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Abstract

This paper focuses on the controller parameterization method of H_ control for

switched dissipative Hamiltonian systems (SDHSs) via multiple Lyapunov functions
(MLFs) and proposes an algorithm for solving parameters of the controller with symbolic
computation. An important merit of the proposed parameterization method is that it is
based on the explicit construction of Lyapunov functions, which avoids solving the
Hamilton-Jacobi (HJ) equations (or inequalities), sufficient conditions for the solvability
of the robust 1 control problem are presented. A numerical example shows that the

controller is effective to SDHSs and the proposed method is feasibility.

Keywords: Robust control, Switched dissipative Hamiltonian systems, Controller
parameterization, Multiple Lyapunov functions

1. Introduction

Switched systems consist of a family of dynamical subsystems together with a set of
operating conditions under which one subsystem will be switched to the active subsystem
at switching time instant arise in many areas. The widespread applications of switched
systems are also motivated by increasing performance requirements in control, especially
in the presence of large uncertainties or disturbances [1]. A common Lyapunov function
for all subsystems was proved to be a necessary and sufficient condition for switched
system to be asymptotically stable under arbitrary switching laws [2, 3]. It has been
shown that the MLFs approach proposed in [4] is an effective tool for choosing such
switching laws. Ref. [5] developed the sufficient conditions for exponential stability and
weighted L, -gain for a class of switching signals with average dwell time. A concept of

passivity for switched systems was presented in [6] using multiple storage functions. The
passivity property is invariant under compatible feedback interconnection and the
asymptotic stability is reached if all subsystems are asymptotically detectable. A hybrid
nonlinear control methodology for a broad class of switched nonlinear systems with input
constraints was proposed in [7], which is the integrated synthesis, via MLFs, of “lower-
level” bounded nonlinear feedback controllers together with “upper-level” switching laws
that orchestrate the transitions between the constituent modes and their respective
controllers. The switched dissipative Hamiltonian system (SDHS) is a kind of important
nonlinear hybrid systems. Such system not only plays an important role in development of
hybrid control theory, but also finds many applications in practical control designs for
obtaining better control performance [8, 9]. The stability of switched dissipative
Hamiltonian systems under arbitrary switching paths has been investigated in [10].
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On the other hand, the H _ control of switched systems is a valuable issue for
nonlinear systems, which deserves us to pay more attention. However, H  control
problem has been rarely addressed for SDHSs, especially for the nonlinear case in which
results mainly focus on solving HJ equations [11-13]. The robust H _ control problem for
a class of switched nonlinear systems with neutral uncertainties has been considered in
[14]. Ref. [15] focused on a class of switched nonlinear cascade systems in which
stabilization and weighted L, -gain have been achieved and H  control for such system
was investigated in [16], and both of them relied on the solution of the corresponding HJ
equations. However, Ref. [17] solved the problem of robust 1 control for a class of
switched nonlinear cascade systems with parameter uncertainty using the MLFs approach,
which avoids solving the HJ equations.

Controller parameterization is a fundamental problem in the control theory and has
aroused considerable attention in recent decades. Refs. [18, 19] proposed a family of
nonlinear H _ controller via output feedback. Ref. [20] presented a family of nonlinear
state-feedback controller, in which the system state and the external disturbance are
measurable. Refs. [21, 22] extended the state-space formulas and presented a family of
H  state-feedback controller for n-dimensional nonlinear system. Ref. [23] proposed a

3

family of reliable nonlinear H _ controller via solving the HJ inequality. The controllers
obtained in [18-23] are intended to solve a class of HJ equations (or inequalities), which
have actually imposed a considerable difficulty.

Therefore, how to find ways for solving the controller parameterization problem of H
control for switched nonlinear systems, which do not depend on the solution of HJ
equations (or inequalities), is a challenging issue. In this paper, we present a novel,
straightforward and convenient strategy to design a parameterized controller to insure that
the SDHSs are robust H _ stable via MLFs and propose a method for solving parameters
of the controller by using symbolic computation. The proposed parameterization method
avoids solving HJ equations (or inequalities), and thus the obtained controllers with
parameters are relatively simple in form and easy in operation.

The remainder of this paper is organized as follows. In Section 2, the problem of
H _ control for SDHSs is formulated. The main contribution of this paper is then
given in Section 3, in which a controller with parameters and an algorithm for
solving parameters are provided, respectively. We present a numerical example for
illustrating effectiveness and feasibility of controller in Section 4 and conclusions
follow in Section 5.

2. Problem Formulation
Consider the following SDHSs
X = [‘]l(i)(x)_ R/}(!)(X)]VHZ(I)(X)-'— g

lZ = hx(t)(x)gut)T (X)VHz(t)(X)

(X)u/l(l) + g_/l(l)(x)w

@

m

where xe ' " is the state vector; u=u,, e”" is the controller; » < '* is the
disturbances; 3] (x)=-3,,(x)e” ™" ; 0<R,, (x)el™ ; g,,(x)e" ™" and
9., (x)e " are sufficiently smooth functions; z< " * is the penalty; h, (x) is a
weighting matrix; H,  (x) is the subsystem’s Hamiltonian function (the total energy)
satisfying H,, (x)>0 and H, (0)=0, the map A(t):[t,,+o) > A ={1,2," N} IS a
piecewise constant one, called the switching law or switching path,
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A(t)=i(i=12,,N) denotes that the i th subsystem is realized. For an arbitrary
switching law A (t):[t,,+e0) > A = {12, N}, {t,} " is called the switching time
sequence, which is assumed to satisfy t, <t <t, < <t < +w . Ift =« , theith

subsystem of system (1) is always realized in [t ,+e) and the whole system is naturally
stable.
To facilitate the analysis, throughout this paper, we denote by z = {0,1,2,-} for the

set of all nonnegative integers. We first propose two assumptions for system and one
definition for system (1) as follows.

Assumption 1. For vie A , the Hamiltonian function H, (x) satisfies H,(x)e c® and

the Hessian matrix Hess(H, (x,))>0.

Remark 1. Note that H, (x) has a local minimum at the equilibrium x, of system (1).
It is straightforward that in Assumption 1, H (x)ecC® guarantees the existence of

Hess(H (x)) and Hess(H (x,))>0 guarantees that H (x) is strict convex on some

neighborhood of equilibrium x, .
Assumption 2. For vie A and vx,y <! ", the Hamiltonian function 1 (x) satisfies

H (x)>H (y) < [x], >|v], . where [x| 7 supx"Px and P >0 is a positive definite
‘x‘:l
matrix.

Remark 2. Assumption 2 implies that the Hamiltonian function (Lyapunov function)
H, (x) increases with the increase of |x| . Obviously, this assumption can be satisfied
for many Hamiltonian systems. Thus, Assumption 2 is a realistic one.

Definition 1. The problem considered in this paper is to propose an approach to
parameterizing controller for systems (1), which can be described as: given a disturbance

attenuation level » > 0 and an arbitrary switching law x(t), we can obtain a controller
with parameters of the form u = u, , such that

R1: For VieA,Vo,teT, and mez : the inequality

H,(x)+Q,(x)< é{}/z lo - [lz]"} holds along the trajectories of the closed-loop systems,

which consisted of system (1) and u = u where Q, (x) = o is a scalar function;

a(t) !

R2: The closed-loop system (1) is asymptotically stable when » =0 ;

hold simultaneously.

3. Main Results

In this section, we propose an H _ controller with parameters for system (1) by using
MLFs and an algorithm for solving parameters with symbolic computation. The
parameterization strategy suggests a framework to solve the H _ control problem of
SDHSs.

3.1 Parameterizing Controller

Theorem 1. Assume that Assumption 2 holds for system (1), u=0,w =0 and vie A ,
then system (1) is asymptotically stable under the arbitrary switching law 4 (t) with its
dwell time - > 0.
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Proof. Assume that 4 (t) be an arbitrary switching law with its dwell time - >0 .
When u =0, = 0, we have system

)‘(=[J/L(‘)(X)_ RZ(I)(X)]VH}»(I)(X)

T )
[Z = h}.(t)(x)gl(!) (X)VH }»(t)(x)
When 2 (t)=ie A for system (2), we consider the i th subsystem. We have
. oH " (x(t oH  (x(t
H (x(1)) = *L())R. (X(t))MS 0, teft,.t,.,)
ox oxX
So we obtain that
Hi(xm)ZHi(Xm+1) (3)
From Assumption 2 and formula (3), the following result holds
||Xm||p 2 [Xnall, (4)
According to Assumption 2, we know that the following inequality holds for vie A .
H,(x,)=H,(x,,).YymeZ, (5)

Inequality (5) shows that all the Hamiltonian functions H, (x) of the subsystems can
be used as the MLFs for system (2). According to Ref. [4], system (2) is stable under the
switching law 2 (t) .

Remark 3. From the proof of Theorem 1, under Assumption 2, all of the Hamiltonian
functions H, (x) of the subsystems can be used as the MLFs for system (1).

Theorem 2. If Assumption 1 and 2 hold for system (1) and give a disturbance
attenuation level > 0,10 vie A

Ri(x)+_2(gigi _g_ig_i )ZO (6)

VH," (x)g,K,(x,v)<0 (7)

hold simultaneously, where K, (x,v)e " are parameterized parts of controller, v

are the parameters. Then under an arbitrary switching law 4 (t), H  control of system
(1) can be realized by following controller which satisfies the rules R1 and R2.

1( . 10
U=t oY am= :_;Lhi hi+7_2|mJgiVHi(X)+Ki(X’V) (8)
where I, is an mxm unit matrix and
T ( 1 T — —T )
Qi(X)ZVHi (X)LRi(X)-'— z(gigl _glgl )JVHl(X)
2y

fVHiT(x)glKl(x,v).
Proof. Suppose i(t)=icA,teT,_ ,mez, is an arbitrary switching law. Choose
Lyapunov function as v, (x)=H, (x)-c20 (c=H,(x,)).
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I-ii(x):VHiT[Ji(x)—Ri(x)]VHi+VHiTgiui+VHiTg_ia;

1( 1) _
=—VH/R,(x)VH, + VH g‘ _LhTh +— 19, VH, + K, (x,v)|+VH] g0
2 }/J

]
VHT(R X L T_gal \VH lVH h/hg VH,
= - + — _ -
L (%) 272(9.9. 9.9.)J SVHighhg,
11, )
; Ki(x,v)+—=VH/go+—0 g, VH,
2y 2 2
o 1 To— )
=-VH, LRi(X)+ Z(gigi - 0,0, )JVH +VH,g,K, (x,v)
2y
Zq VH
(7 ol -z ||) yg .
From the above formula, we obtain
. T( 1 T - =T T
H,(x)+VH, LRI(X)+ 2(9.9. -9,9, )JVH -VH, g,K, (x,v)
2y
= H,(x)+Q(x)
(7ol - ) - o - ZaT v (10

1
s (7ol - [I)

So the rule R1 can be satisfied, which implies the L, gain of the closed-loop system
(1) controlled by controller (8) (from » to z) is bounded by , . Next, we prove that the

closed-loop system is asymptotically stable at x, under the arbitrary switching law 1 (t),
when v =0.

When » = 0, the closed-loop system can be expressed

I—ii(x)= VHiTI:‘]i(X)_ Ri(x):IVHi"'VHiTgiui

[

L

1) i
—gVH+K V)
")

=-VH/R,(Xx)VH, +VH/g,
]

1
2

/—\\

1 ) 1
z(glgiT —glgiT)JVHI—;VHITgihiThingVHI

N
=-VH |R (x)+
S
. (11)
- —VH, ggVH+VH gK( v)
2y°

=_VHiT[Ri(X)+2]];2(gigi g_g_ )]VHi—iuhig:VHi”Z

+VH gK (x,v)<0

27

From Theorem 1, the rule R2 can be satisfied.
The closed-loop system (1) controlled by controller (8) is globally asymptotically

stable under the arbitrary switching law 4 (t) .This completes the proof.
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Remark 4. K, (x) are polynomial vectors, which are parameterized parts of controller.

They have much simpler form and are easier to realize. When K, (x,v)=0,vi, the
controller (8) is a controller without parameters.
So the controller (8) is a family of 1 controller for SDHSs. Then we will solve the

parameters of controller (8) and guarantee robust stability requirements to disturbances
attenuation for system (1).

3.2. Solving Parameters (SP) Algorithm

From condition (6), when R, (x) + Lz(g,g,T -g,0, )=0, we can obtain the » . Let
2y
y > max{y/} such that condition (6) holds.

Then we propose an algorithm to find parameters ranges of controller (8) via solving
the parameters of K, (x,v) in condition (7). The SP algorithm now proceeds as follows.

S1. Set K, (x,v)=[N,(xv,) N,(xv,) = Nm(x,vm)]T and suppose a positive

integer r , which is the degree of polynomial vector «k, (x,v) . Write
N, (x,v,)= Z v, P, (x), where 1= c(n+r-1r), p,(x)=T[ . x", n is the number

[
j=1r r

of state variable and r, is the integers from1to r .

S2.Lets =-VH,g,K,(x,v).

S3. Choose all terms of deg(s,)>3 and deg(s,)=1 from s, and let the coefficients
of these terms be zero. So obtain a set of equations A, .

S3.1. Observe equations A, . When the right-hand side is only one item with
parameters and the left-hand side is zero, let these parameters be zero and substitute them
into A, . Then obtain a simplified equations A; .

S3.2. Obtain a set of parameters solution u , via solving A’ by using cylindrical
algebraic decompositions (CAD) algorithm [24].

S3.3. Substitute u , into s, and obtain a new polynomial s/, which is a quadratic
form.

S4. Rewrite s; as coefficient matrix m,, and all principal minors of M, must be

positive semi-definite. Choose all principal minors of M, and obtain inequalities B, .
S4.1. Observe inequalities B, . Let some parameters be zero and substitute them into
B, . Then obtain the simplified inequalities B, .
S4.2. Obtain a set of parameters solution u ,, via solving 8/ by using CAD algorithm.
S5. Let u, =u  Uu ,and substitute u, into controller (8), thus obtain the polynomial
parameterized controller. This completes the algorithm.

Remark 5. (1) The SP algorithm starts from r =1 normally.

(2) Solve the parameters ranges of the controller u, by using SP algorithm,

)
respectively.

(3) It is merely to simplify computation that we let some parameters be zero before
using CAD algorithm. However, these parameters are not necessarily zero. So the set of
parameters solution obtained by SP algorithm is a subset of solutions.
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4. Numerical Experiment

Using the result proposed in this paper, this section studies an example as well
as some numerical simulations to support our new results. Consider a SDHS,

[ 0 X, —sin(x,x,) —x, | [o 0] [0 0]
Jl(x):|—xf+sin(x2x3) 0 X, i,gllzlo 1I,glz=}1 OI,
I X, -X, 0 | 2 o] o 1]
R,(x)=Diag{0,0,1},H,(x)=x"+x," +x,°,
|F 0 =X X, X, 1| o 47 o 27
J,(x) = x32 0 —cos(x3)2|,g21zll OI,gZZ:iO 0},
| 2 |
L—xlx2 cos(x,) 0 J LO OJ Ll OJ
Rz(x):Diag{0,3,2},H2(x):£x12+2x22+x32 (12)
2
4.1 Controller design and solving parameters
From system (12), it is easy to get
[2 0 0] [1 0]
Hess(Hl(xo)):IO 2 0:>O, Hess(Hz(xo)):}O 4 0i>0
lo o 2] o o0 2]

So Assumption 1 holds.
Then, we check that condition (6) holds for all x and given » . From system (12), we

have

1 : : | 3|
Rl(X)+ 2(911911—912912):Dlag<0,0,1+ 2#
2;/1 L 27/1J

1 . . _ls 1 1]

Rz(x)+ 2(9219217gzzgzz):D'aQH_zvg7L 2,2* 2}

27, 172 27, 27, )

1 . .
Let », =1, »,=—.To ensure that condition (6) holds, the following statement should
2

be satisfied
}/Zmax{yl*,}/;} (13)

Next, we consider condition (7) such that system (12) satisfies robustness in H
control.

In this example, R (x)=0 and Rr,(x)> 0, all of the Hamiltonian functions H, (x) of
the subsystems can be used as the MLFs for system (12). So choose the Lyapunov
function v, (x) = H, (x), v, (x) = H,(x) . It follows from controller (8) that
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ull

Tu,]
e
Uy,
o]

I\)lH

[ 1]
Lh h+—| Jg“VH + K (x,v)
' (14)

uZl

I\)|H

{hz h, +il }g VH, + K, (x,v)
e

UZZ

where Kl(x’v)z[Kll(X’vll) Klz(x'vlz)]T’ KZ(X,V)=|:K21(XV21) Kzz(x’vzz)JT
We know n = 3 in system (12) and let r = 1. We have

K, (x,v,)=ax +a,x, +a,x,,K,(x,v,)=hx +b,x, +bx,,

Ko (Xov, ) =c,% +C,%, +C. X,y K, (Xx,v,,)=d,x +d,x, +d,x,

where a,,b,,c,,d,,i=1,2,3 are the parameters.
From system (11), we obtain that

VH, (x)=[2x, 2x 2x3]T,VH2(x)=[x1 4x, 2x,]

1 2
Lets, =-VvH,g,K,(x,v),S,=-VH, g,K,(x,v),we have
S, = —2b,x,x, — 4a,x,x, — 2b,x — (4a, + 2b,) x,X, — 4a,x.

S, = 74d1x12 —4(c, +d,)xx, —4d,xx, — 4c2x22 —4c, X, X,

s, and s, are quadratic forms and can be rewritten as coefficient matrixes,

[ 0 -b, -2a, | [ -4d, -2¢,-2d, -2d,]
| | \ |
= b, -2b,  -2a,-b,|,M, = -2c,-2d, ~4c, ~2c, |-
|-2a, -2a,-b, -4a, | | -2d, ~2c, o |

All principal minors of m must be positive semi-definite. We have inequalities A,
from m, . From A , we can easy to obtain that b, <0 and a, <0 . Substitute
U, ={a, =0,b =0} into inequalities A for simplify computation, we obtain simplified
inequalities B, . Solving inequalities B, by using CAD algorithm, we obtain a series of
sets. Choose some sets, which satisfy inequalities B, , and organize them. We have

U={a,=0b,<0,a,<0b,=0Uu (15)

My = Uydg =

Substitute u into controller (14),
u, %{h h+—| M 3}+{33} (16)

where,a, <0,b, <0.
Similar to that obtain u, , we can obtain u, from m,

1f Max, T Tex 1
u2:—;Lh2 h2+—l JL4XJ+Ld1X1J a7

where,c, <0 ,d, <0.
So we have the controllers with parameters for system (12). The controller (16) and
controller (17) have rather simple form.
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4.2 Simulations and Results

In order to evaluate the robustness of the controller (16, 17), we set the parameters of
system (11) as: y =1, h, = Diag{0.5,0.6} , h, = Diag{0.7,0.6} , and the parameters of
controller as: a, = -10,b, = -10 ,¢c, = -10 ,d, = —10 . We obtain the controller (18),

(
Iu
J [ -12.5x, ]
u
|
|
[

=u
o {—11.36sz (18)
A(t)

[-0.8x, —10x, ]

:L -13.2x, J

Suppose that x(0) = (1,-1,-0.5)" is the pre-assigned operating point of system (12),

A(1)
2

u

we impose an external disturbance o = [4,4]T on system (12) during the time period
0.6~0.9s and 3.0~3.6s.

Figure 1 and Figure 2 are the response of the state and the controller (18) of system
(12) under the switching law 2, (t).

(2, te [tzk ’t2k+1)’t2k+1 -t, =0.15,

_ k=012
A il,te[t theos )t t,,,, = 0.15, o

2k+1" "2k+2 )1 t2ke2 T fok

o8F <2 H

0.6 i

0.2 i

-0.2

-0.4

-0.6

-0.8

Time(s)

Figure 1. Swing Curves Of x in Switching Law 4, (t)
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10 T T T T T T T T T
ul
8 - u2
6 4
4 J
2 -l
> OH Fk -

-2H -
4 H -
6H 4
-8H -
O 1 2 s 4 5 6 7 8 9 1

Time(s)

Figure 2. Swing Curves Of u in Switching Law 2, (t)

Figure 3 and Figure 4 are the response of the state and the controller (18) of system
(12) under the switching law 2, (t).

_ (1, te [tzk‘t2k+1)’t2k+1 -t, =0.4x rand,

A, (1) = k=012,
(2, te]t t t =0.4xrand,

2k+1‘t2k+2)’ 2k+2 | T2k+1

where 0 < rand <1.
From Figure 1~Figure 4, we can clearly see that under the switching law 2, (t) and

2, (t), the closed-loop system (12), it takes short time for system to return back to the

equilibrium point. It can be seen, the obtained controller with parameters can stabilization
the system (12) under external disturbance. The simulation shows that our result is correct
and efficient.

: x1
0.8 s ——— x2
:_—; .......... X3
0.6 H

-0.8f b

Time(s)

Figure 3. Swing Curves of x in Switching Law z, (t)
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10 T T T T T T T T T

ul

T

Time(s)

Figure 4. Swing Curves of u In Switching Law 4, (t)

5. Conclusion

In this paper, an H _ control strategy to parameterizing controller for SDHSs has been

considered. A controller with parameters has been obtained using MLFs method and an
algorithm for solving parameters of the controller has been proposed with symbolic
computation. The proposed parameterization method avoids solving HJ equations (or
inequalities) and thus the obtained controllers with parameters are relatively simple in
form and easy in operation. The numerical experiment and simulations show that the
controller has efficient in 1 _ control.
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