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Abstract— In this paper we propose a method to overcome the SNR-wall for the 

detection of OFDM signal by exploiting the autocorrelation property of the cyclic 

prefix in multipath fading channel. Required SNR for signal detection at a given 

number of observation samples for a fixed false alarm probability and detection 

probability has been found out. Our result shows that there is about 6 dB advantage 

for the autocorrelation based detector over conventional energy detector for noise 

uncertainty parameter (U) equals to 3 with 𝟏𝟎𝟒signal samples. Analytical results 

have been verified with simulation and close agreement has been found. 
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1. INTRODUCTION 

Spectrum sensing which is basically the detection of the presence or absence of a 

primary signal in a given frequency band, is one of the main functions of the Cognitive 

Radios (CR) [1], [2]. Many different kind of spectrum sensing techniques are already 

available in literature e.g. energy sensing, matched filter detection, cyclostationary 

detection etc. Among the different sensing techniques [3], [4] energy detector [1]performs 

optimally if both signal and noise are white Gaussian and most importantly the exact 

noise variance is known in advance. When the noise variance is perfectly known, the 

detector can detect the presence of a signal at any arbitrary low signal-to-noise ratio 

(SNR) for given false alarm and detection probabilities by increasing the sensing time. 

But it is impossible to figure out the exact noise variance from a finite number of noise 

samples. R. Tandra and A. Sahai in their paper [2] have introduced a mathematical model 

for the uncertainty in noise process. It shows that the uncertainty in noise imposes a 

fundamental limitation on detector performance which cannot be overcome by increasing 

the sensing time. The nominal SNR threshold below which this phenomenon is observed 

is called the SNR-wall of the detector. In [5] it has been briefly mentioned that cross-

correlation among signals may be one of the way to overcome noise uncertainty problem. 

Some significant studies on noise uncertainties and SNR wall issues have been made in [3 
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- 12]. R. Tandra and A. Sahai in [13] introduced the idea of macroscale features and 

showed that the features can be used to construct signals that can evade SNR-walls. This 

method is not very practical as the signal form the primary users need to be adaptive as 

mentioned in [14-16]. In [17] it is shown that the SNR-wall can be avoided if the variance 

of the noise power reduces when closely spaced observation samples are taken. In paper 

[18] the authors have presented a method to reduce the SNR-wall for energy detection by 

using the cross-correlation of the signals received by multiple receivers. But a single 

antenna receiver cannot be used to overcome the SNR-wall problem using this method. 

Instead of cross-correlation, the autocorrelation property can also be used for signals 

which exhibit some periodic property and this would not require multiple receivers. 

Several notable works have been done in recent past on relevant issues on spectrum 

sensing regarding noise uncertainty and SNR-wall problem. The paper [19] proposed to 

solve the SNR wall problem for energy detection, an improved energy detection (IED) 

algorithm based on non-linear stochastic resonance (SR) is proposed in this paper which 

describes a non-linear physical phenomenon whose properties is the SNR gain of certain 

non-linear systems. The work in [20] presents a fast sequency-ordered complex 

Hadamard transform (FSCHT)-based Parzen window entropy detection technique 

(PWED) for spectrum sensing which shown a substantial improvement in the SNR wall 

in the presence of noise uncertainty. The work in [21] proposed novel generalized energy 

detector (GED) for wide-band spectrum sensing which does not suffer from SNR wall 

problem and outperforms the existing signal detectors. Chaotic stochastic resonance 

(CSR) has been proposed in [22] where SNR wall in the traditional energy detector 

decreases by introducing the received signal into CSR system. The paper [23] studied the 

spectrum sensing in multiple transmit power levels scenario considering the noise 

uncertainty at the secondary user (SU) side. They not only proved that the energy 

detection is the optimal for both PU detection and power level recognition but also 

showed that SNR walls also exist for multiple transmit power levels scenario. It is also 

found that, there exist multiple SNR walls, two for each power level. The exact positions 

of those SNR walls are also computed. It is well known that cooperative energy detection 

algorithms can improve the detection probability significantly over conventional single 

energy detector. The paper [24] investigates the SNR wall phenomenon in a new 

perspective and analyzes it under typical cooperative energy detection algorithms such as 

AND/OR hard decision and equal gain combining soft decision. To keep a constant 

detection probability, three kinds of detection threshold viz. conservative, traditional and 

self-adaptive threshold, are studied and their influence are compared to find out the 

impact of SNR wall phenomenon. The work in [25] too extends the idea of SNR Wall 

phenomenon for energy detection in the multiple sensor scenarios by using a hybrid 

approach with auxiliary noise estimation under a typical flat fading channel condition. 

SNR Wall expression is derived for multi-sensor energy detection and proved to be 

independent of the number of sensors. The distribution of the uncertainty of the noise 

variance estimate is derived for auxiliary Gaussian noise samples. It is shown that the 

noise uncertainty can be reduced by increasing the number of samples used for noise 

variance estimation, but the number of samples/slot used for noise estimation 

exponentially increases as the SNR Wall condition becomes more stringent. 

In this paper, we propose a method using the autocorrelation property of a cyclic prefix 

based OFDM signal to overcome the SNR-wall for signal detection. Autocorrelation 

based spectrum sensing for OFDM signal has been described in [26-28], but in their 

calculations the authors do not consider any uncertainty in the noise. This idea in [29] is 

already proposed, but detailed mathematical analysis has not been included there and also 

the results have not been validated by Monte Carlo simulation. For sufficiently large 

observation samples (>1000 samples) and at moderate cyclic prefix to OFDM symbol 

length ratio (>15%) this method provides lower SNR requirement in signal detection for 

given false alarm and detection probabilities at a fixed noise uncertainty. It is important 
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that the OFDM symbol length and the cyclic prefix length must be known to the detector. 

It is assumed in our analysis that the channel fading is frequency selective and slowly 

varying with time.  

The rest of the paper is organized as follows: Section IIA provides a brief description 

of energy detection performance in presence of noise uncertainty. In Section IIB we 

propose a scheme to overcome the SNR-wall using the autocorrelation property of an 

OFDM signal. Simulation results are given in Section III and conclusions are drawn in 

Section IV. 

 

2. ANALYTICAL MODEL AND STATISTICS 

A. Fundamental Limit on Energy Detection  

 

When the noise variance is exactly known for an energy detector, the number of received 

samples and the SNR of the signal must satisfy the relation [5] 

𝑁 =
2(𝑄−1( 𝑃𝐷,𝑑𝑒𝑠)−𝑄

−1(𝑃𝐹𝐴,𝑑𝑒𝑠)(1+𝑆𝑁𝑅))
2

𝑆𝑁𝑅2
 (1) 

at a desired false alarm probability 𝑃𝐹𝐴,𝑑𝑒𝑠  and a desired detection probability 𝑃𝐷,𝑑𝑒𝑠 . 

From (1) it is evident that SNR⟶ 0 as N⟶ ∞. So the signal could be detected for 

arbitrarily low SNR by increasing the sensing time. In presence of noise uncertainty and at 

a low SNR the above equation will be modified to [5]: 

𝑁 =
2(𝑈𝑄−1(𝑃𝐹𝐴,𝑑𝑒𝑠)−𝑄

−1(𝑃𝐷,𝑑𝑒𝑠))
2

(𝑆𝑁𝑅−(𝑈−1))2
    (2) 

where U is the noise uncertainty parameter [5]. From (2) it is clear that SNR⟶ (U – 1) as 

N⟶ ∞. So the signal cannot be detected robustly for SNR< (U – 1) even by increasing the 

number of samples N. This lower limit of the SNR is called the SNR-wall. 

B. Overcoming the SNR-Wall by Autocorrelation of Cyclic Prefix Based OFDM Signal  

 

 

Fig. 1   Block diagram of an OFDM transmitter 

The simplified block diagram of an OFDM transmitter is shown in Fig. 1. The block of 

𝑁𝑑 symbol constellations S(0), S(1), …, S(𝑁𝑑 − 1 ) are first converted into parallel 

symbols and then they are modulated by different subcarriers by passing those symbols 

through an IFFT function block. The IFFT yields the sequences s(0), s(1), …, s(𝑁𝑑 − 1), 

where 

𝑠(𝑛) =
1

√𝑁𝑑
∑ 𝑆(𝑘)
𝑁𝑑−1
𝑘=0 𝑒

𝑗2𝜋𝑛𝑘
𝑁𝑑
⁄
,    0 ≤ 𝑛 ≤ 𝑁𝑑 − 1   (3) 

After IFFT, the signal sequence is appended by another sequence of 𝑁𝑐 samples, called 

the cyclic prefix, at the beginning of each block which consists of the last 𝑁𝑐 samples of 

the original signal sequence. This yields a new sequence of length 𝑁𝑠 = 𝑁𝑑 +𝑁𝑐. This 

combined sequence is then converted back to serial stream of samples and transmitted. 

The block of samples: 
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𝑆(−𝑁𝑐), … , 𝑆(−1),⏟            
𝐶𝑦𝑐𝑙𝑖𝑐 𝑃𝑟𝑒𝑓𝑖𝑥

𝑆(0), 𝑆(1), 𝑆(2)…  𝑆(𝑁𝑑 − 1)⏟                  
𝐷𝑎𝑡𝑎 𝑝𝑎𝑟𝑡

 

at the output of the transmitter is called an OFDM symbol. Without the loss of generality 

we can change the coordinate points of the OFDM symbol and represent the transmitted 

samples by 𝑥0, 𝑥1, … , 𝑥𝑁𝑠−1.  Let the discrete-time channel impulse response is given 

by𝒉 = [ℎ0, ℎ1, … ℎ𝐿−1], where L is the number of multipath component. Each hi’s are 

independent and Rayleigh distributed. The received signal at the secondary receiver is 

given by  

𝑦𝑖 = ∑ ℎ𝑘𝑥𝑖−𝑘 + 𝑛𝑖,     𝑖 = 0,1, … ,𝑁𝑠 − 1
𝐿−1
𝑘=0 (4)                  

where 𝑛𝑖 is the additive white Gaussian noise with zero mean and variance 𝜎𝑛
2. Because 

of multipath fading it is difficult to identify a particular OFDM symbol as the symbols 

travelling along different paths tend to overlap with each other. But there is still a 

correlation among the samples at a delay 𝑁𝑑 for some part of the signal because of the 

cyclic prefix property. We take any arbitrary N number of consecutive samples from the 

received signal and compute the following metric: 

𝑇 =
1

𝑁
∑ 𝑦𝑖𝑦𝑖+𝑁𝑑

∗𝑁−1
𝑖=0    (5) 

To calculate the distribution of T, let 𝑧𝑖 = 𝑦𝑖𝑦𝑖+𝑁𝑑
∗ . Then,          

 𝑅𝑒(𝑇) =
1

𝑁
∑ 𝑧𝑖̅
𝑁−1
𝑖=0        (6) 

We denote 𝑧̅as the real part of z. Re(T) is taken as the test statistic in this case. For large N 

it can be shown by the central limit theorem that Re(T) follows Gaussian distribution with 

𝐸[𝑅𝑒(𝑇)] =
1

𝑁
∑ 𝐸(𝑧𝑖̅) = 𝐸(𝑧𝑖̅)
𝑁−1
𝑖=0      (7a) 

 𝑉𝑎𝑟[𝑅𝑒(𝑇)] =
1

𝑁
𝑉𝑎𝑟(𝑧𝑖̅  )(7b) 

It can be proved that (details shown in the appendix)  

𝐸(𝑧𝑖̅) = 𝜇𝜎𝑟
2  (8) 

and,  𝑉𝑎𝑟(𝑧𝑖̅) ≈
𝜎𝑟
4

2
+ 𝜎𝑟

2𝜎𝑛
2 +

𝜎𝑛
4

2
(9) 

where 𝜇 =
𝑁𝑐

𝑁𝑐+𝑁𝑑
 and 𝜎𝑟

2 is the variance of the received signal samples without the noise 

i.e. 𝜎𝑟
2 = 𝑉𝑎𝑟(∑ ℎ𝑘𝑥𝑖−𝑘) 

𝐿−1
𝑘=0  

Hence,                   𝑅𝑒(𝑇)|𝐻0~𝒩(0,
1

2𝑁
𝜎𝑛
4) (10a) 

and,           𝑅𝑒(𝑇)|𝐻1~𝒩(𝜇𝜎𝑟
2,
1

𝑁
(
𝜎𝑟
4

2
+ 𝜎𝑟

2𝜎𝑛
2 +

𝜎𝑛
4

2
)) (10b)   

We now select a proper threshold 𝛾 for the desired false alarm probability 𝑃𝐹𝐴,𝑑𝑒𝑠. Then 

from (10a), 

 𝑃𝐹𝐴,𝑑𝑒𝑠 = 𝑄(
𝛾

√
1

2𝑁
𝜎𝑛
2
)(11) 

Setting the threshold at 𝛾 the expression for the desired probability of detection 𝑃𝐷,𝑑𝑒𝑠 
can be written from (10b) as, 
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 𝑃𝐷,𝑑𝑒𝑠 = 𝑄

(

 
 𝛾−𝜇𝜎𝑟

2

√
1

𝑁
(
𝜎𝑟
4

2
+𝜎𝑟

2𝜎𝑛
2+

𝜎𝑛
4

2
)

)

 
 

(12) 

In the presence of noise uncertainty U, setting the desired detection probability at the 

worst case we can write  

 𝑃𝐷,𝑑𝑒𝑠 = 𝑄

(

 
 𝑈𝛾−𝜇𝜎𝑟

2

√
1

𝑁
(
𝜎𝑟
4

2
+𝜎𝑟

2𝜎𝑛
2+

𝜎𝑛
4

2
)

)

 
 

 (13) 

From (11), 𝛾 =
1

√2𝑁
𝜎𝑛
2𝐵, where 𝐵 = 𝑄−1( 𝑃𝐹𝐴,𝑑𝑒𝑠).  

Now putting the value of 𝛾 in (13) we obtain 

𝐴2

𝑁
(
𝑆𝑁𝑅2

2
+ 𝑆𝑁𝑅 +

1

2
) =

𝑈2𝐵2

2𝑁
+ 𝜇2𝑆𝑁𝑅2 −

2𝜇𝑈𝐵

√2𝑁
𝑆𝑁𝑅(14) 

where  𝐴 = 𝑄−1( 𝑃𝐷,𝑑𝑒𝑠) 𝑎𝑛𝑑 𝑆𝑁𝑅 =
𝜎𝑟
2

𝜎𝑛
2 . At low SNR the above equation can be 

approximated for N > 1000 and at moderate 𝜇 (> 0.15) as: 

𝐴2

2𝑁
=
𝑈2𝐵2

2𝑁
+ 𝜇2𝑆𝑁𝑅2 −

2𝜇𝑈𝐵

√2𝑁
𝑆𝑁𝑅 (15) 

We can derive from (15), 

𝑁 =
(𝑈𝑄−1(𝑃𝐹𝐴,𝑑𝑒𝑠)−𝑄

−1(𝑃𝐷,𝑑𝑒𝑠))
2

2𝜇2.𝑆𝑁𝑅2
  (16) 

From (16) it is clear that SNR⟶ 0 as N⟶ ∞. So the signal could be detected robustly 

for any arbitrarily low SNR by increasing the number of samples N and this overcomes 

the SNR-wall. 

 

3. SIMULATIONS AND DISCUSSIONS 
In this section, we compare the analytical expression (16) for autocorrelation based 

detector with the conventional energy detector. Fig. 2 illustrates the graphs of required 

SNR in dB versus the number of samples N needed for detection for different sets of 

values of U to reach a given set of false alarm and detection probabilities (𝑃𝐹𝐴,𝑑𝑒𝑠 =

0.01, 𝑃𝐷,𝑑𝑒𝑠 = 0.99) of an energy detector vide equation (2). It is evident from the curves 

corresponding to Fig. 2 that for U = 1 any arbitrary pair (𝑃𝐹𝐴,𝑑𝑒𝑠, 𝑃𝐷,𝑑𝑒𝑠) can always be 

reached by changing the sensing time (i.e. number of samples N) at all values of SNR 
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Fig. 2   Required SNR in dB versus number of samples N at 𝑃𝐹𝐴,𝑑𝑒𝑠 = 0.01 and  𝑃𝐷,𝑑𝑒𝑠 =
0.99 for different values noise uncertainty U in energy detection 

 

Fig. 3   Required SNR in dB versus number of samples at 𝑃𝐹𝐴,𝑑𝑒𝑠 = 0.01 and  𝑃𝐷,𝑑𝑒𝑠 =
0.99 for different values of noise uncertainty U in our proposed method using the 

autocorrelation of OFDM signal (Nc= 80, Ns=512) 

but when U> 1 the curves show asymptotic behavior converging toward a minimum limit. 

Beyond that limit of SNR, the signal cannot be detected reliably. In Fig. 3, the analytical 

results of our proposed method vide equation (16) have been plotted for OFDM signal in 

multipath fading channel. We select the OFDM parameters specifications 𝑁𝑠 = 512 

and 𝑁𝑐 = 80. In this case even for large uncertainty parameter (U> 1), the required SNR 

curves do not show asymptotic behavior. So for any pair (𝑃𝐹𝐴,𝑑𝑒𝑠, 𝑃𝐷,𝑑𝑒𝑠), signal of 

arbitrary SNR can be detected by increasing the sensing time. 

 

 

Fig. 4. PD versus SNR obtained from simulation (red dotted curves) and theoretical 

analysis (blue continuous curves) for fixed 𝑃𝐹𝐴 = 0.01 for different values of noise 

uncertainty values U in our proposed method using the autocorrelation of OFDM signal 

with received signal samples N = 1000. 



International Journal of Control and Automation 

Vol. 12, No. 11 (2019) 

 

 

Copyright © 2019 NADIA   17 

We have also carried out a simulation to detect the randomly generated OFDM signal 

by Monte Carlo method and verified the simulated results with our analytical results. 

Here the detection probability PD is plotted with respect to the SNR of the signal keeping 

false alarm probability PFA constant at 0.01 for different uncertainty parameter U with 

number of sensing samples N = 103 for auto-correlation based OFDM detector. From Fig. 

4 we see that the simulated values closely match with that of the analytically obtained 

values. 

 

4. CONCLUSIONS 

In this work, we show that the SNR-wall for signal detection can be avoided by 

exploiting the autocorrelation property of a cyclic prefix based OFDM signal in a fading 

channel. It is shown that with 103signal samples and a noise uncertainty parameter U = 3, 

the autocorrelation based detector can provide about 6 dB advantage over conventional 

energy detector at a given false alarm probability of 0.01 and detection probability of 

0.99. Simulation results show good agreement with the analytical formula derived in this 

work 

 

APPENDIXES 
 

Derivation for the Expression of 𝐸(𝑧𝑖̅) and 𝑉𝑎𝑟(𝑧𝑖̅): 
Since  𝑧𝑖 = 𝑦𝑖𝑦𝑖+𝑁𝑑

∗  we can write 

𝑧𝑖̅ = 𝑅𝑒{(𝑦̅𝑖+𝑗𝑦̃𝑖)(𝑦̅𝑖+𝑁𝑑 − 𝑗𝑦̃𝑖+𝑁𝑑) = 𝑦̅𝑖𝑦̅𝑖+𝑁𝑑 + 𝑦̃𝑖𝑦̃𝑖+𝑁𝑑 

𝐸(𝑧𝑖̅) = 𝐸(𝑦̅𝑖𝑦̅𝑖+𝑁𝑑) + 𝐸(𝑦̃𝑖𝑦̃𝑖+𝑁𝑑) 

𝐸(𝑦̅𝑖𝑦̅𝑖+𝑁𝑑) = 𝐸[(𝑟̅𝑖 + 𝑛̅𝑖)(𝑟̅𝑖+𝑁𝑑 + 𝑛̅𝑖+𝑁𝑑)] = 𝐸(𝑟̅𝑖𝑟̅𝑖+𝑁𝑑) 

Where 𝑟𝑖 = ∑ ℎ𝑘𝑥𝑖−𝑘
𝐿−1
𝑘=0  

Similarly, 𝐸(𝑦̃𝑖𝑦̃𝑖+𝑁𝑑) = 𝐸(𝑟̃𝑖𝑟̃𝑖+𝑁𝑑) 

Now 𝑟̅𝑖 = 𝑅𝑒(∑ ℎ𝑘𝑥𝑖−𝑘
𝐿−1
𝑘=0 ) = ∑ 𝑅𝑒(ℎ𝑘𝑥𝑖−𝑘)

𝐿−1
𝑘=0  

=∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)

𝐿−1

𝑘=0

 

And 𝑟̅𝑖+𝑁𝑑 = ∑ (ℎ̅𝑘𝑥̅𝑖+𝑁𝑑−𝑘 − ℎ̃𝑘𝑥̃𝑖+𝑁𝑑−𝑘)
𝐿−1
𝑘=0  

𝐸(𝑟̅𝑖𝑟̅𝑖+𝑁𝑑) =∑∑𝐸[(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)(ℎ̅𝑙𝑥̅𝑖+𝑁𝑑−𝑙 − ℎ̃𝑙𝑥̃𝑖+𝑁𝑑−𝑙)

𝑙𝑘

] 

 = ∑∑𝐸[(ℎ̅𝑘ℎ̅𝑙𝑥̅𝑖−𝑘𝑥̅𝑖+𝑁𝑑−𝑙 + ℎ̃𝑘ℎ̃𝑙𝑥̃𝑖−𝑘𝑥̃𝑖+𝑁𝑑−𝑙 − ℎ̃𝑘ℎ̅𝑙𝑥̃𝑖−𝑘𝑥̅𝑖+𝑁𝑑−𝑙
𝑙𝑘

− ℎ̅𝑘ℎ̃𝑙𝑥̅𝑖−𝑘𝑥̃𝑖+𝑁𝑑−𝑙)] 

For 𝑘 ≠ 𝑙  all the above four terms will be zero. The first two terms will be non-

vanishing if 𝑘 = 𝑙  and 𝑥𝑖−𝑘 ∈ 𝐶𝑃  where CP denotes the set of samples of 𝑥𝑖′s which 

belong to the cyclic prefix region. 

𝐸(𝑟̅𝑖𝑟̅𝑖+𝑁𝑑) =∑𝐸(

𝑘

ℎ̅𝑘
2
𝑥̅𝑖−𝑘

2 + ℎ̃𝑘
2
𝑥̃𝑖−𝑘

2) × 𝑃(𝑥𝑖−𝑘 ∈ 𝐶𝑃) 

=∑𝐸(

𝑘

ℎ̅𝑘
2
𝑥̅𝑖−𝑘

2 + ℎ̃𝑘
2
𝑥̃𝑖−𝑘

2) ×
𝑁𝑐

𝑁𝑐 +𝑁𝑑
 

= 𝜇∑(ℎ̅𝑘
2 𝜎𝑥

2

2
+ ℎ̃𝑘

2

𝑘

𝜎𝑥
2

2
) = 𝜇∑(ℎ̅𝑘

2
+ ℎ̃𝑘

2
)

𝑘

𝜎𝑥
2

2
 

= 𝜇∑|ℎ𝑘|
2

𝑘

𝜎𝑥
2

2
𝑤ℎ𝑒𝑟𝑒 𝜇 =

𝑁𝑐
𝑁𝑐 +𝑁𝑑
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= 𝜇
𝜎𝑟
2

2
 where 𝜎𝑟

2 = ∑ |ℎ𝑘|
2𝜎𝑥

2
𝑘 is the received signal power. 

Similarly, 𝐸(𝑟̃𝑖𝑟̃𝑖+𝑁𝑑) = 𝜇
𝜎𝑟
2

2
 

𝐸(𝑧𝑖̅) = 𝐸(𝑟̅𝑖𝑟̅𝑖+𝑁𝑑) + 𝐸(𝑟̃𝑖𝑟̃𝑖+𝑁𝑑) = 𝜇
𝜎𝑟
2

2
+ 𝜇

𝜎𝑟
2

2
= 𝜇𝜎𝑟

2     (17) 

Now, 𝑉𝑎𝑟(𝑧𝑖̅) = 𝐸(𝑧𝑖̅
2) − [𝐸(𝑧𝑖̅)]

2                                     (18) 

𝐸(𝑧𝑖̅
2) = 𝐸[(𝑦̅𝑖𝑦̅𝑖+𝑁𝑑 + 𝑦̃𝑖𝑦̃𝑖+𝑁𝑑)

2
] 

= 𝐸(𝑦̅𝑖
2𝑦̅𝑖+𝑁𝑑

2) + 𝐸(𝑦̃𝑖
2𝑦̃𝑖+𝑁𝑑

2) + 2𝐸(𝑦̅𝑖𝑦̅𝑖+𝑁𝑑)𝐸(𝑦̃𝑖𝑦̃𝑖+𝑁𝑑) 

= 𝐸(𝑦̅𝑖
2𝑦̅𝑖+𝑁𝑑

2) + 𝐸(𝑦̃𝑖
2𝑦̃𝑖+𝑁𝑑

2) + 𝜇2
𝜎𝑟
4

2
                           (19) 

Now, 𝑦𝑖 = 𝑟𝑖 + 𝑛𝑖 
𝑦̅𝑖 = 𝑟̅𝑖 + 𝑛̅𝑖 

𝑦̅𝑖
2 = 𝑟̅𝑖

2 + 𝑛̅𝑖
2 + 2𝑟̅𝑖𝑛̅𝑖 

𝑦̅𝑖+𝑁𝑑
2 = 𝑟̅𝑖+𝑁𝑑

2 + 𝑛̅𝑖+𝑁𝑑
2 + 2𝑟̅𝑖+𝑁𝑑𝑛̅𝑖+𝑁𝑑 

𝐸(𝑦̅𝑖
2𝑦̅𝑖+𝑁𝑑

2) = 𝐸(𝑟̅𝑖
2𝑟̅𝑖+𝑁𝑑

2 + 𝑟̅𝑖
2𝑛̅𝑖+𝑁𝑑

2 + 𝑛̅𝑖
2𝑟̅𝑖+𝑁𝑑

2 + 𝑛̅𝑖
2𝑛̅𝑖+𝑁𝑑

2) 

𝐸(𝑟̅𝑖
2𝑟̅𝑖+𝑁𝑑

2) = 𝐸(𝑟̅𝑖
2)𝐸(𝑟̅𝑖+𝑁𝑑

2) + 2𝐸(𝑟̅𝑖𝑟̅𝑖+𝑁𝑑)𝐸(𝑟̅𝑖𝑟̅𝑖+𝑁𝑑) − 2{𝐸(𝑟̅𝑖)}
2 {𝐸(𝑟̅𝑖+𝑁𝑑)}

2 

𝐸(𝑟̅𝑖) = 𝐸 [∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)

𝐿−1

𝑘=0

] 

=∑[ℎ̅𝑘𝐸(𝑥̅𝑖−𝑘) − ℎ̃𝑘𝐸(𝑥̃𝑖−𝑘)]

𝐿−1

𝑖=0

= 0  (𝑖. 𝑖. 𝑑 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛) 

Similarly, 𝐸(𝑟̅𝑖+𝑁𝑑) = 0 

𝐸(𝑟̅𝑖
2) = 𝐸 [{∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)

𝐿−1

𝑘=0

}

2

] 

= 𝐸[{∑∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)(ℎ̅𝑙𝑥̅𝑖−𝑙 − ℎ̃𝑙𝑥̃𝑖−𝑙)

𝑙𝑘

}] 

The above term will be non-vanishing if 𝑙 = 𝑘 𝑜𝑟 𝑙 = 𝑘 − 𝑁𝑑  and  𝑥𝑖−𝑘 ∈ 𝐶𝑃 . 

Therefore 

𝐸(𝑟̅𝑖
2) = 𝐸 [∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)

𝐿−1

𝑘=0

2

]

+ 𝐸 [∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)(ℎ̅𝑘−𝑁𝑑𝑥̅𝑖+𝑁𝑑−𝑘 − ℎ̃𝑘−𝑁𝑑𝑥̃𝑖+𝑁𝑑−𝑘)

𝐿−1

𝑘=0

]

× 𝑃(𝑥𝑖−𝑘 ∈ 𝐶𝑃) 

The second term above in the R.H.S is zero since ℎ̅𝑘−𝑁𝑑 = ℎ̃𝑘−𝑁𝑑 = 0 for 𝑘 = 0,1, …𝐿 

assuming 𝐿 < 𝑁𝑑. 

𝐸(𝑟̅𝑖
2) = 𝐸 [∑(ℎ̅𝑘𝑥̅𝑖−𝑘 − ℎ̃𝑘𝑥̃𝑖−𝑘)

𝐿−1

𝑘=0

2

] 

=∑𝐸(ℎ̅𝑘
2
𝑥̅𝑖−𝑘

2 + ℎ̃𝑘
2
𝑥̃𝑖−𝑘

2 − 2

𝑘

ℎ̅𝑘ℎ̃𝑘𝑥̅𝑘−𝑖𝑥̃𝑘−𝑖) 

=∑(

𝑘

ℎ̅𝑘
2
+ ℎ̃𝑘

2
)
𝜎𝑥
2

2
=∑|ℎ𝑘|

2
𝜎𝑥
2

2
=
𝜎𝑟
2

2
𝑘

 

Similarly, 𝐸(𝑟̅𝑖+𝑁𝑑
2) =

𝜎𝑟
2

2
 

𝐸 (𝑟̅𝑖
2𝑟̅𝑖+𝑁𝑑

2
) =

𝜎𝑟
2

2
.
𝜎𝑟
2

2
+ 2

𝜇𝜎𝑟
2

2
.
𝜇𝜎𝑟

2

2
=
𝜎𝑟
4

4
+
𝜇2𝜎𝑟

4

2
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𝐸 (𝑟̅𝑖
2𝑛̅𝑖+𝑁𝑑

2
) = 

𝐸(𝑟̅𝑖
2)𝐸(𝑛̅𝑖+𝑁𝑑

2) + 2𝐸(𝑟̅𝑖𝑛̅𝑖+𝑁𝑑) 𝐸(𝑟̅𝑖𝑛̅𝑖+𝑁𝑑) − 2{𝐸(𝑟̅𝑖)}
2{𝐸(𝑟̅𝑖+𝑁𝑑)}

2 =
𝜎𝑟
2

2
.
𝜎𝑛
2

2

=
𝜎𝑟
2𝜎𝑛

2

4
 

Similarly,𝐸 (𝑛̅𝑖
2𝑟̅𝑖+𝑁𝑑

2
) =

𝜎𝑟
2𝜎𝑛

2

4
and 𝐸 (𝑛̅𝑖

2𝑛̅𝑖+𝑁𝑑
2
) 

=
𝜎𝑛
2

2
.
𝜎𝑛
2

2
=
𝜎𝑛
4

4
. Hence we can write 

𝐸(𝑦̅𝑖
2𝑦̅𝑖+𝑁𝑑

2) =
1

4
{(1 + 2𝜇2)𝜎𝑟

4 + 2𝜎𝑟
2𝜎𝑛

2 + 𝜎𝑛
4}(20) 

Similarly it can be shown: 

𝐸(𝑦̃𝑖
2𝑦̃𝑖+𝑁𝑑

2) =
1

4
{(1 + 2𝜇2)𝜎𝑟

4 + 2𝜎𝑟
2𝜎𝑛

2 + 𝜎𝑛
4}(21) 

So from (19), (20) and (21), 

𝐸(𝑧𝑖̅
2) =

1

2
{(1 + 2𝜇2)𝜎𝑟

4 + 2𝜎𝑟
2𝜎𝑛

2 + 𝜎𝑛
4} + 𝜇2

𝜎𝑟
4

2
(22) 

And from (17), (18) and (22), 

𝑉𝑎𝑟(𝑧𝑖̅) =
1

2
{(1 + 2𝜇2)𝜎𝑟

4 + 2𝜎𝑟
2𝜎𝑛

2 + 𝜎𝑛
4} + 𝜇2

𝜎𝑟
4

2
− 𝜇2𝜎𝑟

4 

=
(1+𝜇2)

2
𝜎𝑟
4 + 𝜎𝑟

2𝜎𝑛
2 +

𝜎𝑛
4

2
≈
𝜎𝑟
4

2
+ 𝜎𝑟

2𝜎𝑛
2 +

𝜎𝑛
4

2
  ( 𝜇2 ≪ 1)     (23)                   
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