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Abstract
Finding optimized path in the workspace is one of the fundamental problems to solve for
an autonomous mobile robot. Avoiding obstacles and building an eﬃcient trajectory is the
key goal. For this reason, a mobile robot has to manage the free conﬁguration space very
eﬃciently for the purpose of path planning and navigation. Partitioning the conﬁguration
space will make the path planning task easy, faster and eﬃcient. Also, data read by the
sensor has some inherent noise. So we implement an algorithm to make an eﬃcient estimation of the future states to build map that helps manage the environment eﬃciently to
ﬁnd the optimized paths to destination. We apply Extended Kalman Filter (EKF) to ﬁnd
the accurate estimation on sensor data and then K-means clustering algorithm to ﬁnd the
next landmarks avoiding the obstacles.
Keywords: Extended Kalman Filter (EKF), K-means clustering, conﬁguration space, path
planning, robot navigation.

1: Introduction
Path planning is arguably the most important goal for a robot to solve. It deals with
automatic generation of feasible paths for robots in the presence of obstacles. So far, the
major concern was to merely ﬁnd a feasible path, regardless of its quality. But these days,
quality of the path carries more interest than merely ﬁnding a collision free path. This
problem has been solved mostly by using randomized algorithms, such as Probabilistic
Road-Maps (PRM) [1] or Rapidly-exploring Random Trees (RRT) [2]. Sampling-based path
planning technique [3] handles complex problems in high-dimensional spaces but usually
operate in a binary world aiming to ﬁnd out collision free solutions rather than the optimal
path. Classical grid-based methods [4] can be used to compute resolution-optimal paths
over a costmap. To ﬁnd paths quickly in large search spaces, roadmap based planners are
ideal [5].
Optimization of generated paths using randomized algorithms is addressed by [6] that
presents an iterative algorithm to optimize raw paths. Some of the methods extract optimized paths from motion planning roadmaps [7] enabling collision detection and kinematic
constraints. This readmap is created by using reachability roadmap method which is particularly suited for motion planning in virtual environments. For robotic applications, a
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path should be short and should keep some amount of minimum clearance to the obstacles.
Such a path is generated using partial shortcut [8] technique that reduces the chances of
collisions. Considering a cost function deﬁned over the conﬁguration space, L. Jaillet et. al.
[9] proposes a low-cost Transition-based RRT planner that ﬁnds the solution with respect
to a path quality criterion.
Some robots with inexpensive sensors rely on heuristics [10] or randomized approach
because of the technical diﬃculties of implementing localization, map building and path
planning with low-cost sensors as well as low computing power. Many coverage path planners either implicitly or explicitly use cellular decomposition [11] of the free space to achieve
some guaranteed level of coverage. They divide the entire region into cells and each cell
is covered one after another, which is found to be more eﬃcient than covering the entire
region as a whole [12].
To navigate and to ﬁnd the optimized path in complex environments, autonomous robots
require map information from robot sensors. Lumelsky et al. [13] considered the sensorbased approach, which requires a robot to build a complete map and cover the whole terrain
in an unknown environment based on the sensory feedback. Vision-guided range detection
sensors can be used to obtain the ﬂoor map [14]. A complete coverage navigation algorithm
in unknown environments is proposed by Park and Lee [15] that is composed of a sweeping
algorithm, a point-to-point moving algorithm, and a corner work algorithm. Butler et al.
[16] suggested a distributed coverage algorithm, where the robot can detect obstacles by
only sensing in a shared, connected rectilinear environment. In this method, a coverage
path is planned in an initially unknown environment by collecting the incoming sensor data.
Some localization approach use neural networks for robot map building and map learning
[17]. Yasutomi et al. [18] proposed a learning-based complete coverage approach using
grid-like map representation of workspace in an unknown environment.
The problem of building a grid map using cheap sonar sensors is addressed by [19]. It
tries to model the environment as accurately as possible by using the erroneous sensors.
Some papers also focus on the map building of multiple robots. Lourades et al. [20]
considered a team of robots with diﬀerent sensing and motion capabilities. Chaoxia et al.
[21] represented a topological map and an online map construction approach. A neuraldynamic based approach for real-time map building and complete coverage navigation of
autonomous mobile robots is introduced in [22]. EKF based localization to build the large
scale indoor maps is used in [23].
However there are always errors associated with every model. Moreover, sensors are
prone to errors and generate noise which adds to the complexity of the problem [24]. So
prior processing of the sensor data is essential to generate accurate maps. That is why we
ﬁrst apply EKF to reﬁne the sensor data and then K-means clustering algorithm to ﬁnd
the estimation as accurate as possible.
The remainder of this paper is organized as follows: section 2, gives some idea about
the kinematics of the mobile robots with its workspace and conﬁguration space. Section 3,
provides an overview of Extended Kalman Filter (EKF) technique. Section 4, introduces the
idea of K-means clustering algorithm which is also a relevant component for our method.
Section 5 and 6 give our method and the experimental results respectively. Finally we
conclude with section 7.
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2: Workspace and Configuration Space
The robot can be represented as a point (x, y) ∈ R2 in the continuous Cartesian plane.
The point (x, y) fully describes the coordinate position of the robot in the plane. Nevertheless, this representation is not suﬃcient for a rigid robot which is capable of translating
and rotating in the plane. In this work, the orientation of the robot at each position need
be considered and the conﬁguration of the robot is deﬁned as
q = [x y θ]T ,

(1)

where (x, y) is the coordinate position of the robot’s center in the Cartesian plane, and θ
is its heading angle.

Figure 1. Workspace and configuration space: (a)workspace (b)configuration space
When the robot A moves on a workspace W ∈ R2 , not all regions of W are accessible
to it. Since the conﬁguration q of robot A is a speciﬁcation of the physical state of A with
respect to a ﬁxed position in W, a conﬁguration q of robot A is said to be valid if robot A
can access the position of W as (2).
C = {∀q | A(q) ⊂ W}

(2)

The set of all valid conﬁgurations of robot A is deﬁned as its free space, Cf ree . Conﬁguration q in W that robot A cannot access is called invalid, or it corresponds to obstacles. In
other words, the conﬁguration space of robot A is the space C of all possible conﬁgurations
of A in the workspace W. Let Oi be an obstacle in W, then the union of all Oi becomes
the obstacle region in W. It is the set of all conﬁgurations of robot A at which the robot
region A(q) is in contact or overlapping with obstacles regions Oi as (3).
Cobs = {∀q, i | A(q) ∩ Oi ̸= ∅}

(3)

Since the obstacle region prohibits certain conﬁgurations of the robot, the free space Cf ree
of the robot is deﬁned as
Cf ree = { q ∈ C| A(q) ∩ (∪ Oi ) = ∅}.
i

(4)
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Where A(q) is the portion of W occupied by robot A when the robot is in conﬁguration q.
A polygonal or circular robot in the workspace W is represented by a point in conﬁguration
space C as Fig. 1, and any point in conﬁguration space corresponds to some placement of
an actual robot in workspace.
A path for the robot maps to a curve in the conﬁguration space C and every placement
along the path maps to the corresponding point in conﬁguration space. A collision-free
path maps to a curve in the free space Cf ree . Fig. 1 illustrates this for a translating
circular robot. On the left, the work space W is shown where black colored polygons are
the obstacles. Conﬁguration space C is shown on the right side where grey parts are oﬀset
areas of the obstacles. The unshaded part in between the grey area is the free space, Cf ree .
For clarity, the obstacles are still shown in the conﬁguration space, although they have no
meaning there.

3: Extended Kalman Filter (EKF)
Our real world systems are nonlinear. So we apply EKF algorithm to linearize the inputs
to get the estimate of the state x ∈ Rn , allowing nonlinear systems to be modeled. We
can analyze [25] the estimation around the current nonlinear kinematics and observation
models using the Taylor expansion of the process and measurement function to compute
the future estimates.
The EKF, consists of three steps that work in a cycle. First, the robot state and covariance are predicted (EKF prediction). Then, it observes the environment and if there is a
new observation or measurement, this is assigned to the correct feature (EKF observation)
and the robot state and covariance are ﬁnally corrected (EKF update) [26].
Let us assume that our process has state vector x ∈ Rn , the process is governed by the
following non-linear stochastic diﬀerence equation
X(t + 1|t) = f (X(t), U (t), w(t)),

(5)

where X(t + 1|t) is the state prediction based on the current time t with a measurement
z ∈ Rm
z(t + 1) = h(X(t + 1), v(t + 1)),

(6)

here w(t) and v(t) represent the process and measurement noise respectively. These are
assumed to be independent and white with normal probability distribution as (7) and (8).
p(w) ∼ N (0, Q)

(7)

p(v) ∼ N (0, R).

(8)

In practice, one does not know the individual values of the noise w(t) and v(t) at each
time step. However, we can approximate the state and measurement vector without them
as
X̂(t + 1|t) = f (X̂(t), U (t), 0)

(9)

ẑ(t + 1) = h(X̂(t + 1), 0))

(10)

and
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where X̂(t + 1) is an a posteriori estimate of the state from the current time step t.
The covariance prediction is
T
P (t + 1|t) = ∇fX(t) P (t|t) ∇fX(t)
+ W (t) Q(T |T ) W T (t)

(11)

where ∇fX(t) is the dynamics gradient (Jacobian) used in order to estimate state X̂ and
W (t) is the Jacobian matrix of partial derivatives of f with respect to w.
∇fX(t) =

∂f
∂f
, W =
∂X
∂w

(12)

T .
The predicted covariance depends on the dynamics and previous covariance ∇fX(t) P (t|t) ∇fX(t)
The second term in The second term in (11) increases the covariance and the uncertainty
until an observation arrives.
The state update X̂(t + 1|t + 1) can be found by (13)

X̂(t + 1|t + 1) = X̂(t + 1|t) + K(t + 1) [z(t + 1) − ẑ(t + 1)]

(13)

where z(t + 1) and ẑ(t + 1) comes form (6) and (10) respectively and the predicted Kalman
gain K(t + 1) is found as (14).
K(t + 1) = P (t + 1|t) H T (t + 1) S −1 (t + 1)

(14)

where S −1 (t + 1) is the inverse of the innovation covariance and calculated according to
S(t + 1) = H(t + 1) P (t + 1|t) H T (t + 1) + V (t + 1) R(t + 1|t) V T (t + 1)

(15)

where, H and V matrices are also Jacobian matrix of partial derivatives of h with respect
to x and v respectively as (16).
H=

∂h
∂h
, V =
∂X
∂v

(16)

The state covariance matrix is updated by
P (t + 1|t + 1) = [I − K(t + 1) H(t + 1)] P (t + 1|t).

(17)

Finally EKF algorithm outputs are state updates from (13) and covariance updates from
(17). And this iterative process goes on and on.

4: K-means Clustering Algorithm
Given n observations, K-means clustering [27] is a method of cluster analysis that partitions n observations into k clusters in the way each observation belongs to the cluster with
the nearest mean. Let n positions (X1 , X2, .... , Xn ) of the robot A where Xi ’s are consists
of 2-D position (xi , yi ) and orientation θ. K-means clustering is intended to partition the n
points into k sets (k ≤ n) so as to minimize the sum of squares within the clusters according
to
W (C) =

K
K
∑
∑
1 ∑∑ ∑
||Xi − Xj ||2 =
nk
|| Xi − µk ||2 ,
2
k=1 Ci =k Cj =k

k=1

(18)

Ci =k
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Algorithm 1: K-means clustering
input : a set of points {X1 , X2 , .... , Xn }
output: partition into k sets C = {C1 , C2 , .... , Ck }
1
2
3
4
5
6
7
8
9
10
11

begin
Find an initial set of k means µ11 , µ12 , .... , µ1k
for i = 1 to n do
for j = 1 to k do
(t)
(t)
(t)
Ci = {xp : ||xp − µi || ≤ ||xp − µj ||}
end
end
ﬁnd new means based on (19)
repeat steps 3 and 4, till no point switches clusters
return cluster centers {C1 , C2 , .... , Ck }
end

where µk is the mean vector for the k th cluster, Ci is cluster number for the ith point within
the cluster W (C). For a given cluster assignment Ci of the data points, compute the new
(t+1)
cluster mean µi
according to
(t+1)

µi

=

1

∑

(t)

|Ci |

Xj ∈

Xj .

(19)

(t)
Ci

In our algorithm, these cluster centers will help building the global map of the environment. For the positions of (X1 , X2, .... , Xn ), we exclude the positions for the obstacles.
{C1 , C2 , .... , Ck } will provide us the k-centers only for the free area in the environment.
In Algorithm 1, widely used initialization methods are Forgy and Random partition.
The Forgy method chooses k observations randomly from the data set and uses these as
the initial means. On the other hand, the Random partition method assigns a cluster to
each observation randomly ﬁrst and then proceeds to the update step, thus computing the
initial means to be the centroid of the cluster’s randomly assigned points. So K-means
clustering partitions the unknown environment into k clusters by least-squares partitioning
method that divides a collection of objects into k disjoint clusters by iteratively minimizing
the within-cluster sums-of-squares.

5: Proposed Method
Exploring the free space and ﬁnding the best path by building a good map representation
is a challenging mobile robot problem. Here we propose a method by which the robot
explores its environment without any prior information about it. If the robot knows some
destinations throughout the accessible area Cf ree in the conﬁguration space C, then it
becomes easy for the robot to localize itself and ﬁnd the optimized path in the environment.
To accomplish this, we develop a clustering technique that partitions the robot’s free space
Cf ree in a number of regions, the clusters. Under certain assumptions, the cluster centers
can be regarded as the next landmark to be localized.
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Algorithm 2: Finding future states
input : initial readings from the environment
output: {C1 , C2 , .... , Ck } centers of the partitions
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

begin
EKF({X1 , X2 , .... , Xn })
for i = 1 to n do
Ux ← Xmin + (Xmax − Xmin )
Uy ← Ymin + (Ymax − Ymin )
end
(for m obstacles)
for i = 1 to m do
δx1 ← min(X)
δy1 ← min(Y )
δx2 ← max(X)
δy2 ← max(Y )
end
(track indices of forbidden conﬁgurations)
for i = 1 to n do
if (Ux ≥ ∂x1 && Ux ≤ ∂x2 ) then
if (Uy ≥ ∂y1 && Uy ≤ ∂y2 ) then
indobs ← i
end
end
end
(update X and Y )
for i = 1 to k do
Ux ← Ux − indobs (x)
Uy ← Uy − indobs (y)
end
K-mean(Ux , Uy )
return {C1 , C2 , .... , Ck }
end

Regions of unknown cells completely surrounded by occupied cells or obstacles Cobs are
removed from the clustering process prior to applying K-means, as they are not reachable.
Afterwards, the contour of every region is tracked for determining if it is totally bounded by
occupied cells. In that case, the whole region is marked as occupied. First take the sensor
data and apply EKF on it. EKF provides us the corrected measurements of the environment
which are more accurate than the sensor readings. We apply K-means clustering algorithm
on the result found from EKF. K-means clustering gives us k cluster centers by avoiding the
obstacles. As the cluster centers are created avoiding the obstacles, these cluster centers
can be used for localizing and map building of the robot for this environment as a whole.
After the localization is done, it becomes easy for the robot to ﬁnd the optimized paths to
the destination.
Input to Algorithm 2 is the initial data reading from the environment through it’s sensing
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devices. The world is non linear and sensors have some noise on them. So we apply EKF
ﬁrst to linearize the initial reading. Ux and Uy are the coordinates of x and y respectively
for the uniform random points in the range. The number n of these uniform random points
is a parameter to get the degree of beauty of the center points. The more the random
number we generate the more excellent result we achieve. It is also obvious that, the
running time of the algorithm depends on choosing this number, as an exceedingly big n
value will slow down the algorithm. For our case here, n = 1000 works just ﬁne. δx and δy
are the positions for the obstacles. We mark them as forbidden regions by keeping track
of indobs . We update Ux and Uy by excluding the values of δx and δy . Now we have the
positions of the free conﬁguration space Cf ree only where the robot is allowed to go. So we
apply K-means clustering algorithm to ﬁnd the next candidate landmarks on Cf ree .

6: Experimental Results
The implementation of the suggested method is done in MATLAB on several environments with random position of obstacles.
6.1: Environment with non-linear Boundary
We consider the value of k in K-means clustering is 12. However, this value is dependent
on the range of the sensor. Value of k is proportional to the station of the robot for the
range. A greater k value will perform better in an environment which is very cluttered
by the obstacles. In Figure 2, where Cobs is more than 21% of C, we tested our method.

Figure 2. Results for the simulation 1: (a)initial execution (b)three consecutive execution for better understanding
Starting with the values of Xmin , Xmax , Ymin and Ymax with 5.5001, 46.6007, 10.5481 and
117.5000 respectively. We generate 1000 uniform random points. For (δx , δy ), we got 16
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Table 1. statistics of the simulation for fig. 1(b)
no. of forbidden
simulation value of k
valid points,(Ux , U y)
points, (δx , δy )
1
169
831
2
12
165
835
3
171
829
points that are resided inside the forbidden regions Cobs , so we exclude them and get 984
permissible points for the K-means clustering algorithm. After applying K-means clustering
algorithm on 984 points for k = 12, we get the result of Fig. 2(a).
This simulation is executed on the same environment with consecutively 3 times in a
row to get the better understanding of our method. The result we get in this case is quite
impressive. Our algorithm can partition the environment and ﬁnds the center of each k
partitions and successfully excludes the regions that hold the obstacles. We start with the
same values for Xmin = 5.5001, Xmax = 46.6007, Ymin = 10.5481 and Ymax = 117.5000 and
generate 1000 uniform random points. For δx and δy we got the points that are resided
inside the obstacle regions as in Table 1. (δx , δy ) are the points less than the maximum X
(and Y ) value and greater than the minimum X (and Y ) value of obstacle regions. As we
generate the values of Ux and Uy randomly, number of forbidden conﬁgurations (δx , δy ) also
vary accordingly. So we exclude them and ﬁnd all valid points for the K-means clustering
algorithm. After applying K-means clustering algorithm on only the valid conﬁgurations
for k = 12, we come up with the result of Fig. 2(b).
We also see from Table 1 that, the number of allowed conﬁgurations (Ux , Uy ) ∈ Cf ree
is some what stable. The drastic change of the number of (Ux , Uy ) points will imply the
instability of the method. So, we see our method is quite stable to produce the cluster
centers and ensures the eﬃcient partition of the environment.
6.2: Environment with Large Set of Obstacles
Consider the conﬁguration space described in section 2. For k = 14, we come up with
Fig. 3(a) that shows the predicted landmarks. Predicted future states are circled red and
robot start and end positions are circled blue as before. A robot is considered as a point in
it’s conﬁguration space. Shape of the obstacles in Workspace W are colored black and the
grayed parts come after the oﬀsetting of the obstacles to construct the conﬁguration space
C. Now, Cobs is the grayed portions along with obstacle shapes.
In this environment, around 50% of the whole region is surrounded by obstacles Cobs .
After successfully excluding Cobs from C, K-means algorithm is applied to Cf ree and the
result is Fig. 3(a). Our method ﬁnds the landmarks for Cf ree which can be used to
generate the optimized path to the destination. Some of such paths are shown in Fig. 3(b).
In some points, it seems that, path of the robot A is touching the obstacle boundaries.
This is because of conﬁguration space. Though the robot A is considered as a point in it’s
conﬁguration space, we showed it as a small circle for the sake of understanding. Moreover,
it is allowable for the robot to touch the obstacle boundaries in it’s conﬁguration space.
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Figure 3. Simulation for the configuration space (predicted states are circled red):
(a)predicted landmarks for k = 14 (b)example optimized paths.

7: Conclusions
An integrated Extended Kalman Filter (EKF) and K-means clustering algorithm for
optimized path generation is proposed. Finding the best path is the key interest for a
mobile robot to perform its designated task. These days, autonomous mobile robots are
used in more and more complex environments. So the need for tractable ways of planning
under uncertainty is growing faster. A robot is not sure about the exact consequence of
executing a certain action and its sensor observations are noisy. We consider the noise and
linearized it with EKF and ﬁnally apply K-means clustering algorithm to ﬁnd the cluster
centers in the environment avoiding the obstacles. Centers of the clusters can be regarded
as the next landmarks for the robot to localize itself, and afterwards, these landmarks will
be used to ﬁnd the optimum path to the goal.
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