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Abstract 

A trimming methodology for a robotic new-configuration-coaxial-rotor helicopter was 

proposed to utilize high efficiency rotor to change the robotic coaxial helicopter 

movements based on the different rotors’ thrust ratio. This configuration cancels 

mechanical linkages between the upper and lower to decrease the mechanical complexity. 

It would increase the flexible of control rotor. The integration method was employed to 

construct a robotic coaxial-rotor helicopter. Blade element momentum theory was 

adopted to calculate the force and moments of the two rotors. Figure-of-Merits of two 

rotors were compared to show a high efficiency rotor. This trimming method will 

contribute to the optimum control allocate strategy of a coaxial rotor helicopter. 

Consequently, simulation results of frequency response analysis were implemented. It 

proves that the proposed method can show different effects on state variables. It also can 

bring an appropriate representation of dynamic response characteristic in open loop. 

Different effects of upper and lower rotor's cyclic input were discussed. Finally, a  control 

allocation strategy of the coaxial rotor helicopter is suggested. 
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1. Introduction 

The coaxial rotor helicopter has re-aroused interest because of its potential to 

achieve high speed, long range and heavy lift.  Many researches have made significant 

progress on performance analysis, optimum coaxial rotor design and prototype 

demonstrator [1-3]. Comparing the single rotor helicopter, a coaxial rotor helicopter 

contains two nearly identical counter-rotating rotors and the tail rotor is eliminated. The 

general characteristic of a coaxial rotor helicopter is normally complicated mechanical 

linkage between the upper and lower. However, these complicated mechanical linkage 

would increase the difficult of rotor design. In addition, these type of configuration will 

also increase the extra unnecessary mass. Inspired by the idea of eliminating the 

unnecessary mechanical devices in actuator[4, 5], a new configuration coaxial rotor 

configuration is  proposed. The upper and lower rotor is controlled by its own swash-plate 

dependently in the proposed configuration, respectively. Mechanical linkages between 

the upper and lower is cancelled. The mechanical constraints of cyclic pitch of the two 

rotors are released. Each rotor's pitch motion is controlled by its own three mechatronics 

actuators in Figure 1.  

Therefore, it is necessary  to manage extra liberated input degrees for this new 

configuration in trim procedure. As we all know, trim is a vital procedure in helicopter 

design. It is significantly associated with a control allocate strategy and dynamic 

response characteristic. A review of the state of the art for the trim formulation has been 
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presented [6]. Literature [7] has put forward a traditional four inputs trim method .But 

there two inputs were fixed before taking-off. This is a consequence of relieving the pilot 

workload and increasing task performance. On the side, a trim method with six inputs has 

been implemented to equilibrate the non-linear equation to performance comparison [8]. 

It was simply assumed that same cyclic pitch inputs of the upper and lower rotor were 

adopted. Different effects of the cyclic pitch inputs of the upper and lower rotor on the 

coaxial helicopter movements  was neglected. 

 

 

Figure 1. Coaxial Helicopter Prototype with a New Coaxial Rotor 
Configuration 

However, the previous methods constraint different effects of the cyclic pitch inputs of 

the upper and lower rotor on the coaxial helicopter movements. The cyclic pitch inputs of 

the upper and lower rotor aren’t seriously considered. From the principle of helicopter, the 

thrust of rotor is the fundamental origin of movement. To produce a moment is the 

fundamental principle of cyclic pitch control through tilting the direction of the rotor 

thrust vector. Therefore, the key ingredient of a new trim methodology design is the extra 

liberated cyclic pitch inputs of the upper and lower rotors. In the meanwhile, the 

collective pitches of the upper and lower rotors are varied together to alter the total thrust 

meeting the requirement of the system. At the same time, zero yawing moment is  

maintained in our trim methodology. Since the upper and lower rotors flow in different 

inflow wakes, it brings different thrusts under the same blade airfoil and physical 

parameter. Furthermore, cyclic inputs are used to control state variables, especially the 

moment movement. Thus, it is a suggestive idea to utilize these different thrusts to 

construct a new trim strategy for the designed configuration to consider the different 

effects on control states. Consequently, thrust ratio of two rotors is introduced to construct 

relationship of extra liberated upper and lower rotors' cyclic pitch.  

Furthermore, simulation model is needed to construct to investigate the dynamic 

response characteristic of the proposed trim strategy. The state of the art for the 

formulation of a simulation model has been proposed in [9-11]. Therefore, the integration 

method was advocated to construct mathematical model of the robotic new-

configuration-coaxial-rotor helicopter.. In predicting thrust and power coefficient of 

coaxial rotor, it has been validated that blade element momentum theory was almost 

consistent with free-vortex method prediction [1], which given a better approximation to 

experimental data using full-scale and model scale coaxial rotors at its operating state and 

load sharing [12]. Then, BEMT was adopted to generate coaxial rotor’s force and moment 

[13].  
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After constructing the model, it needs a technical tool to evaluate the impact on 

dynamic characteristics under the proposed trim method. Frequency response analysis has 

widely been used to validate the dynamic response with flight data in different rotorcraft 

[14-16]. These applications confirm our confidence that frequency response analysis is 

indeed superior benefit to dynamic characteristics. Therefore, frequency response analysis 

was implemented to investigate the dynamic response characteristic of the constructed 

model. The input degrees totally includes upper and lower rotor's cyclic input, themselves' 

collective pitch.    

 The objective of our paper is to propose a trimming methodology for a robotic new-

configuration-coaxial-rotor helicopter to utilize high efficiency rotor based on the 

rotors’ thrust ratio. This methodology includes modeling method, trim strategy, figure-

of-merit analysis and simulation method. In the modeling method, the constructed coaxial 

rotor model was regarded as two-main-rotor of a conventional helicopter. The blade 

element momentum theory was employed to calculate thrusts of the upper and lower 

rotor under new-configuration-coaxial-rotor. Trim values were work out in analytic 

method. Stability and control derivatives were derived with assuming that two-

main-rotor induced on a rigid body. Moreover, Dynamic characteristic of proposed 

trim strategy were compared with the existed research. Effects of proposed trimming 

strategy on trim values were also discussed deeply. Consequently, these endeavors 

show a confident guide to contribute to a less complicate and lighter coaxial rotor system 

and more flexible input than the previous work.  

 

2. Modeling and Trimming 
 

2.1Modeling 

The basic rigid body dynamic and a mechanism for generating force  and torque 

are perfectly assumption for representation of rotorcraft dynamic characteristic and 

control response [17, 18]. Consequently, the simulation model was summed up in 

forces and moments. The model embodies the coaxial rotor, fuselage, vertical 

empennage and horizontal stabilizer. The forces and moments act along the body-

fixed axes system that centered at the helicopter’s center of mass.  Figure 1 

illustrates the body-fixed axes system with x-axis forward, y-axis rightward and z-

axis to the down. The Oe , Ob , Ot and Oh  designate the origin of earth coordinate, 

body coordinate, tip-path plane coordinate, hub plane coordinate, respectively. 

Furthermore, a rigid body dynamics is generally described by the Newton-Euler 

equations of motion as followed: 
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resultant force and torque respectively calculated in the following way:  
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Where subscriptsup , low , H , V and F  indicates upper rotor, lower rotor, horizontal 

empennage,  vertical fin and fuselage, respectively. l , y , h  stand for distance that each 

component respects to center of the body-fixed axes in x-axis, y-axis, z-axis.  

 

2.2. The Coaxial Rotor 

The coaxial rotor is the key ingredient to construct a simulation model. The forces and 

moments of the two rotors are calculated dependently with accounting for the interference 

effects by linear superposition which the upper rotor’s slipstream wake interferes the 

inflow of lower, but the lower rotor doesn't affect the upper rotor’s inflow[1]. Thus, blade 

element theory with the assumptions of two-dimensional and steady airfoils was applied 

to model the coaxial rotor. Hence, the thrust and torque was calculated as followed: 
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Where T  and Q  stand for thrust and torque, air density is representation of  , disc 

area is written in terms of A , rotational speed of rotors is indicated by  , R  is radius of 

the rotor. TC  and QC  denote thrust coefficient and torque coefficient. Based on blade 

element theory, the thrust  and torque coefficient of the coaxial rotor are obviously 

conceived around the rotor azimuth and over the blade span and numerically integrated 

across each respective rotor disk that blade was discretized into a series of small radial 

constant elements. The upper rotor whose advancing blade is on the right side, and the 

lower rotor is clock-wise. 

In the first instance, calculating of the upper rotor' thrust and torque is considered. The 

inflow velocity and incremental thrust with adaptions  is derived as[13]. 
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Thrust coefficient TC  and power coefficient PC  [19] are defined as 
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To develop present analysis further, the thrust and torque's coefficient of upper rotor 

was numerically integrated across each respective rotor disk. Blade was discretized into a 

series of small radial constant elements. Torque's and power's coefficients are numerically 

equal.  
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To calculate thrust and torque of the lower rotor, the mathematical principles same as 

the upper rotor was adopted. However, lower rotor is combined reasonably with two 

approximation parts, one for the inner part encountering by fully slipstream wake of the 

upper rotor, and the other outer part freely affecting by the slipstream wake. The 

boundary of two parts was defined on the basis of wake's assumed radial contraction of 

the upper rotor ideally or empirically. To this end, the inflow velocity and incremental 

thrust of lower rotor is followed: 

For r a  
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Note that a  is factor which maximum radial station of upper rotor wake imping on 

lower rotor. Thrust coefficient 
lowTC and power coefficient 

lowPC are defined as 
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Based on blade element theory, it is recognized that thrust and torque of the upper and 

lower rotor are obviously conceived around the rotor azimuth and over the blade span. 

The generation method of coaxial rotor thrust and torque laid a foundation for trimming 

procedure. 

In the meanwhile, modeling conventional helicopter's fuselage was expanded to model 

fuselage of a robotic coaxial rotor helicopter in terms of sideslip and incidence. The 

vertical fin and horizontal empennage also adopted the modeling method in the single 

rotor helicopter [20, 21]. It was supposed that the force and moment of the fuselage only 

downwash affected by lower rotor, but upper rotor doesn't. Scaling the force and moment 

coefficient of the existed fuselage was applied to calculation of force and moment using 

the dimensions of constructed model. This physical parameter can be automatic calculated 

by the prototype of CAD schematic.  

The moments and forces of the vertical fin and horizontal empennage play important 

roles in yawing moment equilibrium equation and longitudinal trim conditions, 

respectively. However, this effect is evident in the real flight, but not well predicted by 

simulation[22]. Thus, the effect of the vertical fin, horizontal empennage force and 

moment was neglected. It is possible to employ the same thought extending to modeling 

of the vertical fin and  horizontal empennage as fuselage in the constructed model[23]. 

Furthermore, the fidelity level of constructed model, from the view of buildup in 

Ref.[22], belongs to the between level 1 and level 2. It has an ability to represent 

underlying physics and to interpret cause and effect of model behavior. Therefore, these 

gain our confidence to carry on following work. 

 

2.3. Trimming 

Trimming is situation where forces and moments are in equilibrium about the center of 

gravity in operating steady flight. Trim strategy concerns suitable input control positions.  

It is required to solve the non-linear equilibrium equation in the specified flight condition. 
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Therefore, the collective pitchs of the upper and lower rotors are varied together to alter 

the total thrust meeting the requirement of the system. At the same time, zero yawing 

moment was maintained on the non-linear model in our trim strategy. Our design aim 

mainly focused on the requirement for weight of the helicopter with 200kg. Other 

parameters was referred in [10]. Moreover, the upper and lower rotor adopted the 

teetering two-blade configuration. Blades are identical in blade sections employing 

NACA0012, radius, plan-form, twisted rates and cut-out in Table 1. Consequently, the 

thrust of the upper and lower rotors is 1141.5(N) and 881(N). 

Table 1. Physical Parameters of the Coaxial Helicopter  

R  e  c  
rT  

wT  h  

1.8m 0.1m 0.15m 1：1 -6° 0.2m 

 

In order to establish the square equilibrium equation, trimming strategy is proposed 

based on the rotor’s thrust ratio for the proposed configuration coaxial rotor helicopter. 

That is to say, the cyclic inputs between the upper and lower rotor was defined as 

proportional to the rotor’s thrust as followed: 
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Where, 1sa  is first lateral harmonic coefficient of blade flapping. First longitudinal 

harmonic coefficient of blade flapping is indicated by 1sb . Furthermore, substituting 

equation (14) into equation (3),(4) and then into equation (1),(2). Therefore, the square 

equilibrium equations are obtained. In addition, the spin mode that its’ axis always 

directing vertically is driven into generally prescribing operating flight condition. Finally 

the solution of the trim condition were implemented analytically. The trim values are 

respectively made lists in Table 2. The advantage of the proposed trim method is that high 

figure of merit (FOM) of the upper and lower rotor is utilized. The single rotor FOM is 

defined as[24]: 
3 2

FOM=
2

T

Q

C

C
                                              (15) 

Consequently, FOM of the upper and lower rotor is 0.7316 and 0.4961, respectively. It 

indicates that the upper rotor is more efficient than lower rotor. This is because the extra 

lower rotor’ induced power is lost to compensate for the large downwash wake 

interference from the upper rotor. In terms of collective pitch control, the lower rotor 

collective input is also little higher than the upper rotor. The higher collective pitch of the 

lower rotor is in better harmony with the findings from other trimmed coaxial rotor in 

hover condition[12, 25]. In addition, thrust sharing ratio of the both rotors shows agree 

well with the previous work. Meanwhile, different FOMs of the two rotors show that the 

proposed trim method is effective in distinguishly treating cyclic input of the upper rotor. 
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Table 2. Trim Inputs and State Variables 

Inputs/states Parameter 

  0.1147 

  -0.1249 

 1 up
B  -0.1285 

 1 up
A  0.1367 

 1 low
B  0.0991 

 1 low
A  0.1055 

 col up
  0.242 

 col low
  0.2731 

 

3. Dynamic Stability 
 

3.1. Linearize 

After trimming non-linear model, extracting linear model is implemented at operating 

condition. The change of dynamic system in trim condition can be depicted by 

superposition of individual effects of changes of the independent variables. Moreover, 

kinematic equations are applied to described the relative rotation motions between the 

body-fixed frame and the earth frame in the following way: 

0 cos sin

1 sin tan cos tan

0 sin sec cos sec

p

q

r

  

    

    

     
     

     
         

                           (16) 

It is impressive hypothesis that linear effects are respectively added up The input 

variable effects are also considered. Finally, small perturbation theory is embraced, which 

is rigorously true for small independent variables from the trim values. It is more 

importantly valid enough to use for the stability analysis. Linear model is derived as 

follow： 

 x Ax Bu                                                    (17) 

Here, state and control matrices are corresponding written in terms of A and B. 

Stability and control derivatives are evaluated by taking use of the numerical linearization 

form. The significant rotors derivatives are showed in Table 3. 

Table 3. Basic Rotors’ Derivatives 

Deriavtives Expressions values 
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The 8-dimensional state vector is 

 u v w p q r  x                                          (18) 

and the input variables is 

            1 1 1 1col colup up up low low low
A B A B  

 
u            (19) 

 

3.2. Stability Analysis 

Stability analysis is one of the key concerns to permit expression of cause and 

effect in parametric form in helicopter research following a disturbance from trim 

condition. The nature modes of motion are indicated by the eigenvalues of the 

stability matrix in the Table 4. 

Table 4. Eigenvalues of the Model in Hovering Condition 

eigenvalues Nature mode 

-0.563 roll 

-0.4806 pitch 

-4368 heave 

0.2125±0.3908i unstable 

0.6308±0.4309i unstable 

0.6925 unstable 

 

As saw from the Table 4, pitch subsidence, roll subsidence and heave subsidence 

mode of model exhibit stability. Since two rotors flap in opposite directions with 

decreasing the rotor dihedral effect on roll moments. The eigenvalue of roll mode 

drops and gets close to the pitch one with being homologous to the situation of 

closely values of roll and pitch early. The dynamic model is stable in heave mode. It 

is  not stable in the yaw mode since to speculation on the combination of the lack of 
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a tail rotor. Two complex conjugate pairs in the right half-plane are unstable 

oscillation. These two paires are belonging the longitudinal and lateral dynamics, 

respectively. This is because that the coupling of the pitch and longitudinal velocity 

caused by the speed stability. The other due to the coupling of roll and lateral 

velocity. These situation also happened in conventional helicopter. Furthermore, the 

distribution trend of natural modes of dynamic model coincides well with the 

existed results[26]. 

In summary, the fidelity of our simulation model presents constraints on what can be 

achieved from the point of view of stability analysis because of ignoring rotor dynamic 

motion. The more accurate the model becomes, the reliable stability analysis increases. 

However, the configuration of coaxial rotor with the lack of a tail rotor will intuitive play 

a dominant role in analysis stability when comparing the conventional helicopter. Many 

works of coaxial rotor helicopter aerodynamic model need to be detailed and deeply 

implemented, such as, the validated experimental results, but beyond the scope of this 

article. 

 

4. Simulation Results  

It was implemented to investigate the dynamic response characteristic under the 

proposed trim method. Since the proposed trim method was different from trimming 

strategy that was similar adopted in the conventional helicopter, different stability and 

control derivatives comes into being and dynamic response most likely has changed. 

Consequently, a suggestive control allocation strategy of the coaxial rotor helicopter 

is concluded after investigating the singularity response of each input 

comprehensively and objectively. It also provides a foundation to control this model. 

Figure 2 and 3, pitch   and pitch rate are clearly affected by longitudinal cyclic 

pitch  1 low
B  and  1 up

B . Figure 2a and Figure 3a point out that longitudinal cyclic pitch 

of upper rotor and lower rotor effects in pitch and pitch rated in different frequency 

bandwidth. There is considerable coupling of the forces and moments introduced by pitch 

moments between pitch and pitch rate due to control pitch moments. It must be first 

change pitch rate then attitude. In Figure 2, it indicates that longitudinal cyclic pitch 

 1 low
B can be used to control . Except pitch  , upper rotor's longitudinal cyclic pitch 

 1 up
B is more effective in pitch rate q  than other control variables in high frequency in 

Figure 3. Therefore, the upper rotor's longitudinal cyclic can be used to control the pitch 

rate. 

 

 

(a) 
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(b) 

Figure 2. Singular Value Responses of Lower-rotor Longitudinal Cyclic 

 

(a) 

 

(b) 

Figure 3. Singular Value Responses of Upper-rotor Longitudinal Cyclic 
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In Figure 4 and Figure 5, they indicate roll   and roll rate are clearly affected by lateral 

cyclic pitch  1 low
A and  1 up

A .  There is also considerable coupling between the roll and 

roll rate. It points out that lateral cyclic pitch of upper r and lower rotor effects in roll and 

roll rated in different frequency bandwidth in Figure 4a and Figure 5a.  Therefore, it 

indicates that   1 low
A  can be used to control roll at low frequency. Upper rotor's lateral 

cyclic pitch  1 up
A   is more effective in roll  than pitch   in Figure 4.  Except roll, 

 1 up
A is more effective in roll rate p than  other control variables as the same as  1 low

A  

effects pitch rate q  in Figure 6. 

 

 

(a) 

 

(b) 

Figure 4. Singular Value Responses of Lower-rotor Lateral Cyclic 

As saw from Figure 2, 3, 4 and 5, there are inherently cross-couplings between 

longitudinal and lateral motions due to axis symmetry of rigid-body. It also indicates that 

the constructed dynamic model is reasonable in depicting basic dynamic motion of 

helicopter. In addition, the heave and yaw state also effect the longitudinal and lateral 
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control variables. Moreover, it also indicated that the upper inputs more effective on states 

and less complicated state coupling than the lowers in the Figure2a, 3a when comparing 

with Figure 4a, 5a. This difference corresponding to the trim method based on the thrust 

ratio. 

 

 

(a) 

 

(b) 

Figure 5. Singular Value Responses of Upper-rotor Lateral Cyclic 

It shows that lower rotor's collective pitch significantly affects heave and yaw motion 

in the Figure 6. Hence, seriously coupling effects between heave and yaw motion are 

present. Furthermore, lower rotor's collective  col low
  and upper rotor's collective 

 
pcol u

 all more effective in vertical velocity w  than yaw rate r  and than the other 

control variables. Then, it is possible to control vertical velocity using lower rotor's 

collective  col low
  or upper rotor's collective  

pcol u
 , the rest input can will be used to 

control yaw rate r . Seriously coupling between heave and yaw motion in the constructed 

dynamic model. 
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(a) 

 

(b) 

Figure 6. Singular Value Responses of Upper-rotor Collective 

As saw from Figure 2 to Figure 7, the couplings between longitudinal-lateral dynamic 

and heave-direction dynamic still interference each other. Furthermore, Figure 2 to Figure 

7 reveal that any one input effect at least two control variables. Upper rotor's collective 

input even has influence on all of six control variables as illustrated by Figure 3 

Furthermore, plant has a high condition number at some frequencies reflected on its 

sensitivity to a relative input change. 

In summary, the singularity responses simulations show that the model 

experiences complicated couplings among channels. The control scheme is 

concluded as diagonally dominant as possible in Table 5. 
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(a) 

 

(b) 

Figure 7. Singular Value Responses of Lower-rotor Collective 

Table 5. Suggestive Control Allocation Strategy of the Coaxial Helicopter 

Input 

degree 

longitudinal 

 1 low
B  

longitudinal 

 1 up
B  

Lateral 

 1 low
A

 

Lateral 

 1 up
A

 

Collective 

 col low
  

Collective 

 
pcol u

  

Control 

variables 
Pitch   Pitch rate q   Roll  

Roll 

rate p  
Yaw rate r  

 Heave 

rate w  

 

5.  Conclusions 

A trimming methodology was proposed to utilize high efficiency upper rotor to 

change the coaxial rotor's moments based on the different rotors’ thrust ratio. This 

methodology includes modeling method, trim strategy, figure-of-merit analysis and 

simulation method. The integration method was advocated to construct mathematical 

model. Frequency response analysis was implemented to investigate the dynamic 

response characteristic of the constructed model. Then, dynamic characteristic of 

proposed trim strategy were compared with the existed research. Effects of proposed 
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trimming strategy on trim values were also discussed deeply. Frequency response 

simulations prove that the simulation model can bring an appropriate representation 

of dynamic response characteristic under trimming methodology. A suggestive 

control allocation strategy of the coaxial rotor helicopter is concluded. It is observed 

that the upper inputs more effective on states and less complicated state coupling 

than the lowers uppers. The possession of dominate upper rotor cyclic input with 

high figure of merit show a confident guide to contribute to a less complicate and 

lighter coaxial rotor system. In addition, It also provides more flexible input than 

the previous work. It also provides a foundation to control this model. This trim 

methodology also can be easily extend to other flight regime. 
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