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Abstract 

This paper deal with the control of TS fuzzy system via fuzzy observer such as we 

consider the stability conditions of the augmented system ( TS fuzzy model + fuzzy 

observer)  using different cases of the premise variables. 

We propose a new classification while using the premise variables for both TS fuzzy 

model and fuzzy observer. We show the existing differences when using premise variable 

with same or different nature (either measurable or unmeasurable) for TS fuzzy model 

and fuzzy observer. The LMI tools are used to represent the stability conditions and the 

design procedure.  

We present in this paper a comment about previous result of the augmented system 

stability (state and observer) in the unmeasurable case of the premise variable cited in 

[1] of Tanaka et al.  
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1. Introduction 

The fuzzy TS system is very investigated and used for nonlinear systems either in 

control or in fuzzy observer design. In literature, we find   many works which deal with 

TS fuzzy models and observers [1] [6] [9][11][12], usually this works deal with TS local 

models obtaining, the membership functions shapes, and the operating range choice. 

One of the main points in fuzzy system is the premise (decision) variable choice or 

estimation, such as this last remind very important factor in TS fuzzy system designs 

because it leads the TS fuzzy models construction, because it defines the operating range 

and decides on the interpolation of local models, such as it defines the degree of 

membership function which indicates the degree of accuracy between the nonlinear 

system and the TS fuzzy model, in an others way the premise variable is the responsible 

of equivalence between the TS fuzzy system and  the nonlinear system.  

We distinguish two kinds of premise variables; the measurable by sensors (for 

example; input or output), and the unmeasurable which can be estimated through observer 

(for example; the states). 

There are lot of works which deal with fuzzy observer stability and design, we can cite 

the following works:  

R. J. Patton et al. [4] Proposed fuzzy Luenberger observer to be used in fault diagnosis 

scheme, they expressed the stability condition of fuzzy observer as eigenvalue constraint 

conditions. 

Tanaka et al. [1] [8] proposed theorems for the stability of TS fuzzy systems with PDC 

(Parallel Distributed Controller) and the stabilization with PDC plus fuzzy observer, they 

described the design procedure in two cases. For the fuzzy observer’s stability and design, 

they considered measurable and unmeasurable premise variables for continuous and 
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discrete TS fuzzy systems, they used in all steps of design the LMI tools to prove and to 

express the stability conditions. 

X. Ma et al. [2] designed a fuzzy observer based on common quadratic Laypunov 

function, in this case they show that the separation principle does hold for the augmented 

TS fuzzy system, which means that the design procedure of fuzzy observer and fuzzy 

controller can be done independently. 

A survey of model-based fuzzy theory is considered in [13] with citation of important 

papers in fuzzy modeling, fuzzy control, different fuzzy observers design.  

Among papers who considered unmeasurable premise variable, we can quote the works 

of  Bergsten et al. [10] which designed fuzzy sliding mode observer with local affine 

models, some works of the same case are reported in [9][6] 

P. BERGSTEN, and R.  PALM proposed a Thau-Luenberger TS fuzzy observer with 

stability analysis and design procedure [7] 

Author in [3] presented a new stability condition for TS fuzzy observer with 

unmeasurable premise variables. 

Paper [16] proposed an observer-based controller for nonlinear system represented by 

TS fuzzy models using unmeasurable premise variables, the proposed TS structure 

reduces the number of rules in TS models as well as analysis complexity. 

Authors in [17] considered a fuzzy-model-based observer-controller using an 

unmeasurable premise variable, they relax the stability conditions by considering the 

membership functions information’s in stability conditions.  

Lot of authors in literature considered two states for the premise variable [1] [3] [5], 

but they do not be interested by all possible cases when we use the same premise variable 

(measurable or not) [14] [15], or we use different premise variable for TS fuzzy model 

and TS fuzzy observer.  

In this paper we try to give the different possible cases, and we do a comment about 

Tanaka et al. paper [1] which contain fault in the theorem 11 of stability of augmented 

system when they use the unmeasurable premise variable. 

This paper is organized in 6 sections as following: an introduction which presents some 

previous works, section II for TS fuzzy system presentation, section III describes the 

problem asked, in section IV we show the first case of measurable premise variable, and 

the second case of unmeasurable premise variable is presented section V, and we finish 

this papers by a conclusion. 

 

2. TS Fuzzy Modeling 

The main idea of TS fuzzy modeling is to represent a nonlinear system with a set of 

elementary local models which describe the nonlinear system in different operating range, 

this local models can be linear or affine models.  

To characterize the overall dynamics of nonlinear system, the local models are 

aggregated by fuzzy membership function, such as every local model represent a 

consequence of fuzzy rule given as: 

IF 𝜃(𝑡) is 𝑀𝑖 THEN: 

�̇�𝑖(𝑡) = 𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)                                                   (1) 

Such as:  

𝜃(𝑡) : is the premise variable𝑀𝑖: is the 𝑖𝑡ℎ fuzzy set. 

𝑥(𝑡) ∈ 𝑅𝑛 : is the state vector.  𝑢(𝑡) ∈ 𝑅𝑛 : Input vector. 

𝐴𝑖 ∈ 𝑅𝑛×𝑛 : The local state matrix. 𝐵𝑖 ∈ 𝑅𝑛×𝑚 : The local input matrix. 

The rule condition (IF 𝜃(𝑡) is  𝑀𝑖 ) defines the local operating point condition, and the 

overall TS fuzzy system is given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡))                                    (2) 
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𝜔𝑖(𝜃(𝑡))  : is the grade of the  𝑖𝑡ℎ fuzzy set membership function.  

 

With: 

    0 < 𝜔𝑖(𝜃(𝑡)) < 1           𝑎𝑛𝑑        ∑ 𝜔𝑖(𝜃(𝑡)) = 1

𝑟

𝑖=1

                          (3) 

   

𝑟 : represent fuzzy rule number which is also the local linear models number. 

 

Theorem 1: [8] 

The open loop of TS fuzzy system (2) (𝑢(𝑡) = 0) is globally asymptotically stable if 

there is a common positive definite matrix 𝑃 such as the following LMI are checked: 

 

Ai
TP + PAi < 0 ∀𝑖 ∈ {1, … , r}                                            (4) 

 

3. Problem Description and Premise Variable Choice 

In this paper our aims are the stabilization of the TS fuzzy system given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡))                            (5) 

With PDC controller given as: 

𝑢(𝑡) = ∑ 𝜔𝑗(𝜃(𝑡))

𝑟

1

(−𝐾𝑗�̂�(𝑡))                                           (6) 

This PDC controller depends on the state vector which is not measurable in general, 

and requires an observer to be estimated.  

For this raison we design a TS fuzzy observer given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+𝐿𝑖(𝑦(𝑡) − �̂�(𝑡))                  (7) 

For the design of the controller/ observer gains we consider the augmented system 

defined as: 

𝑿𝒂(𝒕) = (
𝒙(𝒕)

𝒆(𝒕)
)                                                                    (8) 

Which yields 

𝑿�̇�(𝒕) = (
�̇�(𝒕)

�̇�(𝒕)
)                                                                    (9) 

3.1. Existed (Classical) Classification 

In the literature, authors consider two cases of premise variable during the design of TS 

fuzzy model with a fuzzy observer, they consider a measurable and an unmeasurable 

cases as following: 

    A. measurable premise variable: 
In this case, they use a measurable premise variable for: 

 TS fuzzy model 

 TS fuzzy observer 

 

B. unmeasurable premise variable: 

When authors mention the unmeasurable premise variable case [1] [3] [5] [9][10], they 

use different premise variable as following: 

 A measurable premise variable for TS fuzzy model. 

 An unmeasurable premise variable for TS fuzzy observer. 
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3.2. Our (New) Classification 

In this paragraph, we present a new consideration for the premise variable cases, we 

use the term “nature” for the premise variable to indicate its measurability (either 

measurable or unmeasurable). Our classification is given as following: 

A. same nature of premise variable (2 possibilities): 

 the same measurable premise variable for: 

 The TS fuzzy model 

 The fuzzy observer 

 the same unmeasurable premise variable for : 

  The TS fuzzy model 

 The fuzzy observer 

B. different nature of premise variable :  

 A measurable premise variable for the TS fuzzy model. 

 An unmeasurable premise variable for the fuzzy observer. 

 

Figure 1. Classifications of Premise Variable Utilization 

According to our proposition, there are two overall cases, which are: 

- Same premise variable (measurable or unmeasurable) for system TS model and fuzzy 

observer. 

- Different premise variable (one measurable and the other unmeasurable) for system 

TS model and fuzzy observer. 

We prove in the next sections that the use of the same or different nature of premise 

variable for the fuzzy model (state) and fuzzy observer is the real factor to change the 

procedure of PDC and observer design.  

 

4. Case one: The Same Nature of Premise Variable both Measurable or 

both Unmeasurable 

In all next steps we design fuzzy LUENBERGER observers, we remember its equation 

in linear case as follows: 

 

�̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐿(𝑦(𝑡) − �̂�(𝑡))                  (10) 
 

Where the estimation error is given as: 

𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡)  ⟹  �̇�(𝑡) = (𝐴 − 𝐿𝐶) 𝑒(𝑡)      (11)                                          
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The above observer is asymptotically stable if the matrix (𝐴 − 𝐿𝐶)  have all 

eigenvalues in the negative demi-plan. 

 

4.1. First Possibility: (Measurable & Measurable 𝜃(𝑡)) 

We consider a measurable premise variable 𝜃(𝑡)  for TS fuzzy model, for PDC 

controller and for the fuzzy observer such as: 

We consider a TS fuzzy model given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡))                       (12) 

 And the fuzzy observer equation is:  

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+𝐿𝑖(𝑦(𝑡) − �̂�(𝑡)))                (13) 

�̂�(𝑡) = 𝐶𝑥(𝑡)                          (14) 
 

With 𝐶 = [0  1] : is the output matrix. 

�̂�(𝑡) : is the estimated output. 

𝐿𝑖: are the local observer gain vectors. 

 

The common PDC controller depends on the estimated state vector, it is given as: 

𝑢(𝑡) = ∑ 𝜔𝑗(𝜃(𝑡))

𝑟

1

(−𝐾𝑗�̂�(𝑡))                                      (15) 

The closed loop: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖 ∑ 𝜔𝑗(𝜃(𝑡))

𝑟

1

(−𝐾𝑗�̂�(𝑡)))         (16) 

We have:  

𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡)  ⟹  𝑥(𝑡)  = 𝑥(𝑡) − 𝑒(𝑡)               (17) 
 

The equation (16) will be given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

1

(𝐴𝑖𝑥(𝑡) − 𝐵𝑖 ∑ 𝜔𝑗(𝜃(𝑡))𝐾𝑗(𝑥(𝑡) − 𝑒(𝑡))

𝑟

𝑗=1

)       (18) 

By expansion of the equation (18) we will have finally: 

 

�̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑗=1

𝜔𝑗(𝜃(𝑡))(𝐴𝑖 − 𝐵𝑖𝐾𝑗)𝒙(𝒕)

𝑟

𝑖=1

+ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑗=1

𝜔𝑗(𝜃(𝑡))(𝐵𝑖𝐾𝑗)𝒆(𝒕)

𝑟

𝑖=1

                                                   (19) 

The estimation error dynamics: 

 

We note that in all previous equations we use the same  𝜃(𝑡) the estimation error is 

considered as: 

 

𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡)  ⟹  �̇�(𝑡) = �̇�(𝑡) − �̇�(𝑡)           (20) 
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�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡))

− ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

((𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)) + 𝐿𝑖(𝑦(𝑡) − �̂�(𝑡)))                     (21) 

 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖 − 𝐿𝑖𝐶)(𝑥(𝑡) − 𝑥(𝑡))             (22) 

 

The estimation error dynamics is given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖 − 𝐿𝑖𝐶)𝑒(𝑡)                                  (23) 

   

Note: to get the fuzzy observer for the system (2), it must have all pair (𝐴𝑖 , 𝐶)is 

observable. 

 

The augmented system: 

From the equation (19) and (23), we consider the augmented system: 

�̇�𝒂(𝒕) = (
�̇�(𝑡)

�̇�(𝑡)
)                                                         (24) 

�̇�𝒂(𝒕) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑗=1

𝜔𝑗(𝜃(𝑡))

𝑟

𝑖=1

𝑮𝒊𝒋 (
𝑥(𝑡)

𝑒(𝑡)
)                                  (25) 

𝑮𝒊𝒋 = (
𝐴𝑖 − 𝐵𝑖𝐾𝑗 𝐵𝑖𝐾𝑗

0 𝐴𝑖 − 𝐿𝑖𝐶
)                                         (26) 

 

�̇�𝒂(𝒕) = ∑ 𝜔𝑖(𝜃(𝑡))
2

𝑟

𝑖=1

𝑮𝒊𝒊𝑿𝒂(𝒕) + 𝟐 ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗(𝜃(𝑡))

𝑟

𝑖<𝑗

𝑟

𝑖=1

(
𝑮𝒊𝒋 + 𝑮𝒋𝒊

𝟐
) 𝑿𝒂(𝒕)   (27) 

 

Theorem 2: 

The augmented system 𝑿𝒂(𝒕) = [𝒙(𝒕) ;  𝒆(𝒕)]  modeled by (27) is asymptotically 

stable if there exists a positive definite matrix 𝑷 such as the following conditions 

hold 𝒊, 𝒋 = 𝟏, … , 𝒓:  

𝐆𝒊𝒊
𝑻𝑷 + 𝑷𝐆𝒊𝒊 < 0                    ∀ 𝒊                        (28) 

 

(
𝑮𝒊𝒋+𝑮𝒋𝒊

𝟐
)𝑻𝑷 + 𝑷 (

𝑮𝒊𝒋+𝑮𝒋𝒊

𝟐
) < 0       ∀ 𝒊 < 𝒋         (29) 

 

Result: 

From the theorem 2 we conclude that the design of controller and observer can be done 

separately, in other word these is no dependence between controller and observer design. 

Such as the estimation error do not depend on the state vector. 

 

Design Procedure of the fuzzy observer without PDC controller gains: 

 

Theorem3:  [1, 2, And 4] the fuzzy observer described by equation (13) and (14) is 

asymptotically stable if there exists a common positive definite matrix  𝑃  such that: 

 

(𝐴𝑖 − 𝐿𝑖𝐶)𝑇𝑃 + 𝑃(𝐴𝑖 − 𝐿𝑖𝐶) < 0  𝑖 ∈ 1,2, … , 𝑟    (30)       
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The observer response must be faster than the system dynamic, for this raison we have 

to place the observer eigenvalues values precisely. Let 𝑆(𝛼, 𝛽) the region delimited by the 

circle with the center (0;  0) radius 𝛽 and the strip with real part smaller than  – 𝛼. 

 

Corollary [4]: All local observers in the fuzzy observer have their eigenvalues in the 

region  𝑆(𝛼, 𝛽) , if there exists a common positive definite matrix P such that: 

 

 

(
−𝛽𝑃 (𝐴𝑖 − 𝐿𝑖𝐶)𝑇𝑃

𝑃(𝐴𝑖 − 𝐿𝑖𝐶) −𝛽𝑃
) < 0    (31) 

 

(𝐴𝑖 − 𝐿𝑖𝐶)𝑇𝑃 + 𝑃(𝐴𝑖 − 𝐿𝑖𝐶) + 2𝛼𝑃 < 0    (32) 

 

To resolve these optimization problem we have to transform it to LMIs form such as; 

 We remind that   (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇. 

 

(
−𝛽𝑃 𝐴𝑖

𝑇𝑃 − 𝐶𝑇𝐿𝑖
𝑇𝑃

𝑃𝐴𝑖 − 𝑃𝐿𝑖𝐶 −𝛽𝑃
) < 0  (33) 

 

𝐴𝑖
𝑇𝑃 − 𝐶𝑇𝐿𝑖

𝑇𝑃 + 𝑃𝐴𝑖 − 𝑃𝐿𝑖𝐶 + 2𝛼𝑃 < 0         (34) 

 

We make the following changing variable  

𝑃𝐿𝑖 = 𝑀𝑖     (35) 

 

Which yield the following LMIs in 𝑃 and 𝑀𝑖: 

 

(
−𝛽𝑃 𝐴𝑖

𝑇𝑃 − 𝐶𝑇𝑀𝑖
𝑇

𝑃𝐴𝑖 − 𝑀𝑖𝐶 −𝛽𝑃
) < 0   (36) 

 

𝐴𝑖
𝑇𝑃 − 𝐶𝑇𝑀𝑖

𝑇 + 𝑃𝐴𝑖 − 𝑀𝑖𝐶 + 2𝛼𝑃 < 0   (37) 

 

Finally, the observer gains will be given as: 

 

𝐿𝑖 = 𝑃−1𝑀𝑖                 (38) 

 

4.2. Second Possibility: (unmeasurable & unmeasurable �̂�(𝒕))  

In this case we consider an unmeasurable premise variable 𝜃(𝑡) for TS fuzzy model 

given as: 

�̇�(𝑡) = ∑ 𝜔𝑖 (𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡))                                 (39) 

An unmeasurable premise variable 𝜃(𝑡) For the PDC controller: 

𝑢(𝑡) = ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(−𝐾𝑗�̂�(𝑡))                                       (40) 

And an unmeasurable premise variable 𝜃(𝑡) for the fuzzy observer is given as;  

�̇�(𝑡) = ∑ 𝜔𝑖 (𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+𝐿𝑖(𝑦(𝑡) − �̂�(𝑡))                 (41) 

 

We note that the unmeasurable premise variable 𝜃(𝑡)  is estimated by the fuzzy 

observer. 
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From a stability viewpoint nothing has changed when we replace the measurable with 

unmeasurable premise variable such as; the estimation error dynamics will be given as: 

�̇�(𝑡) = ∑ 𝜔𝑖 (𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖 − 𝐿𝑖𝐶)𝑒(𝑡)                             (42) 

  

Result: 

The observers (13, 14), (41, 14) have the same stability condition of theorem 2 if 

we use the same nature of measurable or unmeasurable premise variable for both 

TS fuzzy system and TS fuzzy observer. 

 

5. Case Two: Different Nature of Premise Variables  

For this section we consider a measurable premise variable 𝜃(𝑡) for TS fuzzy model, 

and we use an unmeasurable premise variable  𝜃(𝑡) for the fuzzy observer such as: 

The TS fuzzy model will be given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡))                           (43) 

The PDC controller depends on the estimated state, then it depends on an unmeasurable 

premise variable  𝜃(𝑡) as following: 

𝑢(𝑡) = ∑ 𝜔𝑘 (𝜃(𝑡)) (−𝐾𝑘�̂�(𝑡))

𝑟

𝑘=1

                                     (44) 

The closed loop equation will be given as: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) − 𝐵𝑖 ∑ 𝜔𝑘 (𝜃(𝑡)) 𝐾𝑘�̂�(𝑡)

𝑟

𝑘=1

)                   (45) 

 

The fuzzy observer will be (precedent equation) given as: 

 

�̇�(𝑡) = ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑗𝑥(𝑡) + 𝐵𝑗𝑢(𝑡)+𝐿𝑗(𝑦(𝑡) − �̂�(𝑡))                   (46) 

We define the estimation error as: 

𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡) => 𝑥(𝑡) = 𝑥(𝑡) − 𝑒(𝑡)                                 (47) 

A. The closed loop equation: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) − 𝐵𝑖 ∑ 𝜔𝑘 (𝜃(𝑡)) 𝐾𝑘(𝑥(𝑡) − 𝑒(𝑡))

𝑟

𝑘=1

                      (48) 

In closed loop, the state dynamics with a fuzzy observer will be given as 

                   �̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡)) (𝐴𝑖 − 𝐵𝑖𝐾𝑘)𝒙(𝒕)

𝑟

𝑖=1

+ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡)) (𝐵𝑖𝐾𝑘)𝒆(𝒕)

𝑟

𝑖=1

                                               (49) 

 

B. The Estimation Error Dynamics 

The estimation error dynamics will be: 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

(𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)) 



International Journal of Control and Automation 

Vol. 11, No. 2 (2018) 

 

 

Copyright © 2018 SERSC Australia 83 

− ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑗𝑥(𝑡) + 𝐵𝑗𝑢(𝑡)+𝐿𝑗(𝑦(𝑡) − �̂�(𝑡) )                   (50) 

�̇�(𝑡) = ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

𝐴𝑖𝑥(𝑡) − ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐴𝑗𝑥(𝑡) + ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

𝐵𝑖𝑢(𝑡)

− ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐵𝑗𝑢(𝑡) − ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐿𝑗𝐶𝑒(𝑡)                                     (51) 

By incorporating the convex sum in the equation (51): 

∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

= 1    𝑎𝑛𝑑     ∑ 𝜔𝑘 (𝜃(𝑡)) = 1

𝑟

𝑗=1

                                (52) 

And substituting 𝑥(𝑡) = 𝑥(𝑡) − 𝑒(𝑡)  then: 

�̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐴𝑖𝑥(𝑡)

𝑟

𝑖=1

− ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐴𝑗𝑥(𝑡)

𝑟

𝑖=1

+ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐵𝑖𝑢(𝑡)

𝑟

𝑖=1

− ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐵𝑗𝑢(𝑡)

𝑟

𝑖=1

+ ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐴𝑗𝑒(𝑡) − ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝐿𝑗𝐶𝑒(𝑡)                                     (53) 

�̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐴𝑖 − 𝐴𝑗)𝑥(𝑡)

+ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐵𝑖 − 𝐵𝑗)𝑢(𝑡)

+ ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑗 − 𝐿𝑗𝐶)𝑒(𝑡)                                                                   (54) 

By substituting the controller given by the equation (45) we will have: 

�̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑖 − 𝐴𝑗)𝑥(𝑡)

𝑟

𝑖=1

+ ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑗 − 𝐿𝑗𝐶)𝑒(𝑡) 

+ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐵𝑖 − 𝐵𝑗) ∑ 𝜔𝑘 (𝜃(𝑡))

𝑟

𝑘=1

(−𝐾𝑘�̂�(𝑡))                         (55) 

The estimated state is given as:𝑥(𝑡) = 𝑥(𝑡) − 𝑒(𝑡) 

�̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑖 − 𝐴𝑗)𝑥(𝑡)

𝑟

𝑖=1

+ ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑗 − 𝐿𝑗𝐶)𝑒(𝑡) 

+ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐵𝑖 − 𝐵𝑗)

𝑟

𝑖=1

∑ 𝜔𝑘 (𝜃(𝑡))

𝑟

𝑘=1

(−𝐾𝑘(𝑥(𝑡) − 𝑒(𝑡)))               (56) 

 

�̇�(𝑡) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑖 − 𝐴𝑗)𝑥(𝑡)

𝑟

𝑖=1

+ ∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑗 − 𝐿𝑗𝐶)𝑒(𝑡) 

− ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐵𝑖 − 𝐵𝑗)𝐾𝑘𝑥(𝑡) 
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+ ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐵𝑖 − 𝐵𝑗)𝐾𝑘𝑒(𝑡)                                        (57) 

By incorporating the convex sum: 

∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖=1

= 1    𝑎𝑛𝑑     ∑ 𝜔𝑘 (𝜃(𝑡)) = 1

𝑟

𝑗=1

 

In the equation of the estimation error dynamics, we will get: 

�̇�(𝑡) = ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

(𝐴𝑖 − 𝐴𝑗)𝒙(𝒕)

𝑟

𝑖=1

 

− ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐵𝑖 − 𝐵𝑗)𝐾𝑘𝒙(𝒕) 

+ ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐴𝑗 − 𝐿𝑗𝐶)𝒆(𝒕) 

+ ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(𝐵𝑖 − 𝐵𝑗)𝐾𝑘𝒆(𝒕)                                        (58) 

The final equation will simplified as: 

�̇�(𝑡) = ∑ ∑ ∑(𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡)))𝜔𝑘 (𝜃(𝑡)) [𝑨𝒊 − 𝑨𝒋 − (𝑩𝒊 − 𝑩𝒋)𝑲𝒌]𝒙(𝒕)

𝑟

𝑘=1

𝑟

𝑗=1

𝑟

𝑖=1

+ ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡)) [(𝑨𝒋 − 𝑳𝒋𝑪)

𝑟

𝑘=1

𝑟

𝑗=1

𝑟

𝑖=1

+ (𝑩𝒊 − 𝑩𝒋)𝑲𝒌]𝒆(𝒕)                                                                                      (59) 

 

C. The Augmented System: 

We incorporate the convex sum (59) in (50) (equation of the state dynamics): 

∑ 𝜔𝑗 (𝜃(𝑡))

𝑟

𝑗=1

= 1 

�̇�(𝑡) = ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡)) (𝐴𝑖 − 𝐵𝑖𝐾𝑘)𝑥(𝑡)

𝑟

𝑗=1

𝑟

𝑖=1

+ ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡)) (𝐵𝑖𝐾𝑘)𝑒(𝑡)

𝑟

𝑗=1

𝑟

𝑖=1

                     (60) 

Finally we have obtain the augmented system with the state dynamics �̇�(𝒕) and the 

estimation error dynamics�̇�(𝒕): 

 

(
�̇�(𝑡)

�̇�(𝑡)
) = ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

𝑮𝒊𝒋𝒌 (
𝑥(𝑡)

𝑒(𝑡)
)                                 (61) 

We take: 

�̇�𝒂(𝒕) = (
�̇�(𝑡)

�̇�(𝑡)
)                                                                                   (62) 

𝑮𝒊𝒋𝒌 = (
𝐴𝑖 − 𝐵𝑖𝐾𝑘 𝐵𝑖𝐾𝑘

𝐴𝑖 − 𝐴𝑗 − (𝐵𝑖 − 𝐵𝑗)𝐾𝑘 𝐴𝑗 − 𝐿𝑗𝐶 + (𝐵𝑖 − 𝐵𝑗)𝐾𝑘
)                                        (63) 
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�̇�𝒂(𝒕) = ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

𝑮𝒊𝒋𝒌𝑿𝒂(𝒕)                                      (64) 

�̇�𝒂(𝒕) = ∑ ∑ 𝜔𝑖(𝜃(𝑡))𝜔𝑗 (𝜃(𝑡)) 𝜔𝑖 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

𝑮𝒊𝒋𝒊𝑿𝒂(𝒕)

+ 𝟐 ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑖<𝑘

𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

(
𝑮𝒊𝒋𝒌 + 𝑮𝒌𝒋𝒊

𝟐
) 𝑿𝒂(𝒕)  (65) 

 

PROPOSITION 1: The stability conditions of the augmented system: 

The augmented system 𝑿𝒂(𝒕)=[𝒙(𝒕) ;  𝒆(𝒕)] modeled by (65) is asymptotically 

stable if there exists a positive definite matrix 𝑷 such as the following condition hold 

for 𝒊, 𝒋, 𝒌 = 𝟏, … , 𝒓:  

𝐆𝒊𝒋𝒊
𝑻𝑷 + 𝑷𝐆𝒊𝒋𝒊 < 0                    ∀ 𝒊, ∀ 𝒋        (66)                                           

(
𝑮𝒊𝒋𝒌+𝑮𝒌𝒋𝒊

𝟐
)𝑻𝑷 + 𝑷 (

𝑮𝒊𝒋𝒌+𝑮𝒌𝒋𝒊

𝟐
) < 0       ∀𝒋, 𝒊 < 𝑘         (67)                                     

Comment: 

This proposition is mentioned in form of: 

 Theorem 11-CFS (Continuous Fuzzy System) in the paper [1], and in form of 

theorem 20 of the book “FUZZY CONTROL SYSTEMS DESIGN AND ANALYSIS” 

both of Kazuo Tanaka and al. But mentioned theorems have a fault in the indexation for  

𝒋, 𝒊 and s such as: 

 The stability condition must hold on ∀𝒋, 𝒊 < 𝒔   and not for ∀𝒊, 𝒋 < 𝒔 which mean that 

the permutation of index is done between 𝒊 𝒂𝒏𝒅 𝒔  ( 𝑮𝒊𝒋𝒔, 𝑮𝒔𝒋𝒊) and not between 

𝒋 𝒂𝒏𝒅 𝒔  (𝑮𝒊𝒋𝒔, 𝑮𝒊𝒔𝒋) 

 

Result: 

From the proposition (1), we conclude that the design of controller and observer cannot 

be done separately, because these is dependence terms between controller and observer 

design. 

 

Special case 𝐵𝑖 = 𝐵: 

If we have  𝐵𝑖 = 𝐵  the augmented system will be: 

�̇�𝒂(𝒕) = ∑ ∑ ∑ 𝜔𝑖(𝜃(𝑡))

𝑟

𝑘=1

𝜔𝑗 (𝜃(𝑡)) 𝜔𝑘 (𝜃(𝑡))

𝑟

𝑗=1

𝑟

𝑖=1

𝑮𝒊𝒋𝒌 (
𝑥(𝑡)

𝑒(𝑡)
)                            (68) 

𝑮𝒊𝒋𝒌 = (
𝑨𝒊 − 𝑩𝑲𝒌 𝑩𝑲𝒌

𝑨𝒊 − 𝑨𝒋 𝑨𝒋 − 𝑳𝒋𝑪)                                      (69) 

Linearization of the first condition of proposition (1) when 𝑩𝒊 = 𝑩: 

The next step we expanse only the first stability condition of our proposition to have its 

LMI form, and the same procedure is valid for the second condition: 

(
𝑨𝒊 − 𝑩𝑲𝒌 𝑩𝑲𝒌

𝑨𝒊 − 𝑨𝒋 𝑨𝒋 − 𝑳𝒋𝑪)
𝑻

𝑷 + 𝑷 (
𝑨𝒊 − 𝑩𝑲𝒌 𝑩𝑲𝒌

𝑨𝒊 − 𝑨𝒋 𝑨𝒋 − 𝑳𝒋𝑪) < 0              (70) 

We note that this equality is not an LMI, so we must to make a variable change to 

transform it to an LMI.  

We take a new variable    𝑿 = 𝑷−𝟏 , by multiplying left and right the previous equality 

(76) we will have: 

 

𝑿 (
𝑨𝒊

𝑻 − 𝑲𝒊
𝑻𝑩𝑻 𝑨𝒊

𝑻 − 𝑨𝒋
𝑻

𝑲𝒊
𝑻𝑩𝑻 𝑨𝒋

𝑻 − 𝑪𝑻𝑳𝒋
𝑻) + (

𝑨𝒊 − 𝑩𝑲𝒊 𝑩𝑲𝒊

𝑨𝒊 − 𝑨𝒋 𝑨𝒋 − 𝑳𝒋𝑪) 𝑿 < 0        (71) 
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(
𝑿𝑨𝒊

𝑻 − 𝑿𝑲𝒊
𝑻𝑩𝑻 𝑿(𝑨𝒊

𝑻 − 𝑨𝒋
𝑻)

𝑿𝑲𝒊
𝑻𝑩𝑻           𝑿 𝑨𝒋

𝑻 − 𝑿𝑪𝑻𝑳𝒋
𝑻) + (

𝑨𝒊𝑿 − 𝑩𝑲𝒊𝑿 𝑩𝑲𝒊𝑿
(𝑨𝒊 − 𝑨𝒋)𝑿 𝑨𝒋𝑿 − 𝑳𝒋𝑪𝑿) < 0  (72) 

The take𝑴𝒊 = 𝑲𝒊𝑿 and   𝑵𝒋 = 𝑳𝒋𝑪𝑿,   it yields the following LMI in𝑿 𝑎𝑛𝑑 𝑴𝒊: 

(
𝑿𝑨𝒊

𝑻 − 𝑴𝒊
𝑻𝑩𝑻 + 𝑨𝒊𝑿 − 𝑴𝒊𝑿 𝑿(𝑨𝒊

𝑻 − 𝑨𝒋
𝑻) + 𝑩𝑴𝒊

𝑴𝒊
𝑻𝑩𝑻 + (𝑨𝒊 − 𝑨𝒋)𝑿   𝑿 𝑨𝒋

𝑻 − 𝑵𝒋
𝑻 + 𝑨𝒋𝑿 − 𝑵𝒋

) < 0                             (73) 

You can do the same calculus procedure for the general case 𝐵𝑖 ≠ 𝐵   and for the 

second stability condition to have its LMI form. 

 

6. Conclusion 

The stability analysis and design procedure of the augmented TS fuzzy systems (state 

and observer) requires some consideration about the nature of premise variable either 

measurable or unmeasurable, which is related to the dependence of premise variable to the 

state vector, according to this relationship we can distinguish two kinds of premise 

variables: 

-Measurable premise variable (for example input, output) 

-Unmeasurable premise variable (for example state) 

We present in this paper the stability condition and design procedure of the augmented 

TS fuzzy system compound from TS fuzzy model and TS fuzzy observer. We show 

through this work the difference between the utilization of the same or different cases of 

premise variable (measurable or unmeasurable) for the TS fuzzy model construction and 

for the TS fuzzy observer design.  

We conclude that we obtain the same stability conditions if we use premise variables 

with same nature for TS fuzzy model and TS fuzzy observer. 

We make an indication and correction of a fault made in paper [1] [8] which deal with 

the unmeasurable premise variable case 

We summarize our contribution in this paper as: 

 We present a new classification about measurable and unmeasurable premise 

variable for augmented system design (TS fuzzy model and fuzzy observer). 

 We prove that the use of the same nature of the premise variable (measurable or 

unmeasurable) for TS fuzzy model and fuzzy observer has the same stability 

conditions 

 We make a correction for the theorem proposed by TANAKA and al.  [1], in the 

design of fuzzy observer with unmeasurable premise variable case. 
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