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Abstract
This paper describes how to design a Galois field GF(28)dividing circuit using double
subfield transformation[5]. The circuit is much faster and more efficient than the classical
GF(28) divider . Multiplier circuit is used mainly for ECC encoding and for the Encripting
machine while the Divider is used for ECC decoding and the Decripting machine. The divider
in the paper is designed based on the GF(22) inversing circuit and we applied double subfield
transformation. We compared the new design with the classical design in both respects, speed
and cost so find the new design is much better than the classical design.
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1. Introduction
This paper describes a new design for dividing circuit that are used for Reed-Solomon
(RS) Error Correcting (ECC) Codec and RS Endecription circuit. RS codes has great
power and utility, and are today found in many applications from mobile phones to
deep-space applications [1]. Since most digital devices use GF(2 8) galois elements, we
also design the Divider that performs the division in the GF(28) field. To develop the
more economical and timely faster processor we apply the double subfield
transformation theory that can enable us to transform GF(2 8) galois elements to GF(22)
galois elements and vice versa. In GF(2 2) field, every arithmetic and logical operation
is much simpler and faster than in GF(2 8) field and after we get the results in GF(2 2)
field , the results in the subfield are doubly transformed to the elements in the GF(2 8)
field not going through the GF(2 4) field [2, 3].
In Section 2, we describe the new divider design and its structure and in Section 3, the sub
part operations of the new divider are part by part analyzed. Here we find the new divider is
consists of the GF(22) multiplier and Inversing circuit. In Section 4 the new ECC processor
structure which is using the new multiplier/divider is described to prevent the data corruption
during transmission through the communication channel [4]. In Section 5, we simulated the
new design and showed the result in GF(2 2), GF(2 4) and GF(2 8) fields. Finally in
Section 6, we describe our future work toward the continuous improvements of the ECC
processor and Endecription machine.
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2. The New Divider design
Suppose that the quotient of elements A and B is D, where A,B,D∈ GF(28) field, and let
D= A/B = (a0+a1 β) / (b0 + b1 β) = d0 + d1 β .

(1)

where a0,a1,b0,b1,d0 and d1∈ GF(24).
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Figure 2 shows a block diagram for implementing the equation (2) by using 6 multipliers, 5
adders and an inversion circuit, γ multiplier, a square and γ multiplier over GF(24). Now each
GF(24) arithmetic units in the GF(24) field are converted to the GF(22) field.

Figure 1. New GF(28) Divider block diagram using GF(24) Arithmetic units
based on GF(22) field Logic. ( <A> means GF(24) arithmetic machine based on
GF(22) logic. )
In Figure 1, 3 Multipliers implement a1b1, a0(b0+b1), b0(a0+a1), using GF(22)
multipliers, and square then γmultiplier implements (
) for equation (2) for equations (1)
and (2), so on. All logic and arithmetic operations are performed in GF(22) field, therefore
GF(24) elements are transformed to GF(22) elements and after processing ALU operations,
GF(22) elements are reversely transformed to GF(24) elements again[6].
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3. Analyzing the Subparts of the New GF(28) Divider based on the
GF(22) Arithmetic and Logic Operations
In this section, we present first the transformation of the GF(24) to and from GF(22) ,
secondly and thirdly GF(24) multiplier and inverse circuit implemented using GF(22)
multiplier and inverse circuit.
i)

A conversion between the GF(22) and GF(24) elements

This conversion is described in [ ]. So we show here just the result. A conversion
from elements represented by the basis of GF(2 2) into elements represented by the basis
of GF(2 4) is as follows,
b0 = z0+z1+z2+z3
b1=z1+z2+z3
b2=z2
b3=z1

… (3)

From equation (3), a conversion from elements represented by the basis of GF(2 4)
into elements represented by the basis of GF(2 2) is as follows.
Z0= b0+b1
Z1= b3
Z2= b2
… (4)

Z3= b1+b2+b3
ii)

4

2

GF(2 ) multiplier using GF(2 ) multiplier

The GF(24) Multiplier using GF(22) multiplier and Ψ multiplier is described in the paper [ ].
So we just here show the block diagram of GF(24) multiplier based on the GF(22) multiplier
in Figure 2[5].
iii)

GF(24) inverse circuit using GF(22) multiplier and inverse circuit.

The GF(24) inverse circuit can be implemented using GF(22) multiplier, inverse logic,
adder, and Ψ multiplication and square logic as shown in Figure 3. We show the GF(22)
inverse table in the Table 1 and its logic circuit in the Figure 4. Also we derive GF(22) square
and Ψmultiplication logic by equation (6). Figure 5 shows the square and Ψmultiplication
logic circuit.
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Figure 2. The GF(24) Multiplier block diagram using GF(22) multiplier, adder
and Ψ multiplier

Figure 3. The GF(24) Inverse Logic block diagram using GF(22) multiplier, adder
and Ψ and square circuit
In Figure 3 ,I =(I0,I1)=
, where A=(a0,a1), I ∈GF(24), and I0,I1,a0,a1 ∈GF(22).
GF(22) inverse logic is derived as follows. From the primitive function p(α)=0, we know
2
α =α+1, so we get the Table 1 for the GF(22) inverse logic.
Table 1. GF(22) Inverse elements table
α (b0,b1)
0 (00)
1 (10)
α (01)
α2(11)
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α-1(I0,I1)
Don’t care
1 (1,0)
α2(1,1)
α (0,1)
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From the Karnaugh mapping, we get the equation (5) and its logic circuit is depicted in
Figure 4.
I0 =( ̅̅̅ OR ̅̅̅ )
I 1 = b1

… (5)
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Figure 4. The GF(24) Inverse Logic block diagram using GF(22) multiplier, adder
and Ψ and square circuit
Now we derive ΨX2(square and Ψ multiplication) circuit as equation (6).
If

A=a0+a1 Ψ , where A, Ψ ∈GF(22) and a0,a1∈GF(2)

Then
Ψ A2= (a0+a1 Ψ2) Ψ=a0 Ψ+a1 Ψ3=a0 Ψ+a1(Ψ+1) Ψ
=(a0+a1) Ψ+a1(Ψ+1)
=a0 Ψ+a1
=(a1,a0)
… (5)
Equation (5) is drawn in the Figure 5.

Figure 5. Ψ and square circuit (ΨX2 circuit). (a0,a1) maps to (a1,a0)
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4. New Error Correcting Code and Endecripting Processor structure
based on GF(22) field ALU

Figure 6. GF(28) ECC and Endecripting Processor structure based on the GF(22)
ALU
In Figure 6 all the GF(28) ALU processings are performed in the GF(22) field and later final
results are transformed to GF(28) elements by way of the GF(24) transformation. The speed
and cost of the machine is much more efficient and better than the classical machine [7, 8].

5. Simulation of the New GF(28) Divider using the GF(22) ALU
5.1 Simulation result
Now let’s calculate equation (6) using our new divider:
∈GF(28)
and
∈GF(28)
Here

∈GF(24)
= (α +Ψα ) + (
) ∈GF(22 )
197
5
5
α =α +β α = (α+0Ψ)+ β((α+0Ψ))

… (6)

2

and
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… (7)

Copyright ⓒ 2013 SERSC

International Journal of Control and Automation
Vol.6, No.5 (2013)

Figure 7. C=D=

∈ GF(28) VHDL simulation result, where D is GF(22) expression
of C

5.2 Comparison of GF(24) Inverse logic gate counts between the logic based on GF(22)
field logic and the direct logic
Table 2. Comparison of gate counts and number of TRs
AND(MOS TRs)
OR(PNMOS TRs)
Inverter(MOSTRs)
EXOR(MOS TRs)
Total(MOS TRs)

GF(24) inverse logic

GF(2 4) inverseUsingGF(2 2 )logic

19(6)

10(4)

6 (6)
1 (6)
2 (2)
9 (4)

29(154)

18(82)

In Table 2, we see when we use the subfield logic, gate counts and number of TRs used are
greately reduced. For the speed becomes about 3 times faster when we use the double subfield
transformation [7].

6. Conclusion
In the decades since their discovery, Reed Solomon codes have enjoyedcountless
applications from compact discs and digital TV in livingroom to spacecraft and satellite in
outer space [1]. Here we propose the new design of the GF(28) divider using double subfield
transformation. We summarize the characteristics of the new design
1. New design using GF(22) logic consumes about the half of the gate and TRs used
for the classical design.
2. Speed becomes about 3 times faster than the classical design.
In the near future we will design the new decrypting machine using the new
divider/multiplier and want to show its wonderful efficiency.
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