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Abstract

In this paper we derive a state variable estimation method of discrete stochastic dynamical
systems. It aims to obtain accurate estimation with short computing time. Therefore, the point
of this paper is to discuss a construction of Kalman filter algorithm on the reduced model.
First, we construct a reduced model by using balanced truncation method. Further, we apply
state variable estimation steps of discrete stochastic dynamical systems by using Kalman
filter on the reduced model. Thus, Kalman filter algorithm will be constructed on the reduced
model.
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1. Introduction

Estimation of state variable in a system is quite important. One method for estimating the
state variable in a system is Kalman filter [1]. Kalman filter is a recursive algorithm for
estimating a state variable in stochastic dynamical systems. Kalman filter estimation is
applied by assessing a state variable based on the dynamical systems. Further, based on
measured data, the result will be improved [2].

Kalman filter was applied in many problems, such as estimation of sea level [3], estimation
of heat distribution [4, 5], on the hydrodynamical model problem [6], and many others. On
the application of Kalman filter, there are some weaknesses due to numerical stability
problems or due to inaccurate modeling system [7].

In 1979, R. Anderson [8], developed the square root covariance filter algorithm to avoid
instability numerical problem. The algorithm of square root covariance filter successfully
overcame numerical stability problems, but the order of square root matrix become larger.
Furthermore, reduce rank is applied on the square root covariance matrix to reduce the order
of matrix so that the computing time become faster [9].

In generally, the construction of estimation method aims to obtain accurate result with
short computing time. The computing time is influenced by order of the system. To reduce
the computing time can be done by reduce model [10, 11].

Based on the above description, so it is important to construct a modified Kalman filter to
obtain an accurate estimation with less computational time. In this paper, we combine the
Kalman filter and reduction model method to construct Kalman filter algorithm on the model
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reduction as the extended of our results [5, 12]. Kalman filter algorithm aims to estimate a
state variable in the system, whereas the model reduction aims to construct a simple model
which has smaller order. In other words, we will construct Kalman filter algorithm on the
reduced model. The first step, we discuss about the construction of Kalman filter algorithm in
discrete stochastic dynamical systems. It aims to analyze the steps of estimation process.
Second, we construct the reduced model from discrete system by using balanced truncation
method. It aims to analyze the construction and characteristic of reduced model. Finally, we
construct Kalman filter algorithm on the reduced model from discrete stochastic dynamical
system.

2. The Algorithm of Kalman Filter on the Discrete System

A Before constructing Kalman filter algorithm for reduced system, firstly we analyze an
estimation process of state variable in discrete system. Here, we analyze estimation process
and construct the best estimator for a discrete system based on the Kalman filter algorithm by
F. L. Lewis [2]. Further, we use this process to apply Kalman filter on reduce model.

Let be given a dynamic system

Xk+1 = Axk + Buk ,

Zy = ka + Duk y (1)
where x;, € R™ is a state vector at the time k, u;, € R™ is an input vector at the time k and
Z, € RP is a measurement vector or output vector at the time k. While A, B, C and D are
appropriately dimensioned real constant matrices. Furthermore, we build a dynamic
stochastic system

Xk+1 = Axk + Buk + GWk y

Zy =ka+Duk+vk, (2)
where wy, is system noise and vy is measurement noise. wy, and v, are stochastic scale and
assumed by wy,~(0, Q) and v, ~(0, R).

Estimation of state variables in the system (2) can be doing by using Kalman filter. First,
we estimate the state variables based on a dynamic system and then we corrected based on the
measurement data to improve the estimations results. Estimation process of state variables
based on the dynamics system are called the prediction step, while the correction process that
involving the measurement data is called correction step. Kalman filter algorithm for discrete
stochastic dynamic system can be written as follows [2].

a. Initialization

PO = Pxo ; J,C\O = J€0 ' WRN(OJ Q) ; URN(O'R)'
b. Prediction step describes the effect of the dynamical systems
Error covariance : Pyq = APLAT + +GQGT.
Estimation t Xjyq1 = AXy + Buy, .
c. Correction step describes the effect of measurement
Error covariance : Pyo1 = Piyq — Piy1 CT(CPL 1 CT + R)TICPL,, .
Estimation : Rk41 = Rigp1 + Pra1CTR™ Y (21 — CRiciq) -
If we use Kalman gain Ky ;1 = Pr1CT(CP 1 CT + R)™1, then we rewrite
Error covariance tPry1 = U — Kgy1C)Pryq -
Estimation P Xps1 = Xpy1 + K1 (Zig1 — Cxjpq) -

d. To estimate the state at time k + 2, we are back again in step b and so on.

Prediction step and correction step are processed repeatedly until the time K is given or
until we find a best estimation X, that minimizes error.
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3. Reduced Model Construction on the Discrete Systems

In this section, we describe the formation of the model reduction by balanced truncation
[10, 13, 14]. Suppose the state space representation (1). We define two matrices,
controllability gramian, M and observability gramian, N . The controllability gramian
associated with the system (1) is matrix

M := Y., A*BBT (AT),
and the observability gramian associated with the system (1) is matrix

N = Y2 (AT)kCTCcA*.

The gramian M and N are each symmetric positive definite matrix and is the unigque solution
of the Lyapunov equation

AMAT + BBT — M =0,

ATNA+CTC-N=0.

Furthermore, the system (1) is called balanced if controllability and observability gramian
are equal and diagonal, i.e., if

M = N =diag(oy,05,,0,) =X ; 04 =20,=>20,>0, 3)
with g; is a positive real number which is ordered Hankel singular values of the system (1)
and X is called balanced gramian. Based on its Hankel singular value, then the balanced
gramian X can be partitioned into

> 0

2=[¢ o) )
where X, = diag (04,0,++,0,) and X, = diag (0,41, Ori2,*, 0p) With 0, > 014 4.

Next, we can construct the balanced system

Xks1 = A%y + By,

Zk = ka + Duk y (5)
with X, € R™ is a state variable in a balanced system at time k, u;, € R™ is the input vector in
a balanced system at time k and Z, € RP is the output vector in a balanced system at time k.
While the 4, B, € and D are appropriately dimensioned matrices of a balanced system,
respectively. Based on (4), then the system (5) can be partitioned into

A;n A;12 B,
G=| An 422|B; |. (6)
¢, G |ID
with
~ flk
7= (5,) "
and
A:(‘Eﬂ 412>,§=(?1),c~=(c1 ). (®)
AZl AZZ BZ

X1, Is a state variable that corresponds to the large Hankel singular value and %, is a state
variable that corresponds to the small Hankel singular value. If we assume X;, has dimension
r withr < nthen 4;; € R™", B; € R"™™, C, € RP*", and D € RP*™,

Furthermore the reduced models of the system (1) can be obtained by discarding the state
variables in a balanced system (5) corresponding to small Hankel singular values. So
generally reduced system formed order with respect to r with r < n and can be modeled in
the form of [14]

frk+1 = Allfrk + Bluk y
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Zpy, = C1 %, + Duy, . 9)

4. The Algorithm of Kalman Filter on the Reduced Model

In this section, we analyze about the construction of Kalman filter algorithm on the
reduced model. As explained in Section 3 that the construction of reduced model is begun
with constructing the balanced system. This balanced system is transformation result of
original system with sorted state variable position based on Hankel singular value. Further,
we can get reduced model by discarding the state variable on the balanced system that
corresponding to small Hankel singular values. The algorithm of the state variables estimation
on the reduced model, can be initiated by applying Kalman filter on the balanced system.

Suppose there is a dynamic stochastic balanced system

fk+1 = Afk + Euk + GWk

Zk = C~J?k+Duk+vk y (10)
where w,,~(0,Q) and v, ~(0,R) are system noise and measurement noise, respectively.
Furthermore, we given the initial state %, and initial estimation E[%,] = X, with error

- ~ = ~ = T = ~__ = -
covariance E [(Xo — %) (% — %) ] = P, and we denote P; and P, as error covariance on

the prediction step and on the correction step at the time k, respectively.

Next, we estimate state variables on the balanced system based on the dynamic system, as
called the prediction step. Estimation for the state variable %), on the balanced system (10)
based on the dynamic system can be described as follows:

Xir1 = E(Xpey1)

= E(A-fk + Euk + GWk)
= K)sz + §uk. (11)

Based on the partition which occurs in balanced system in equation (6), (7), (8), then we

can write the prediction step as follow

),C:\l:k-'—l =F A:ll A:12 (%1’() + ?1 U + GWk
X241 Ayr Azz) V2 B,
B (AllE[a?lk] + AE[%,, | + Bluk>
Ay E[%1, ) + AzzE[%, | + Bowi)

where fl‘kﬂ and fz‘kﬂ are the estimation for state variable corresponding to the large Hankel

singular value and the small Hankel singular value, respectively.
Based on the minimum realization lemma for continuous system [10], then can be derived
a minimum realization lemma for discrete system as following:

(12)

Lemma 1: Minimum Realization for the Discrete System
A| B

Given the dynamic system (1) and consider <— e —> as state space realization of transfer
()

function G. Assume there is a symmetry matrices P = PT = (I:)l 8) where P; nonsingular,
such that APAT + BBT — P = 0. Then, partition a realization (4, B, C, D) corresponding to
jn 1212 o Ai1| By
P, ie. | f21 ‘22 _BZ_ ,such that{ — —|— — ] is also a realization of G.
Ci 1 D

G G D
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P, 0

Proof. Based on the assumption that the matrix P can be partitioned into P = ( 0 0

),then
we can write the dynamic system (1) becomes
_ (" _ (A1 Ar _ (b1 -
e = (x2k>’ 4= (A21 Azz)’ B= (Bz)’ €= G

Furthermore, the Lyapunov equation APAT + BBT — P = 0 based on partition of P and
(A,B,C,D) becomes

ApP AT + B B] — P ApP AL +BBT 13)
Ay P1AT; + ByBY Ay1Pi A%, + ByBj .

Equation (13) satisfies

AP AT, + BiBT — P, =0, (14)

A, P,AY, + BiBY =0, (15)

Ay P AT, + B,BT =0, (16)

Ay P AT + B,BY = 0. 7
Equation (14) is a Lyapunov equation for P;, then

P, definite positive (or P; > 0). (18)
While from equation (17), we get

A21P1A£1 = —BszT . (19)
Multiplying (19) from the left by x and from the right by x, yield

xTA,, P, AV x = —xTB,BYx (20)

where x is any vector that is not zero.
We can write equation (20) in the form of quadratic norm applicable to any non-zero
vector x

P72 A8 = —||BL] @
and for P; > 0, then equation (21) is valid only if
If A,; = 0 and B, = 0, then equation (15) and (16) is also satisfied.
A1 Ap B,
By equation (22), then partition of the realization (4, B, C, D) is _O_ _‘122_ _0_ and
c; C, |I'D

the transfer function of (1) becomes:
G(z)=C(zl —A)™B+D

-1
_ A1 Agg B,
- (¢ CZ)(ZI—( ; Azz) (0)+D
= Cl(ZI - All)_lBl + D .

A1 By
—-——. O
D

Hence, we have (2) = (— -
C1

Now, we consider the balanced system (10) having an equilibrium gramian as in equation

(4). Furthermore, if we assume o, is very small (.., — 0), then the balanced gramian X

can be written as X = [201 g] where X, = diag (0,05, -+, 0,). Because X definite positive

and satisfy Lyapunov equation AXA” + BBT — X = 0, then we can apply Lemma 1 on the
balanced system (10), so the balanced system (10) applies
AZl = 0, EZ = O (23)
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By Lemma 1, we can see that the state variable %, does not affect the system so that it can
be ignored. Therefore, we can assume that the expectations of the state variable X, close to
Zero, i.e.
E[%;,] = 0. (24)
Furthermore, by substituting equation (23) and (24) into the equation (12) is obtained
x1k+1 = Allflk + Bluk y
X3, =0. (25)
Based on the equation (25), we can estimate the state variables of the balanced system at the
time k + 1 based on the dynamics of the system by the formula
Xpr1 = A11%y, + By (26)
Next, we will determine error covariance at the time k + 1 for the state variable on a
balanced system based on its dynamic system, i.e.
~_ ~ s_ ~ S T
Peyr =E [(xk+1 = Xiv1) (Frrr — Xiva) ]
= E[A(% - %) (% — &) AT] + 6QGT
T
~ ~ ~ I~ ~ I~ ~ ~ T
=5l A (- (NG - (2] (G =) |+ oeemen
Az1 Az X2k X2k X2k X2k Az1 Az
Based on equations (24) and because X;, and X,, are independent, then we get
E[%;,] = 0,
E[%) — %2,,] = 0,
= K
E _(ka — %z ] ~ 0,
[ ~ = ~ 3 T
E _(ka — %, ) (Fay — X1y) ] ~ 0, (28)
[ ~ = ~ = T
E _(xlk = %1,)(%zy — X2y ] ~ 0,
[/~ 2 ~ 2 T
E _(ka — %2, ) (%2, — %z,) ] ~ 0.
Therefore we can write equation (27) becomes
s = ~ = ~ = Tl ~ T
Py = A E [(x1k - xlk)(xlk —x1,) ]An +GQGT
-~ ~ T
- AllpflkAll + GQGT (29)
According to equation (29), we obtain that the result of error covariance in the balanced
system based on the dynamical system is only affected by error covariance on the state
variable ¥, , .
Then we consider measurement factor in balanced system (10). Measurement estimation
7, of balanced system (10) is
By using partition the balanced system, then we obtain

ik=E [(é1 #y) (29] + Efv]
= C}g[ilk] + C,E[%,,] + Elvi]
=3y, (31)

Equation (31) shows that the result of estimating measurement in balanced system is only
affected by the state variable %, ,, while the state variable X, can be ignored.
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Furthermore, we determine error covariance of measurement factor Z, in the balanced
system (10) is

By = E| (2 — 2) (2 — )]
= E [C(f — %) (% — %) CT] + R

~ 2 ~ 2 T
~ - X1, — X1 X1, — X1 - -
=E|(( C2)<~ kel "><~ ke ") (¢, COT|+R. (32)
X2 — X2/ \ X2 — X2
Based on equations (28), then we get
~ ~ ~_ T
sz = Clen(Cl + R . (33)

Equation (33) shows that error covariance of measurement on the balanced system is only
affected by error covariance of the state variable X, .

Furthermore, based on the combined effect of the dynamical system and the measurement
factor, then we can be determined a joint error covariance between %, and Zj,

=~ [/~ = . 2 \T

Pszk =F _(xk — Xk)(Zk - Zk) ]

[ ~ = ~ ) T ~ ~ =
=F _(xk - xk)(xk - xk) CT] + E[(xk - xk)]E[va]
[/~ = ~ 2 T
X — X X - X - .
= F <~1k :1k> (~1k :1k> (¢, CZ)T
Xop = X2p ) \X2) — X2y
[/ = ~ = TxT
=E _(xlk = %1,) (Fay — %) G ]
~_ =T
= Pflkcl . (34)

Equation (34) shows that the only state variable X;, that affect the result of joint error
covariance between %, and Zj,.
In the same way as in equation (34), then we can formulate

szfk = Clpje_lk . (35)

Based on the result that has been obtained in equation (33), (34) and (35), then error

covariance of balanced system (9) based on the effect of dynamical system involving the
effect of measurement factor at the time k can be expressed as

Pe = Pz, /2,
~_ ~ ~ -1~
=P - Pfkfk(Pfk) Pz
~_ «  xT(xx_ =T -1
=P, —P; ¢ (CF; G +R) CF; . (36)
Thus, refers to equation (36), can be determined error covariance of balanced system (9)
based on the effect of dynamical system involving the effect of measurement factor at the
time k + 1 can be expressed as

~ ~_ < 2T (x~_ T -1
Pk+1 = Pf1k+1 - P’Zlk+1C1 (Clp’?lkﬂc1 + R) Clpflkﬂ’ (37)
If we define Kalman gain as follows:
= 2T 1 s_ AT [ ~_ ~ T -1
Kier = PG R =P; G (CP;, G +R)
then equation (37) can be written as
Pryr = (I = Kin C)Pg, - (38)
The estimation of state variable at time k which obtained based on Isszk, ﬁzk and §k, that
is called the best linear estimator given by measurement Z,, X, and P, can be formulated as

fk = E[fk/fk]
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= ;E + ﬁszkf’z_kl(ik - ch)

~ -~ ~ o~ -1 ~
=X +P;, 0 (CP;, G +R) (2 — CiFp)

S ~ ~T _1/. ~ S
=%, +P.C, R7(2, - Ciky) . (39)
Based on equation (39), the state variable estimation at the time k + 1 can be formulated into
2 S ~ AT 17~ A S
Xisr = X1y, + Pes1Co R7H(Zsr — GiX7 ), (40)
or
Xg+1 = Xqp,, T Kier1(Zke1 — C1971_k+1) : (41)

Based on the above explanation, we can construct an algorithm for estimating the state
variables in the reduced system by using Kalman filter. This algorithm is called the algorithm
of Kalman filter on the reduced system.

The Algorithm of Kalman Filter on the Reduced System is
a. Give an original system in the form of discrete system as denoted in equation (1)
b. Determine a balanced gramian of the system (1) as stated in equation (3).
c. Construct a stochastic balanced system as expressed in equation (10), i.e.
- the dynamical system model:  %.; = A%, + Buy + Gwy,
- the measurement model: 7 = CX + Duy + vy, .
d. Based on the partition balanced gramian as stated in equation (4), we can partition
balanced system (10), i.e.

-y . 1 Z
- partition of balanced gramian: T = [01 ZO]
2

. X - (A, A - (B ~ ~ =«
- the partition of the system: %, = (f"), A= (Jl ~12>, B = (J), C=(C ()
X2 Az1 Ap B,
e. Determine the estimation of the state variable on system (10) by this following steps :
i. Initialization
We give initial conditions on the stochastic system (9), i.e.
X
- initial state: X, = (f"),
X2,
. o - %
- initial estimation: E[%,] =X, =( . ° ),
X2,
- initial the error covariance: E [(9?0 — %) (% — J?O)T] =P,
ii. Prediction step
We determine the estimation and the error covariance of state variable on the system
(10) at the time k + 1 based on the dynamical system, i.e.

. = ~ ~_ = T
- Error covariance: Py = AHP,{“(A11 + GQGT,
- Estimation: Xiy1 = A11%, + Byuy,
iii. Correction step

By using the measurement data, we do a correction to the estimation and error
covariance results that have been obtained in the prediction step. So that we get

. ~ ~_ ~_ ~T (=~ ~_ ~ T -1
- Error covariance: Pryq = Pfl,m - Pflkﬂcl (ClP,?lkHC1 + R) C1Pf1k+1’
H H . = S— =~ ~T (= ~ a_
- Estimation: X1 = X1k+1 + Pk+161 R (Zk+1 — Clx1k+1) .

- - - - - - -1
And with Kalman gain K, = P,(HClTR‘1 = P§1k+1C1T (ClP,glkHClT + R) then
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- Error covariance: {’kﬂ = (AI - Kk+1C1)P,Elk+1, B
- Estimation: Xiwr = X1, + Kiw1 (Zrer — Gi%1, ) -

f. To estimate the state at time k + 2, we are back again in step e (ii) and so on.

Prediction step and correction step (in step €) are processed repeatedly until the time k is
given or until we find a best estimation X, that minimizes error.

The steps in the above process can be images in a simple diagram as Figure 1.

Discrete-time dynamical system
A dynamic sistem: x,,, = Ax; + Buy,
Measurement: Zr = Cxy + Duy,.
v

Determine balanced gramian
M = N =diag (64,65,*,05) 2 X
where M and N are the controllability gramian
and observability gramian, repectively.

v
The stochastic dynamical balanced system
A dynamic sistem: %,.; = A%, + Buy, + Gwy,
Measurement: 7, = CX + Duy + vy
where w,~N(0, Q) and v,~N(0,R) are system
noise and measurement noise, respectively.
v

Partition of the balanced system as follows

-y . Z
- partition of balanced gramian: X = [ 1 0 ]
0 I,

X
- partition of state variable system: %;, = <f1">,

2k
" . - (A AL\ < (Bl 2 .
- partition of the matrices: A = <~11 12), B= <~1>, C=(C, Cy.

21 A22

v

Estimation state variables on the balanced system by using Kalman filter

Initialization Correction step

(flo) ~ (9?1()) <ﬁ10 0 ) Error covariance: ) T .
XZO 220 ’ O on Pk+1 = p_ — ﬁ.._ Cl (Clﬁ: Cl + R) Cl ~f—

Tgerr X1k+1 X1k+1 1k+1
wi~(0,Q), v~(0,R) Estimation: .
v Xirr = 9?1_,”1 + PeraC RN (Zjys — 619%1_,”1)-
Prediction step With Kalman galTn r r 1
Error covariance: Kiw1 = Pras€i R =P; €' (€,P;, € +R)
P,;_l =_A11Pf‘1kA11 +GQG™ 4 Error covariance: Py, = (I — Kk+1(~21)ﬁ,{1k+1,
Estimation: Estimation: Bprr = Xp, + Kira (i — 635, )
Xiy1 = A1nXq, + Biuyy

I A

Figure 1. The Algorithm of Kalman Filter on the Reduced System
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5. Case study

In this section, we estimate the heat distribution of the wire by using Kalman filter that is
applied to the original system and the reduced system. Next, we compare the accuracy of
estimation and computational time between the original system with reduced system.

First, given the problem of heat distribution on the wire. Suppose the length of the wire is [
and the heat conduction coefficient is . We assume that the sides of the wire is insulated
perfectly, it means that there is no heat which able to penetrate the wire. Besides that, heat
flows along the wire just depends on the position and time. Furthermore, we denote the
temperature as U, the position denoted as x, and time is denoted as t. So U is a function of x
and t, or can be written as U(x, t). Further, at one of the end of wire insulated, U, (0,t) = 0,
while at the other end of temperature was kept on Uy constantly for all t > 0, where N is the
number of wire parts. The heat conduction equation can be expressed as

azuxx = U,
with the boundary condition and initial condition as follows:

Ux(o' t) =0,

U(l,t) =Uy,

U(x,0) = f(x),
where f(x) isafunctionofxand 0 < x <[, 0 <t < 0.

We discretize by forward different methods for time t and central difference approach
for position x, then we get

Usjer1 = Y(Uim1k = 2Us i + Ui ) + U,
2
where y = A“?At.
To keep the stability discretization explicitly, then we have to define y < 0,5. While the
boundary conditions and initial conditions are:

Uy (0,£) = 2ok — g,
U(l' t) = UN,k = U:
U(x,0) = f(x) = fip.
The system including noise, so we can write
Uiks1 = Y(Uicie = 2Ugge + Ui i) + Usie + Wik (42)
where W; ;. is a system noise.
Then we define the measurement equation as follows:
Ziy1 = CUj g1 + Vigsa (43)
where V; j, is a measurement noise.
The system (42) and measurement (43) can be written in the form of state space systems:
X1 = Axk + Buk + GWk, (44)
Zir1 = Oy + Vier1, (49)
where x;, = [Uy, Uy, -+, Uy_1]% is state vector, z, = [21'22""'219]2 is measurement vector.

Wy = [wy, wy, -, wy ]% is system noise and we assumed W, ~N (0, Q). Vj, = [vy,v,, ---,vp]lt(

is measurement noise and we assumed V,~N(0,R). While matrices A, B, C and G are
appropriately dimensioned matrices.

The system (45) has the order N, where N is the number of sections taken or the number of
positions along the wire. So that, we have a large scale system, which depends on the amount
of N that we take. So we need to modify Kalman filter for estimating state variables. In this
paper, we reduce the order system before apply the Kalman filter algorithm.
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In this simulation, we take the length of wire is [ =100, the heat conduction
coefficient is a? = 10, the boundary condition are U, = 0, Uy = 100. In this research,
we divide the length of wire [ = 100 to 10, 20, 50 grids and we do simulation during 50
time step. The initial estimates X, = 0 and initial estimation of error covariance
Py = 0,31 with I is the identity matrix. In this simulation, we compare the estimation result
by Kalman filter algorithm for the original system (44) with the reduced system (9).

Graph - Heat distribution at time : 50
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Figure 2. Estimated Heat Distribution by using Kalman Filter

Figure 2 describes the temperature at all positions at the 50" time for the original system
with N = 20. It shows that the estimation of heat distribution on the original system,
U_estimates, and the estimation of heat distribution on the reduced system, U,._estimates,
respectively has a performance that is not much different from the original heat distribution as
U_original. The comparison of estimation error on the original system and the reduced
system can be shown in Figure 3.
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Figure 3. MSE Estimation of Heat Distribution by using Kalman Filter
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Figure 3 describes the comparison between average estimation error on the original system
(N = 20) with on the reduced system (r = 6) at the 50" time, while the calculation results of
average error is listed in Table 1. Table 1 shows that the error estimation of heat distribution
on the reduced system less than on the original system. It means that the results of state
estimation by using the Kalman filter which is applied to the reduced system is more accurate
than the results of state estimation on the original system.

Table 1. MSE Estimation of Heat Distribution by using Kalman Filter

Original Sistem Reduced System
#State MSE #State MSE

10 | 0.10259442 5 0.04569062

20 0.010861 6 0.00424763

50 | 0.01081432 7 0.006846894

Furthermore, the computational time can be shown in Table 2. The the computational time
is calculated based on the calculation of software MATLAB with Intel i5 2.50GHz, RAM
4.00 GB, operating system win7 64-bit. The computational time is a total calculation time of
the state estimation by using Kalman filter algorithm. Table 2 shows that the computational
time on the reduced system is less than on the original system.

Table 2. Computational Time to Estimate the Distribution of the Heat by
Kalman Filter

Original System Reduced System
#State Time #State Time

10 0.0154224 5 0.00914874

20 0.048102 6 0.0317882

50 1.25008 7 0.239162

6. Conclusions

Based on the above description, it can be concluded that Kalman filter algorithm on the
reduced model can be constructed through the balanced system by applying the Kalman filter
algorithm in discrete system. In the balanced system, we get Xier1- By applying the
Kalman filter algorithm in balanced system, we get Xy.q and P,.,. Based on the
calculation above, we can conclude that the state estimation %, is only influenced by
the estimation result of state variable which has a great effect to the system, i.e. 9?1‘,”1, and
error covariance P, 4, is only affected by the error covariance of the state variables that have
a large effect on the system, i.e. P~

Based on case study in the estlmgtlon of heat distribution on wire by using Kalman filter
algorithm, we can conclude that the state estimation in the reduced system is more
accurate and the computational time is less than the state estimation on the original
system.

268 Copyright © 2014 SERSC



International Journal of Control and Automation
Vol.7, No.9 (2014)

Acknowledgements

We give a great appreciation to the Postgraduate Program particularly for doctoral
programme of Gadjah Mada University (UGM), Yogyakarta-Indonesia. And we give a great
appreciation to the Central Research Institution of Institut Teknologi Sepuluh Nopember
(ITS) Surabaya-Indonesia, which has provided us a research grant with contract number
2184.92/1T2.7/PN.01/2012 November 27th, 2012. The first author would like to thank
Fatmawati of Universitas Airlangga for helpful discussions.

References

[1] H. Kwakernaak and R. Sivan, “Linear Optimal Control Systems”, Wiley-Interscience, Inc, New York,
(1972).

[2] F.L.Lewis, “Optimal Estimation”, John Wiley and Sons, (1986).

[3] E. Apriliani, “The Estimation Of The Water Level By The Reduced Rank Square Root Information
Filter”, Proceedings of the Asia — Pacific Vibration Conference, (2001); China.

[4] E. Apriliani, “The Estimation Of The One Dimensional Temperature Distribution By The
Modification Of The RRSQRT Filter”, Proceedings of the national mathematics seminar,
Departement of Mathematics Institut Teknologi Sepuluh Nopember (ITS), (2000); Surabaya,
Indonesia.

[5] D. K. Arif, Widodo, Salmah and E. Apriliani, “Distribution Estimation of Heat Conduction using
Kalman filtering which Implemented on Reduction Model. Proceedings of the 3rd International
Conference and Workshop on Basic and Applied Sciences 2011 (ICOWOBAS 2011), (2011)
September 21-23; Surabaya, Indonesia.

[6] M. Verlaan, Efficient Kalman filtering for Hydrodynamic Models, PhD Thesis, (1998); Delft University of
Technology, Netherland.

[7]1 P.S. Maybeck, “Stochastic Models”, Estimation and Control, vol. 1. Academic Press, (1979).

[8] R. Anderson, “Optimal Filtering”, Prentice-Hall, (1979).

[9] M. Verlaan and A. W. Heemink, “Convergence of the RRSQRT Algorithm for Large Scale Kalman Filtering
Problems”, Technical report 97-19, TU-Delft, (1997).

[10] K. Zhou, “Essentials of Robust Control”, Prentice-Hall, (1998).

[11] S. Sigurd, “Multivariable Feedback Control: Analysis and Design”, John-Willey and Sons, (2001).

[12] D. K. Arif, Widodo, Salmah and E. Apriliani, “Implementation of The Kalman Filter On Reduction
Model”, Proceedings of the 8th International Conference on Mathematics, Statistics and Its
Applications 2012 (ICMSA 2012), (2012) November 19-21; Sanur Paradise Plaza Hotel, Bali-
Indonesia.

[13] K. Zhou , J. C. Doyle and K. Glover, “Robust and Optimal Control”, Prentice-Hall, Englewood CIiff,
New Jersey 07632, (1996).

[14] S. Weiland, “Balancing and Hankel Norm Approximation of Dynamical Systems”, Course Model Reduction,
(2009) February 4, http://w3.tue.nl/fileadmin/ele/MBS/CS/Files/Courses /Model_Reduction/modred2.pdf.

Authors

Didik Khusnul Arif, Post Graduate Student in Department of
Mathematics, Universitas Gadjah Mada (UGM), Yogyakarta, Indonesia
and Lecturer of Department of Mathematics, Institut Teknologi Sepuluh
Nopember (ITS), Surabaya, Indonesia.

Widodo, Professor on Department of Mathematics, Universitas
Gadjah Mada (UGM), Yogyakarta, Indonesia.

269


http://w3.tue.nl/fileadmin/ele/MBS/CS/Files/Courses%20/Model_Reduction/modred2.pdf

International Journal of Control and Automation
Vol.7, No.9 (2014)

Salmah, Department of Mathematics, Universitas Gadjah Mada
(UGM), Yogyakarta, Indonesia.

Erna Apriliani, Professor on Department of Mathematics, Institut
Teknologi Sepuluh Nopember (ITS), Surabaya, Indonesia.

270 Copyright © 2014 SERSC



