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Abstract

An adaptive multiple-sliding-mode control strategy is proposed in this paper for trajectory
tracking control of a vertical take-off and landing unmanned aerial vehicle. First, a non-
redundant error model of the aircraft is established based on the Modified Rodrigues
Parameters. The cascade property is analyzed, based on which the system is divided into
position and attitude subsystems, respectively. Then, an adaptive law is designed to estimate
the unknown parameters, based on which a multiple-sliding-mode controller is applied to deal
with external disturbances. It is proved by Lyapunov theory that the tracking errors can
converge to a small neighborhood of the origin point by choosing appropriate control
parameters. Simulation results show that the proposed controller enables the VTOL UAV to
track a desired trajectory quickly and accurately.
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Parameters; Sliding Mode Control; Adaptive; Cascade System

1. Introduction

In recent years, the researches and applications of vertical take-off and landing
unmanned aerial vehicle (VTOL UAV) have been widely concerned, such as unmanned
inspection, rescue in disasters and road traffic supervision. The VTOL UAV is a kind of
non-holonomic cascade system with complicated restrictions, which do not satisfy the
necessary requirement of smooth feedback stabilization from Brockett, only the non-
smooth or time-varying control law could stabilize this kind of systems [1]. Thus, new
control methodologies should be explored for this kind of systems.

Many researches focus on the attitude control of the UAVSs, however, trajectory
tracking control is a more challenging work due to its strong coupling, unknown
parameters, external disturbance, etc. In [2-4], backstepping control and feedback
linearization are introduced for trajectory tracking problem. However, they cannot deal
with the system uncertainties and external disturbances effectively. In [5-6], intelligent
control strategies, such as neural networks, fuzzy control are adopted. However, the
convergence rate will limit the applications of these methods in practice. In [7-10], sliding
model control and model predictive control can increase the control accuracy with system
uncertainties. Concerning with the cascade property of the VTOL UAYV, hierarchical
control strategy is usually applied, the position and attitude controllers are usually
designed separately. However, the stability is usually analyzed based on subsystems,
while strictly Lyapunov analysis for closed-loop system is important.

From the analysis above, we propose a novel adaptive multiple-sliding-mode control
strategy in this paper. The system model is established based on Modified Rodrigues
Parameters (MRPSs). Then, the trajectory tracking problem is formulated and system error
model is established. The system error model is divided into two parts, translational
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subsystem and rotational subsystem, based on which the controller for each subsystem
can be designed separately. For the controller, an adaptive law is designed to estimate the
unknown parameters, based on which a multiple-sliding-mode controller is applied to deal
with external disturbances. At last, according to the Rodrigues formula and the character
of the MRPs, it’s proved that the tracking errors of the aircraft are bounded through global
stability analysis.

This paper is organized as follows. In Section 2, the system model of VTOL UAV is
established based on Modified Rodrigues Parameters (MRPs). In Section 3, trajectory
tracking problem is described, and the cascade property is analyzed. In Section 4, an
adaptive multiple-sliding-mode control methodology is proposed, and stability of closed-
loop system is analyzed based on cascade theory. Simulation in Section 5 is carried out to
show the effectiveness of the proposed method, followed by the Conclusions in Section 6.

2. System Model

Define an earth frame, whose x-axis points northward, y-axis eastward and z-axis
downward, namely a North-East-Down frame. We consider the VTOL UAYV as a rigid
body without deformation, and the system model is described as:

E=v

mv =e,mg — Re,T +d,

6=G(o)w

Jo=-oxJo+7+d, )

3
o &veR

wher are the position and velocity vectors under the earth frame. @ € R s

the angle velocity of the rigid body. d and 92 are external disturbances acting on the
translational and rotational subsystems satisfying assumption 1. ReR*® js attitude

e,=[0 0 1

transition matrix, is a unit vector. © is the MRPs which is defined as

o=rtana/4 191 r and @ represent a rotation axis that does not coincide with one of

the original coordinate axes and angle about the axis, respectively. M and J € R* are the
mass and inertia matrix of the rigid body, where J is considered to be a diagonal, positive
definite matrix. “x , Iy , J: are moments of inertia about the there coordinate axes. 9 is the

gravity acceleration. T and? €R’ are the throttle and moment on the rigid body. The

expressions of R(2) and ©(9) are given in as:

4(1—0'T0') 8 )
Rle)=te- (1+ O'TO') i (l+ O'TO')Z 5() @
G(a):%[l_GTGI3+S(a)+UGTJ o

Assumption 1. the disturbances 9 and 92 are bounded with i< m and 2] <7, :

3. Problem Formulation

The trajectory tracking problem of a VTOL UAV is investigated, and the objective of
this research is to design the control thrust T4 and ¢, such that the VTOL UAV can track

a desired trajectory quickly and accurately. The vector [x % %] is the desired
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trajectory which contains position, velocity and acceleration and the desired acceleration
% satisfies the following assumption 2.

Assumption 2. The desired acceleration is bounded with "Xdugv, where V is a
positive constant.

Define the system errors as: position error g=6"% , velocity error V=v-Xx , attitude

S :
R=RR , 9 and @ are MRPs and angular velocity error defined as:

o"'=0'®o”'d,a3:a)—§a)d (4)

matrix error

So we get the error equations of the system:

E=v

2, 1 N
v_ges—ande—dera(l—R)(nde)+dl -
6=G(6)d

P 5. Bafa
@=1J 1(_a)xJa)+rd+d2)—(Ra)d—RS(a))a)d) ®)

where equations (5) and (6) are the position and velocity subsystems. & and ¢ are

calculated from R and Re by (2). @ and ? are calculated from & and % .
Ra, — RS (& . I 3 . . - .
( @a S(w)w“) is the derivative of R® with respect to timeftd, Ma = R s the last row

Ty

of the desired attitude matrix. '« and ®¢ are the controllers that converge the system

errors to 0.

~ i(l—li)(nde):O
If =0 then the coupled term between the two subsystems ™M . Sowe

can consider the position error subsystem as a system with the disturbance & . The

)

subsystem (5) constitutes a nominal system ! anda coupled term 9 :

2. 1 y
V=ge,——n,T, - X, +d,
m (7
1 -
h==(1-R)(n,T
n(1-ROT) (®)

4. Controller Design and Stability Analysis

First, an adaptive multiple-sliding-mode control method is designed to stabilize the

translational error subsystem 1 and rotational error subsystem 22 Then the uniformly
ultimately bounded property of the position error subsystem is proven by analyzing the
property of the coupled term.

4.1. Controller Design
STEPL. Controller design of the position error nominal subsystem 2
The purpose of controller design of the position error nominal subsystem is to acquire

the controller '@ and virtual controller M
ultimately bounded.

, Which make the states of 2 uniformly
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Define two manifolds % 5, 52 al(sl) , Where & ks, is the virtual controller to

be solved. Based on the definition of manifold, we acquire oy =~k (s, _klsl). M is the
|m||351, where

estimated mass of the aircraft. The error of mass estimation M=M-M gatisfies
% s a

assumption 3.
Assumption 3. the error of mass estimation is bounded with |

positive constant.
We acquire the controller Ts and virtual controller ™ as the following:
L + Sl + kzsz

M| e,g— X, +k, (s, —ks, )+ - 7z
(s3s,+0°)

C1hS, +s,+k,s, | /T,
9)

M| e,g— X, +k, (s, ks, )+ . 7
(s35,+0°)

where kK2 are the control parameters, ¢ and # determine the neighborhood which the

system errors converge to.
The adaptive law is
C1iS,
(10)

M=ys, | e0— X, +k, (s, —ks,)+ (s;sz +52)M

The desired input ¢ and MRPs error & of the attitude error subsystem 22 can be

calculated by the virtual controller M.
Remark 1. Consider that ¢ and %« are required in STEP2, the controller (9) should
not contain sign function, so the controller could only converge the trajectory tracking

error into a small neighborhood.
STEP2. Controller design of the attitude error subsystem by
The purpose of controller design of the attitude error subsystem is to acquire the

controller %« which stabilizes the states of 2 asymptotically.
53 :&, S =0 (33), where % = K3 is the virtual controller

Define two manifolds
to be solved. Based on the definition of manifold, we acquire %2 ~ kG (s3)(s _k3s3).

Define a linear operator (). R >R 5
4 0 0
L(g)=| 0 m, O
0 0 g (11)
So there exists “#~ L(u)= for a vector X~k # %]T, where ==[3 9, JZT
E is the estimation of . The error of the estimation £=2-Z satisfies assumption 4.

Assumption 4. The estimation error of moments of inertia is bounded with ” ” &
€2 is a positive constant.

where
Hence we get the controller as
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=L(= )(( S(&,) @y )+KG(s5) (s, k33))+a)><L(é)a)—k434—ss—nzsgn(SA)
ks, K

(12)

where 4 are control parameters.

Remark 2. the operator son (') of a vector denotes a sign function of each term in the
vector.
The adaptive law is

2=1"(-5(0)L(@)-L(Ra, - RS (s,),)-L (kG (5,) (5, ~kss,))) s, 13

4.2. Stability Analysis

Theorem 1. Consider the position error nominal subsystem % of the VTOL UAV,
under the control law (9) and adaptive law (10), its position and velocity errors are
uniformly ultimately bounded.

S S

Proof. According to the definition of S and . manifolds > and are

diffeomorphisms of the position error ¢ and velocity error V', so the stability of ¢ and

V is equivalent to that of manifolds  and S
Define the Lyapunov function
V, :lsﬁsﬁms;s2 L

The derivate of the Lyapunov function is

V, =—kss, +5s's, +5; (m(e3g — %4+ D, +k, (s, —klsl))—nde)+ M

X |+~

(15)
Substitute the control law (9) and adaptive law (10) into (15), we get
V, =—ks's +8's, +5; (m(e3g — %y + D, +k, (s, -ks,))

—m[eag — %y +k (s, —klsz)+L]—sl—kzsz]

(ss, +52)]/2

1 5 . cn,S
+=m| m—ys] eag—xd+k1(sl—klsz)+%
4 (szsz+5 )

Cl[S
<ksTs —osls, ~mnJs,f| —2Il_ g
(s7s,+6%) (16)

1/2
when 1&:129/(¢°-1)
< _k131TS1 - kzszTSz (17)

In can be concluded that % and %2 are uniformly ultimately bounded, so the position

and velocity errors ¢ and V are uniformly ultimately bounded [12].

Theorem 2. Consider the attitude error subsystem 22 of the VTOL UAYV, under the
control law (12) and adaptive law (13), the error of MRPs and error of angle velocity are
uniformly asymptotically stable.
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5 S,

Proof. According to the definition of and , manifolds and are
diffeomorphisms of the error of MRPs & and error of angle velocity @, so the stability

S, S,

of 6 and @ is equivalent to that of manifolds % and .
Define the Lyapunov function

1 leqr =
V, =2In(1+ S3TS3)+ES4TJS4 +EETFE

(18)
Based on the property of MRPs [10]
"G (0) - [1+GTGJO'T
: (19)
Then we get
V, = —k,81s, +5.5,+5,; 38, +2'T=
=-k,S;8,+5,S, +ETE+ (roxJo+7,+D,)
~3-(Ra, ~RS (5,) 0, )~ ks 3 -G (55) (5, —ksss ))
< K518, +51S, +5; ((—wx L(é)w+rd)
~L(E)(Ray, ~RS(£,) @, )~ kL (E)G(s,) (s, —k353))
+éTr(é_r-1(_s(w)L(w)_ L(Ra, - RS(s, ), )
T
_L(k3G(s3)s4)) s4)+772|s4| (20)
Substitute the control law (12) and adaptive law (13) into (20), we get
V, <-k;s;s, —K,S; S, @1)
. lims, =lims, =0 .
According to the Barbalat lemma, 0% =% , SO the states of attitude error

2,

subsystem is globally uniformly asymptotically stable [12].

Theorem 3. Consider the original trajectory tracking error subsystem 21 of the VTOL
UAYV, the control law (9), (12) and adaptive law (10), (13) can make sure the error of
MRPs and error of angle velocity uniformly ultimately bounded with appropriate control
parameters.

Proof: First, we analyze the property of the coupled term. The Euclidean norm of the
coupled term is as follows:

_T_d T _ ST _ B
I =-2 \/nd (21,-R"-R)n, -

Assume R is obtained by rotating ¢ around the axis ' which is a unit vector. Using
the Rodrigues formula we get

R(a,r)= |3+Sina8(r)+(1—COSO()S(r)2 (23)

Hence we get

sinZ —niS(r)' n,

2T,
b= Zefsin

(24)
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T 2 T
obviously, S ™ is a quadratic form and MM =1

i (S ) <15 (S(1))y < s (S1°)

hence we can get

. The operators P (') and “n () denote the

2
maximum and minimum eigenvalues of a matrix. As the eigenvalues of S(r) are
A =04 =-1 consequently:

0<|h| < ¢ lsin <

2 (25)

Since S kS, =V , according to (10) and the assumptions 2 and 3

T, <0 g +vroe S k(s oI5 )
(26)
where = Max {Lky) , then
T2 < (g+v+u+c j + 2 Js ) +s.[)

20 @27)

: , sz[slT sT] : —
Define the generalized error states ™ 21 according to the definition of

Euclidean norm;

ol +ls.I =[l (28)

T < (g+v+u+;5j +2k? ||z, ||

Hence, we get , then we get:

T, < ﬁrﬁ(g +v+u+2—7§]+ﬁk||zl||

(29)
From the definition of MRPs
in]- L <jo)-ps)
1+[6f’ (30)
According to the assumption 2, we get
J2m
ol < Y22 g o 1 L2
(31)
From (30) and (27), we can get
v 0242l g v s+ S o kla o
s[zﬁm[g+v+u+_j||s [+ 292k 2 j"s ||
Consequently, there exists
I (6 )< (@ s+ 2 s )
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S Cny
a =2«Em(g +v+u+—}
where 26 ) ang 8 =242k
According to theorem 2, under the control law (12) and adaptive law (13), there exists
Allel.t-t)

a "~ function which satisfies the inequality as follows:

Js: (bt Je])] = Al t=) (34)

>t Allel.t-t)=<e , then we get:

; cls
V, <-ks's, —k,8;8, —mr, [Is, ||{% —l] +aes,|+ae|z
S8, +

C||S
s—agnzluz—mmuszu{ﬁ—m]
2 Y2

There exists b when

(35)

alsj
. a,=[1+—
Whereagzmm{kl,kz}—azg and * [ mz,

2 2\¥2
Since ||21”Sa45/(c —a4) . consider that sl <] ., So there exists

y
Is211< a45/(02 -a)” , then we get

p 2
V, <z (36)
The generalized error states % are uniformly ultimately bounded. From the definition

of 4, the position and velocity errors of the system are diffeomorphisms of %, so they
are uniformly ultimately bounded. The controller will make the trajectory tracking error
converge to a compact set by choosing appropriate control parameters.

5. Simulations and Analysis
Assume that the disturbance force and moment are
sin(7t/10)+sin(t/100)

D, =| sin(zt/10)+sin(7t/100) [x10*N
sin(7t/10) +sin (t/100)

(37)
sin(7t/10)+sin(7t/100)
D, =| sin(zt/10)+sin(7t/100) |x10*N-m
sin(7t/10)+sin(7t/100) (38)

.
Assume that the initial position of the VTOL UAV is [05 05 0] (unit: m). The
trajectory is generated in MATLAB to simulate the process of vertical take-off, hover and
landing, and test the effect of the controller proposed in this paper.
Firstly, we simulated the stability control of the VTOL UAV. Assume that the initial

T T
position of the aircraft is [t 10 (unit: m), the desired position is [0 0 -5 (unit: m).
Figure 1 and Figure 2 show the stability control effect of the position and attitude
subsystems.
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Remark 2. Because we take the North-East-Down frame as the earth frame, the
desired altitude -5m means that the VTOL UAV aircraft should take off and stabilize
itself at the height of 5m.

””” Desired Position

x-axis
e 1 3 T T T — Actual Position
=
£ 05 i
]
<]
& o
0 2 4 6 8 10 12 14
t/s
y-axis
E 1
=
£ o5 B
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& oo
0 2 4 6 8 10 12 14
t/s
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£ 0
5 2r 1
-
& 4 ]
0 2 4 6 8 10 12 14

t/s

Figure 1. The Stabilization Control Effect of Position Subsystem

””” Desired MRPs

Roll-axis
0.1 T T 3 3 T Actual MRPs
g
g 0
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=
01 c : c c c c
0 2 4 6 8 10 12 14
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0.1
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g o0
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=
-0.01 L
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ts

Figure 2. The Stabilization Control Effect of Attitude Subsystem

It is shown in Figure 1 that the controller has a good effect on the stability control of
the VTOL UAV. The position error can converge to zero in less than 3 seconds. Figure 2
shows that the MRPs of the system will converge to desired attitude quickly.

-Desired Trajectory
— Actual Trajectory
.4-"""'&. \

[ T

4 g | f(
Ax\\x\ ‘L/ _J:f»‘/
3 e

0

South/m 3

East/m

Figure 3. The Trajectory Tracking Effect of the VTOL UAV
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X-axis Desired Trajectory
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Figure 4. The Control Effect of the Position Subsystem
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Figure 5. The Control Effect of the Attitude Subsystem

Figure 3 and Figure 4 show that the controller proposed in this paper has an ideal effect
of trajectory tracking control, which enables the aircraft tracking an arbitrary trajectory.
The trajectory of the aircraft will converge to the desired trajectory quickly even if the
system has initial errors. It is shown in Figure 5 that the attitude subsystem has a good
tracking effect while the desired MRPs keep changing.

5. Conclusions

In this paper, an adaptive based multiple-sliding-mode control methodology is
proposed for trajectory tracking problem of a VTOL UAV. The system error model is
established based on MRPs. The system error model is divided into two parts,
translational subsystem and rotational subsystem, based on which the controller for each
subsystem can be designed separately. For the controller, an adaptive law is designed to
estimate the unknown parameters, based on which a multiple-sliding-mode controller is
applied to deal with external disturbances. Simulations results show that the proposed
control strategy can enable the VTOL UAYV to track a desired trajectory quickly and
accurately. The controller can deal with the uncertainties successfully to increase the
control accuracy.
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