is also called an interval. To manipulate synthesis of hybrid systems, a partial order
relation <over intervals is defined. All hybrid systems under this partial order relation
become a lattice since two arbitrary hybrid systems have the least upper bound and the
great lower bound. Thus, the synthesis of two hybrid systems can be viewed as the
operation of solving the least upper bound of the two systems. This enables us to use
theory of lattices for hybrid systems.
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This paper is organized as follows. The next section presents a computational model.
In Section 3, the replacement of variables in hybrid systems is described. Section 4
discusses the synthesis of hybrid systems. A synthesis algorithm is given in details.
Section 5 provides with an example of synthesis of two hybrid systems. Conclusions are
drawn in Section 6.

2. Computational Model

In this section, a computational model for hybrid systems is formalized. Based on
this model, micro-states, macro-states and intervals are defined. These notations are
those presented in [3] with some minor changes.

We model time by the non-negative real line #°. A time interval is a left and right
closed subinterval of 7 if it is finite; or it is a left closed and right unbounded sub-

interval if the interval is infinite. The left end-point of a time interval | is denoted by |,
and the right end-point is r,. Two intervals |, and I, are adjacent if r, =I, . A time

interval sequence | = I |, ... is a finite or infinite sequence of time intervals that
partitions 7.

* Anytwointervals I,and |,,, are adjacent.

e For the first time interval I, I, =0, and for the final time interval of

any finite interval sequence, it is unbounded.
Let // be the set of propositions, and V , the set of dynamic and static variables. A
micro-state s is an interpretation of all the variables in V and all the propositions in //.
We write X for the set of micro-states.

In the following, at any time instant t, for each variable x € V , we use
X~ (t) to denote the left limit of x in t, x*(t) the right limit. s~ represents the

interpretation of all left limits of variables while s represents the interpretation
of all right limits of variables.

A macro-state m, is a tuple, (s;, l,,9;), which models a continuous activity, where
I, is a time interval, and g; is a family of continuous functions g, : I° — R, where
17 = (I, . r, ). s denotes the right micro-state s* at time point I, . s; is called the
left end micro-state and g, (r,l) is called the right end micro-state of the macro-state
m..

Definition 1 (Intervals). An interval ¢ =< m,, m ,...> is a non-empty

sequence of macro-states, such that vV m,, m,

i+1

in o, 1, 1, are adjacent. The
length of o, denoted by|0'|, is defined as @ if o is infinite; otherwise it is the
number of macro-states in o minus 1.For 0 <i, j < |o|, we will use o(i..]) to
denote the subinterval starting at the macro-state m;and ending at the macro-state

m,, and o to denote the interval < m, ... >.
3. Replacements of Variables in Hybrid Systems

To model hybrid systems, we use variables to denote activities. The variable name is
not sensitive since an activity can be specified by an arbitrary variable. Therefore two
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hybrid systems are equivalent if one can be derived from another by replacing some
variables.

Definition 2. Given a hybrid system o, if x is a variable used in ¢ and t is a variable
not appearing in it. Then o[t/x] denotes the result of simultaneous replacement of all
occurrences of x by t. The replacement is called compatible if either x and t are static or
X is dynamic.

In the following, we write 6(x) to imply that ¢ has an occurrence of variable x. The
replacement o[t/x] is called admissible for o(x) if it is compatible and t has no
occurrence in 6. We claim that, in the following sections, two arbitrary hybrid systems
don’t have the same variables except for shared variables (this can be achieved by
replacements of variables).

4. Synthesis of Hybrid Systems
Let 3 —{o |ieN} be the set of hybrid systems, and <over %_ is defined as follows:
Definition 3. ( <) For Vo, , o,€X, . here o =<my,m,---> and

o, =<md,m},--->, o, <o, ifand only if

@ 3n1,0<h<i<|o| suehthat I, =1,,.5, =r" and

T
I Iw I

@ Vk,h<k<l, 3K',0<k’<|g;| such that I < I, 97 (1,,) s/ and g < g}

1 _ .
o .?& =1 571 =2 |
| | [
gy 0 5=0 § &=1 |53 #=2 S3i=2 83 §=-—1
T =11 =2 =2l
(a) o1 < 02
1 1 1 1
o S0 Ho s1 91
Ié Illl [
) 2 2 2
o9 o1 o 81 §1
I
I3 It
(b) o1 and o3 are irrelevant
Figure 1. Relations of Intervals
Example 1 In Figure 1(a)

={x=0 = s={x=3 ; §={x=0y=0 , s={x=3y=2 ,
s;={x=7,y=6};1;=[3,6]; 12 =[3,5],17 =[5,6].
Theorem 1. Let X ={o; |i e N} be the set of hybrid systems, and <be the binary

relation defined in Definition 3. Then (X_,<) is a partial order.
Proof.

(1) Reflexivity: it is obvious.
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(2) Antisymmetry: for Vo,,0;, if o, <o;and o, Sq, by the definition of <,
[IIi Mo ‘]c[ll,,rlj ]and [IIJ, ) ]C[Iw v ], p =l andr, =r, . For vmj in

|l Y o

O'j,

thatl! c 1/, g;()cs, 9! c g, thenl) c1). By the definition of interval, m/and

am in o, , such that I/ clI!, g, (II,)csk , 0, cg/), for thism , 3Im/ such

m. are the same macro-states of o;, so I/ I/, 1, cl} and s/ cs, , s <5/,

9/ <90l cg/. Hence, m/ =m'. Conversely, in the same way we can prove that
i i

for Y™ in% . M in % such that™ =™ Therefore % =

(3) Transitivity: forva“ai’ak, if 9 =% and i =% by the definition of <
3n1Lh 1 0£h£|£|o'j|, Ogh'gl’g|gk|1 such that , :IIJ, . =rl, :||th, rl‘,ﬂ‘ =r||k,,
for Ymh'sm<lI” Am',0<m' <o and 'Sl | Thus, there exist @ and b ,
h'<a<b<l' = guch that g =I'§, " =% Jeading to W=l ang T
addition, for VH@S<T<b 3sh<s<l e that Ir €1, g;(l'r)gsrk, 9/ <9 for
this s Fostslg] el ales gicg o el

+ k f
90,05 glc o Therefore @ <O,
We extend X_to X by adding g(empty interval), i.e. X =3_\A{¢}, it is obvious

that (2.,<) is still a partial order.
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LeastUpperBound(o,, ¢,: interval)
begin var o: interval, k: integer,
dptl, dpt2, dpt: set of discrete time stamps;

k, dptl =0, <l;«, .0, ljs ,7pe >3
o lergl lerg |
dpt2 (= {E!.j, aee s E!_-p T = (* if oy or oy is infinite, then we use a
o oy logl
positive integer N which is big enough to denote the length of the intenral*}
if’i"p < !!J OO, ... L|oy]) "= Tai
loyl o
J(|cr:|+2,.--1|o:|+|aj|+2]' =0y
Tgyyg1 = [rpe Lla];
lo4] [ L ;D]
Blay|41 = @ Dpog+1 = P
Tre =l =0 = O,
1 i, = (0. . lee]d .
Tlloal+1. ..o ogl+log|+1) "= T35
Drp <l =00 .. oyn =055
legl
Tilog|+2, ... Logl+leg+2) 7= O
I|01|+1. = [TIJ '.II‘ 3
eyl 0
Blog|4+1 = P Gloyj+1 = D
Nry =l — 0w, . ogp = O3
Iyl o
Tllog|+1, ... J|ogl+|eg|+1) = T3

[l =(All Above)—
dpt :ZCOIHDOSitOE(d]}tl, dpt?]: (*C‘-ompositor(alf az: set of integers)
is a function to merge sets of ay, as by deleting duplicates and
to produce an array with members in ascending order*}
do 5# ¢ — (Flet dpt=< t; > 5%)
fo:= head(S); (*hea,d(S) to get the head element of S¥%)
Ig— = [tLﬁtQ]',
sk 1= g (t) Vg (t1)s
Gi := gy, U gl: (*h, I satisfy [t1,ta] C I} and [ty,22] CT7 *)
dpt:=S5; k++;
od
fi
return o;
End.

Figure 2. Algorithm 1 for the Least Upper Bound

Theorem 2. For the partial order (¥,<), Vo, 0, X, there exist the least upper

bound and the great lower bound.

Before the proof, we present two algorithms. One is for solving the least upper
bound of two hybrid systems, and the other is for solving the great lower bound.
The algorithms use Dijkstra's guarded command language (Dijkstra,1976)[18].

Example 2. In figure 3, s; = {x =5,y =0}, s; ={x =0,y =5}; sZ ={z = 0},
st ={x=2,2=0}; 8y ={x=5,y=0}, gg ={ X=-1,y =1}, sy ={x=3,y
=2,z=0}, g, ={%=-1,y=1,2=1},s;, ={x=0,y=5,2=2}, g; = {X
1, y=-1,2=1}, sy ={x=2,y=3,2=0}, g ={x=1,y=-1,2=-1}, s;
{x=4z=-2}, g, ={%=1, 2=-1}.
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oy s & =1 47 E+1 |
T g=1 R A T
| I, | 5 . *
TN Ok B o i .
| | | | 2=+l
rup %o 9 41 9 47 gy lsy gy 4y gy
' ? i A ? .
o 2 A i 18 -,

Figure 3. LUB Of %, %2 Generated by Algorithm 1

GreatLowerBound(o;, o;: interval)

begin var o: interval, k: integer,
dptl, dpt2, dpt: set of discrete time instants;
k, dptl :=0, élr{i}, U PN (R

lesl l=il
] ij ] TIJ' >,
leil lojl

if('r"rleg_l 53;3 V'r'flig_l < E;E-])—)» o=

3
- [(r!|iﬂ"| = II{-; Vi < 113))_)‘

dpt2 = <l

g owes
Jr(J

lejl
dpt :=IdenticalMember(dptl,dpt2); (*IdenticalMember(a;, as: set
of integers) is a function to search for identical members in sets of al,az*)
do S# ¢ —(¥let dpt=< t; > §%)
ta:=head(S); (*head(S) to get the head element of S*)
Iy = [t1,t2];
if g; oV g;— *+ b — (*g: and g; are respectively the maximal
subsets of g; and g;, the restrictions of which into the time
duration [t1,to] are continuous*)

sk =g (t1) Ng/ (t1);

gk = gf ﬁg;;(; (*_t;l'ﬂf"‘J and g_’;! are respectively restrictions of g}
and g} into the time duration I;c*)
fi
dpt:=S; k++;
od
fi
return o;

End.

Figure 4. Algorithm 2 for the Great Lower Bound

Example 3. InFig. 5, s ={x=0,y=0}, s; ={x=2,y=-2}; g; ={X=-1, y=
1} 55 ={x=0,y=2} g5 ={ X=-1, y =-1}, 5; ={x=-2,y=0}, g; ={ X=-1,
y =0} s ={x=0,z=4}s-={x=2,2=0}, s ={x=2z2=-4}, ¢ ={x=0},
s? ={x=2}
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Figure 5. GLB 0f%, 92 Generated By Algorithm 2

proof (Theorem 2 ). (1): o derived from Algorithm 1 being the least upper bound of
o,,0, is proved as follows.

Firstly, by the definition of < and Algorithm 1, it is easy to prove than o is an upper
bound of 5,, ;.

Secondly we prove thatvo'=<m/,..>, if ¢’ is an upper bound of o;,0,,0<0".
Since o is an upper bound of o;,0;,3n 0, IN0<hh,I'<|c’| , such that
Lo=1.r =r, and =1

oo g W
rl‘,‘ =T - Since an upper bound of 5 o 3n1hr0<hl <o, such that | -,
Ul 0 h
ro=r and L=l 0o, =r Since 1, =min(}13) 4

1
" 5] i

= max(r .t ) there exist a, b,

a=min(h,h) , b=max(,I) , SUCh that o<a<b<|o|, 1, =1+ r, =r - FOr vkas<k<p, by the
definition of < and Algorithm 1, m ' satisfies one of the following conditions:
Case 1: ycp,r, 7 and ' op v 7. Then arsos<r<ls| and o<s<|s| , such that
10" iy k 14’ |‘:”‘ 1

Iclivg ()cs, 0 cg, ad m=m, hence, 1/ 1, g'q)cs,» o, 0,

r

Case 2: el ] and W 2l 1 In the same way we can prove thatsso<s<|o|
o el o

such thaty, 1, 9'.)cs, o 9, =0

Case 3: I, c[l,.r , such that 1,1,

i
N

‘]ﬂ[| r.]. Then ds, t OSSS\o-i\ and ogtg‘o-j
\

1’ |‘

o ()cs, g, and ey, ga)es, o o/ g, s tUS, 1 cmaxq, 1) miner, r,)] » and
(6;0,)Ug; 0, ) es,» (@ Ug)cg, - Therefore, aro<r<iof, 1, =maxq, 1,),min,.r,)], SUch that

L' clg () =(g70,)Ug 0, NS and g, -(g!Ug)) g, -
Case 4: ' qp r 1and ¢ oq r 7- Since o is an upper bound of o 5, ar, | —fr, 1 ]
15 l\‘m\ k 'u“ I\:n\ i J r

Ly
lal 1

or Ir=[r|"\’||,;] such that I el g+(l|;):(ﬂ§5'kand 9 =p<di-

(2) We can similarly prove that - derived by Algorithm 2 is the great lower bound of
0,,0;"

We use the binary operator v and . on 3y respectively as the operation for solving
the least upper bound and the great lower bound of two hybrid systems.

Theorem 3. The algebra (z,v,~) is a lattice.

proof. By Theorem 2, it is straightforward.
Thus, the operator v can act as the synthesis of hybrid systems.
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5. An Example of Synthesis of Hybrid Systems

In this section, an example, a water-level monitor [21] is given to illustrate how two
different hybrid systems can be synthesized using our approach.

C & monitor

4 I"., @]

Ajfjjj. I~

—

Figure 6. The Water-Level Monitor

The water level in a tank is controlled by two valves (A, B) used for draining and
two pumps (C,D) used for inpouring as well as a monitor employed for sending signals
to switch on or off valves and/or pumps (Figure 6).

When we use only valve A and pump C to control the water level, the system is
modeled by a hybrid machine [2, 3, 5, 19, 20] (see the appendix for details) shown in
figure 7 (a). When valve A is open and pump C is off, the water level, denoted by
variable y1 falls by 3 inches per second; whereas when valve A is closed and pump C is
on, the water level rises by 3 inches per second. Suppose that, initially, the water level
(y1) is 40 inches and valve A is open and pump C is off. Whenever the water level falls
to 22 inches or raises to 40 inches the monitor sends signals to change the status of both
the valve and pump.

When we use only valve B and pump D, the water level changes as shown in figure
7(b). When valve B is open and pump D is off, the water level, denoted by variable y2
falls by 3 inches per second; whereas when valve B is open and pump D is on, the water
level rises by 1 inch per second. Suppose that, initially, the water level (y2) is 40 inches,
and valve B is open and pump D is off. Whenever the water level falls to 22 inches or
rises to 40 inches, the monitor sends signals to change the status of the pump only.

446 y1 =22 = y1 1=yt ZC‘

DC(Ql = *3)
halt.(y1 = 22) Y1 =40 = y1 = Y1 halt.(y1 = 40)

Dc{@l - 3)

(a)

Bﬁ Y2 =22 = ya =Y BD

Oec(f2 = —3)

DC(yQ = 1)
halt.(y2 = 22) ya =40 = y2 1= ya halt.(y2 = 40)

(b)

Figure 7. Two Water Level Control Systems
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(a) Function y;

| 12] 18] 24
BD

(b) Function y,

Figure 8. Function Y1 and Y2

In Figure 7, AC denotes a type of macro-states— valve A is open and pump C is off.
Similarly, A, denotes that A is closed and C is on; BD means B is open and D is off;
and BD tells us that B is open and D is on.

We now model the hybrid systems shown in Figure 7 within HPTL [3] formulas.

def _ .
P =L (yl ==3)A halto (y1 =22)

def .
D, 2801 (v, =3) Ahalt, (y, = 40)

def
g=Y, =40As =0A0((s,=0—>0(s, =1AY, =22)) A(s; =1—> O(s, =0y, =40)))

Then the formula,
(pu )7 Pri g v (P, (P,, P) ) Pri g
Model of the hybrid system is shown in Figure 8 (a). And

def

pl Dc (yZ = _3) N haltc (y2 = 22)

def _ .
p2=Dc (yz :1) N haltc(yz = 40)

def
Aty =40 As, =0 AT(S, =0 — O(s, =1A Y, = 22)) A (S, =1—> O(s, = 0 A y, = 40)))

ISSN: 2005-4297 |JCA
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Then the formula,
(P, P,) pri av (py, (P, p)) P g

Models the hybrid system is shown in Figure 8 (b). s1 and s2 are two discrete
variables. The system shown in Figure 8 (a) locates at state AC when s1=0 and at AC
whens1=1 ; whereas the system shown in Figure 8 (b) locates at state BD when s2=0
and at BD when s2=1.

The two systems in Figure 7 can be modeled using intervals as shown in Figure 8.

Using Algorithm 1, we can derive the synthesis of the two hybrid systems in Figure
8. To show the intuitive result of the synthesized system, a variable y is added to show
that, in every macro-state of the synthesized system, the derivative of y, y" is equal to

i+ Y2 (Figure 9).

Figure 9. The Synthesized Water-Level Monitor

In Figure 9, the solid line denotes the synthesized variable y, the dashed line denotes
variable y1 while the dotted line denotes variable y2. We can conclude that, there are

three types of macro-states in the synthesized water-level monitor: ABCD | ABCD
ABCD gngd (ABCD)" Taking ABCD for example, it is synthesized by AC in Figure 8
(a) and BD in Figure 8 (b), expressing that valve A and B are open for draining, and
pump D is on for inpouring but C is off. In this type of macro-states, the water level
falls by 2 inches per second.

The synthesized water-level monitor can be modeled equivalently by a hybrid
machine shown in Figure10 or a HPTL formula as follows:

(p17 P2, Ps; p4)(+) prj qV(pl!(pzv Pss Py pl)(+)) prj g
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ABCD ABCD

Dc('y = 76)
halt.(y = 4)

- O.(9) =4
halt.(y = 28)

T’y:al(}%y::y 11312284&;.1::4v

(ABCD) ABCD

y=16—y:=y

A

Oc(y =4)
halt.(y = 40)

Oc(y) = -2
halt.(y = 16)

Figure 10. The Synthesized Water-Level Monitor

Where
p, €T}, (3', =—6) Ahalt,(y = 4)

0,201 (" — ) Ahalt (y = 28)
y

pﬂuc(f—z)maltc(yﬂe)

p, Jefy | ()‘/ _ 4) Ahalt,(y = 40)

def
Gty =40 A5 =0ATI((5=0 >0 =1Ay =A) A(s=1—> O(s =21 y = 28)) A

(s=2—>0(s=3Ay=16))A(s=3—>0(s=0AYy=40)))

And s is a discrete variable. The water-level monitor system locates at state ABCD

when s =0, and at ABCD \hen s =1, and at ABCD \hen s =2 and at (ABCD)" when s
=3.

6. Conclusion

In this paper, we have outlined a partial order relation < on hybrid systems and
proved that under this relation the set of hybrid systems is a lattice. The algorithm for
the least upper bound and the great lower bound are also given in details. The synthesis
of hybrid systems can be seen as an operation V in the lattice. An example is given to
show the synthesis of hybrid systems using our approach in this paper. However, the
relationship between synthesized system and the subsystems are needed to be
investigated. Moreover, how can verification of synthesized system be done by means
of subsystems is another issue in our future research.
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