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Abstract 

This paper concerns the asynchronous stabilization problem of switched singular 

systems with interval time-varying delays. In ideal cases, the stabilizing controller is 

designed under the assumption that the switching times between the system and the 

controller are exactly the same. In fact, there are time-delays in the switching signal of 

the controller, which results in asynchronous switching. The closed-loop system may be 

unstable under the average dwell time and the controllers derived by ignoring the 

switching delay. For this case, based on piecewise Lyapunov-Krasovskii functional 

technique and merging signal method, some sufficient conditions for existence of a 

stabilizing controller are provided to guarantee that the switched singular time-delay 

system is regular, impulse free, and exponentially stable with the new average dwell time 

conditions. Then, the stabilizing controller depending on the asynchronous information is 

designed. Finally, a numerical example is given to demonstrate the effectiveness of the 

results. 
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1. Introduction 

This paper investigates the stabilization problem for switched systems composed of a 

family of linear singular systems with time-varying delays. It's well known that the 

singular system model is a natural presentation of dynamic systems and it can describe a 

large class of systems than regular ones such as large scale systems, power system and 

constrained control systems. The study for singular systems is much more complicated 

than that for standard state-space systems, as the regularity and absence of impulses (for 

continuous systems) and causality (for discrete systems) must be considered 

simultaneously for singular systems [1]. On the other hand, time-delay is a common 

phenomenon frequently encountered in practical systems, and is often the main cause of 

instability and poor performance of the dynamical systems [2]. There has been a lot of 

work reported on stability analysis and synthesis of singular systems and time-delay 

systems [3-8]. 

 A switched system is a hybrid dynamical system that consists of a finite number of 

subsystems and a logical rule that orchestrates switching between them [9-11]. The 

stability issues of switched systems include several interesting phenomena. For example, 

even when all the subsystems are exponentially stable, the switched systems may have 

divergent trajectories for certain switching signals. Another remarkable fact is that one 

may carefully switch between unstable subsystems to make the switched system 

exponentially stable [12]. As these examples suggest, the stability of switched systems 

depend not only on the dynamics of each subsystem but also on the properties of 

switching signals. For switched singular time-delay systems (SSTD), because of the 

algebraic constraints in singular model and the coupling between the switching and time-
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delay, the behavior of such systems is much more complicated than that of regular 

switched systems. So far, some appreciable work has been performed on the stability and 

synthesis for various types of SSTD. In [13], the robust stability and H∞ control 

problems for discrete-time uncertain SSTD systems under arbitrary switching were 

discussed by using the switched Lyapunov function method. In [14], a switching signal 

was constructed to guarantee the asymptotic stability of continuous-time SSTD systems. 

In [15], a class of switching signals has been identified for SSTD to be robustly 

exponentially admissible under the average dwell time scheme. In [16], delay-dependent 

exponential stability conditions are developed for a class of switched nonlinear singular 

time-delay systems consisting of stable and unstable subsystems. 

Recently, the control issue of switched systems with asynchronous switching signal has 

drawn increasing attention [17-23]. In many situations, when the switching signal 

available to the controller is a delayed version of the system’s switching, the closed-loop 

systems can have asynchronous switching. For instance, when the systems and the 

controller communicate via a communication channel, it requires some time to identify 

the active system and apply the corresponding controller. For this case, the closed-loop 

system can experience asynchronous switching signal. Ref. [18] addressed stability of 

state feedback switched linear systems in which time-delays are present in both the 

feedback state and the switching signals of the controller. In [20], the issue of 

asynchronous H∞ control for a class of switched delay systems was investigated. In [21], 

the stabilization problem for a class of switched neutral systems was studied. In [22, 23], 

the regularity, causality and exponential divergence of the singular subsystem were 

determined by testing the exponential divergence of the transformed linear subsystem. 

Based on it, the state feedback control problem for a class of discrete-time switched 

singular systems with time-varying delay under asynchronous switching has been 

investigated. In this paper, we consider the stabilization problem of continuous-time 

switching singular systems with time-varying delay under asynchronous switching. 

The contribution of this paper lies in three aspects. First, we consider a more general 

class of switched systems, in which the subsystem is singular systems and time-delay 

exists in both the state and the controller's switching signal. This class of switched 

systems covers those considered in [18],[20] and [21] as special cases, where only time-

invariant time-delays or switching delay was considered, or all subsystems were required 

to be nonsingular; Second, by constructing a new piecewise Lyapunov-Krasovskii 

functional and using the merging signal method, some sufficient conditions are derived to 

guarantee the closed-loop system to be exponential admissible. Third, we show that the 

influence caused by asynchronous switching can be compensated by designing the 

switching signal satisfying a switching delay-dependent average dwell time scheme. 

The organization of the paper is as follows. The problem formulation is stated in 

Section 2, followed by the main results in Section 3. A numerical example is given in 

Section 4. Finally, we conclude the paper in Section 5. 

Notations: Throughout this paper, the superscript ``T'' stands for matrix transposition, 
n

 denotes the n-dimensional Euclidean space with vector norm , 
n m

 is the set of 

all n m real matrices, and the notation  means that P is symmetric and positive 

definite.  and  denote the maximum and minimum eigenvalues of  

respectively. The symmetric elements of the symmetric matrix will be denoted by . 

 

2. Preliminaries and Problem Formulation 

Consider the switched singular system with time-varying delay described by 
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Where  is the state,  is the control input.  is a compatible vector 

valued initial function.  with integer  is a 

piecewise constant function of time , called switching signal. Corresponding to , we 

have the switching sequence, 

 

which means that the ik th subsystem is active when 1[ , )i it t t  . The matrix 

 may be singular, we assume that .  is a time-varying delay 

that satisfies 

    (1) 

where  and  are constants. We assume that no jump occurs in 

the state at a switching time and that only finitely many switches can occur in any finite 

interval. 

Throughout the paper, we will adopt the following definition. 

Definition 1 [1, 15] For the switching signal  and any delay satisfying (1), the 

system  with  is said to be 

(1) regular if  is not identically zero for each ; 

(2) impulse free if  for each ; 

(3) exponentially stable under the switching signal  if the solution  of system 

 satisfies 

 

 where  and  are called the decay rate and decay coefficient 

respectively; 

 (4) exponentially admissible if it is regular, impulse free and exponentially stable 

under the switching signal . 

Definition 2 [9] For the switching signal  and any , let  

denotes the number of switching of  over , if  holds 

for  then  is called average dwell time and  is called a chatter bound. 

In this paper, the controller's switching signal is a delayed version of the plant's 

switching signal, i.e. the control signal going into the plant is 

     (2) 

where  is the uncertain switching delay satisfying  We assume that 

the maximal switching delay  is known a priori and  Then the 

corresponding closed-loop system is given by 

 

We will employ the merging signal technique in [18] to deal with the asynchronous 

switching signal.  

Lemma 1 [15] For any positive definite matrix , positive scalar  and vector 

function  such that the following integration is well defined, then 

. 

where  
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3. Main Results 

In this section, by applying the average dwell time approach and the piecewise 

Lyapunov functional technique, we present some sufficient conditions and design a state 

feedback controller to guarantee the exponential admissibility of the SSTD systems . 

Theorem 1. For prescribed scalars ,  and 

, suppose that there exist matrices  and  , such that 

     (3) 

   (4) 

 (5) 

   (6) 

where  

       

       

Then the controller (2) can guarantee that system  is exponential admissibility for any 

switching signal with average dwell time satisfying 

  

Moreover, the controller gains are given by  

Proof: Due to the switching delay, when the th subsystem has been switched to the 

th subsystem, the controller  still active when  Thus the 

closed-loop subsystem  can be embodied as, for all  

  

We create a virtual switching signal  as 

. The merging action is denoted by  such that 

. From the definition, it follows that the set of switching times 

of  is the union of the sets of switching times of  and . 

The proof of this Theorem is divided into three parts. First of all, we show that the 

switched singular system is regular and impulse free. Since , there exist 

nonsingular matrices  such that . In this paper, 

without loss of generality, let { ,0}E diag Er . and denote .We 

assume that the matrices  have the partitioned matrix forms 
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then (3) implies that .  and  derive that 

 which implies that  is nonsingular for  or 

. By [3] and Definition 1, closed-loop system  is regular and impulse free. 

Next, we will show the differential subsystem of the closed‐loop system  is 

exponentially stable. Define the piecewise Lyapunov functional candidate for system  

as follows: 

  

where  

  

Then, along the trajectories of  for , we have 

 

Where 

 

 

  

Right and left multiplying  by  and it’s transposition, and letting 

 then we have that  implies  

Similarly, along the trajectories of  for , we have 

  

It follows Lemma 1, 
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Consider above inequalities, we can obtain 

  

Where  

  

  

  

Right and left multiplying  by  and it’s transposition, then we 

have that  implies  

From (6), it is obtained on the switching points 
  

So, for any , we have 

  

The last inequality follows from that  

Similarly, for any , we have 

  

According to , we obtain 
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where  

 

 

Then, it yields 

  

Denote  i.e.  

So, for any switching signals with average dwell time , the differential subsystem 

is exponentially stable. 

At last, exponential stability of the algebraic subsystem will be confirmed. As  

is nonsingular, set 

  

and denote 

  

Then, system  is restricted system equivalent to 

  

By  and , it holds 

  

Then according to [24], we can deduce that there exist constants  and  

such that 

  

For time-varying delay, motivated from [16], some new variables are defined to model 

the dependency of  on past instants. Define 

  

When  there exist integer  such that  

and  By iteration, we have 

  

Then, following a similar procedure as the above, there exists positive integer  

such that  and  By 

iteration, we have 
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After  times iterative manipulations, there exists a finite positive integer  such that 

 and  

By an induction, we have 

  

            

Then 
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where . 

Notice that  and  we 

have 
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When  similar procedure can be performed to get same result, which 

confirms exponential stability of the algebraic subsystem. This completes the proof.  

Remark 1 It is worth pointing out that if  is nonsingular, then  is the normal 

switched time-delay systems. Our research method is also applied with a little alter. 

Remark 2 From the proof, we can see that the Lyapunov‐Krasovskii functional is 

required to decrease only during the controller is match to the active subsystem, and the 

Lyapunov‐Krasovskii functional can increase on the mismatching time interval. It shows 

that the influence caused by asynchronous switching can be compensated by designing 

the switching signal satisfying a switching delay‐dependent average dwell time scheme. 

Remark 3 Some new variables are defined to model the dependency of algebraic sub

‐state on past instants, and a iterative equation is derived which plays an important role 

in analyzing the exponential stability of algebraic subsystem. 

When the switching delay , the controller’s switching and the systems’s 

switching is synchronous, we have the following corollary. 

Corollary 1 For prescribed scalars ,  and , 

Suppose that there exist matrices  and  , such that 

    (7) 

   (8) 

   (9) 

where  

. 

Then, the controller (2) can guarantee that system  is exponential admissibility for 

any switching signal with average dwell time satisfying 

 

Moreover, the controller gains are given by  

 

4. Numerical Examples 

Consider the following switched singular time-delay system, composed of two 

subsystems described by 

Subsystem : 

 

Subsystem , 
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For 
 

Solving the condition in Theorem 1, we can obtain the minimum ADT  and 

the corresponding controller gains are 

 

 

5. Conclusions 

In this paper, the state feedback problem for a class of  switched singular time-

delay systems under asynchronous switching has been investigated. Delay-

dependent stability conditions have been derived for the closed-loop system to be 

regular, impulse free and exponentially stable in the presence of asynchronous 

switching. The corresponding controller can be determined by solving a set of  linear 

matrix inequalities. With the help of the average dwell time approach, a class of 

switching signals has been found under which the switched singular time-delay 

system is exponentially stable. An example has been given to demonstrate the 

applicability and effectiveness of the proposed approach. 
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