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Abstract
This paper mainly investigates the tracking control and synchronization problems of
the new four-dimensional hyper-chaotic coupled dynamos system. Design the suitable
controller make the single variable or all variables of hyper chaos coupling generator
system can track any reference signal; at the same time two system with the same
structures and different structures can realize synchronizing. Lyapunov stability theory
and numerical simulation showed the effectiveness of the two methods of the
synchronization.
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1. Introduction
Chaos system is a kind of complex and irregular nonlinear dynamics behavior, its
intrinsic randomness, sensitivity to initial value and continuous broad spectral
characteristics are widely used in the image data encryption, secure communications and
information technology. Since 1990 when OGY chaos control method was proposed by
Ott [1] and when chaotic synchronization in electronic circuit was realized by Pecora and
Carroll [2], chaos control and chaos synchronization have become one of the chaos
research hot fields. Tracking control is a novel chaos control method in recent years, it
enables any controlled system variable track any given reference signal. The controller of
single variable tracking control method has a simple structure, it make tracking control is
easy to implement. Because of with easy popularization, tracking control has been
attracted a great deal of attention of many scholars. Chaotic synchronization is a
generalized chaos control problem, and it is different with the traditional chaotic control
method. In simple terms, chaotic synchronization is to control two chaotic systems keep
with same step. It can make phase diagram coincidence of two chaotic systems by
effective control method. As we have been known, Lixiang Li realizes the tracking of
discrete chaotic system [3]; Xingyuan Wang realizes the tracking adaptive control and
synchronization of chaotic coupled dynamos system [4]; Jiankui Peng realizes the
analysis and tracking control of chaotic coupled dynamos system [5]; Yongjian Liu
proposed the combined synchronization control of hyper chaotic system [6].
Hyper chaotic system has more complex dynamical behavior than the chaotic systems;
hyper chaotic system make secure communication more safety , and therefore research on
control and synchronization of hyper chaotic system has important theoretical and
practical significance. Taking four-dimensional hyper chaotic coupling dynamos system
as example, this paper studies random variables of hyper-chaotic system tracking any
reference signals and implement the synchronize between two chaotic systems with the
same structures and different structures, theoretical proof and numerical simulations show
effectiveness of the two methods of the synchronization.

ISSN: 2005-4297
Copyright ⓒ 2017 SERSC

International Journal of Control and Automation
Vol.10, No.4 (2017)

2. Four-Dimensional Hyper-Chaotic Coupled Dynamos System Model
In order to generate hyper-chaotic coupled dynamos system. Form new fourdimensional hyper chaotic coupling generator system by increasing a non-linear controller
w in the three-dimensional coupling dynamos system[4,7-9], the state equation is given as
follows:
 x  2 x  y ( z  3)  w
 y  2 y  x( z  3)


 z  z  xy
 w  my

(1)
Where x, y, z, w are state variables while m is parameter.
We can see from formula (1), the new system meets the necessary conditions to
produce hyper-chaotic: three-dimensional coupling generator system became fourdimensional coupling generator system; and equation contains quadratic cross-product
terms. The lyapunov exponents of the system (1) are depicted in Figure 1 when changing
the value of m . Interestingly, when m  2 is selected, new system (1) is hyper-chaotic. In
this case, the Lyapunov exponents of the system(1) are 1  0.13  0 ， 2  0.06  0

 0

， 3
，and 4  3.13 with the Wolf[10-11] method. The projections of the hyperchaotic attractors about four-dimensional hyper-chaotic coupled dynamos system are
illustrated in Figure 2 and the hyper-chaotic behavior of the system can be observed in
Figure 3.

(a)

(b)

Figure 1. The Lyapunov Exponents of the System (1) with Respect to the
Parameter m . (a) The Parameter m in the Range [0, 30]; (b) The Parameter
m in the Range [0.5, 3]
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(a)
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(h)

Figure 2. The Projection of the Hyper-chaotic Attractor of Four-dimensional
Coupling Dynamos System (1) in (a) x-y Pane, (b) z-w Plane, (c) y-z Space,
(d) y-w Space, (e) x-y-z Space, (f) x-y-w Space, (g) y-z-w Space, and (h) x-z-w
Space
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(a)

(b)

(c)

(d)

Figure 3. Time Response Diagram of System (1): (a) Sensitive Dependence
on Initial Value of x; (b) Sensitive Dependence on Initial Value of y; (c)
Sensitive Dependence on Initial Value of z; (d) Sensitive Dependence on
Initial Value of w
At the same time, the concrete calculating methods of the lyapunov dimension of
system (1) are as follows according to Kaplan-Yorke[12]conjecture formula.

D j

1

 j 1

j


i 1

i

 3  0.13  0.06
 3.13  3.061

This further illustrates the system is hyper-chaotic with above parameters.

3. Tracking Control
In this section, we investigate the single variable of hyper chaos coupling generator
system tracks any reference signal by adaptive tracking control method, and the all
variables of hyper-chaos coupling generator system track four signals by hybrid tracking
control method.
3.1. Adaptive Tracking Control
To achieve adaptive tracking control of single variable in four-dimensional coupling
generator system (1), design adaptive controller, the controlled system is given as below:
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 x  2 x  y ( z  3)  w
 y  2 y  x( z  3)  u


 z  z  xy
w  2 y
(2)
y
x
w
u
z
Where , , , are the states and is the adaptive controller.
In order to selecting the state w(t ) of the four-dimensional coupling generator system
(1) to tracking any reference signal q(t ) , we define the tracking error state as
e(t )  w(t )  q(t )
(3)
If e(t )  0 as t   , the state w(t ) and reference signal q(t ) are globally as
asymptotically self-synchronization.
We select the adaptive controller which is defined by

k
q
u   (e  e) 2  2 y  x( z  3) 
2
2
k   (e  e) 2

In which k is the adaptive control gain and meet as
positive constant.
One considers a Lyapunov function of the controlled system (2) as

u (t ) 

1 2 1
1
e  (e  e) 2 
(k  1) 2
2
2
2

(4)
which  is a

(5)

The derivative of u (t ) along the solution of system (2) is

du
1
 ee  (e  e)(e  e)  (k  1)k
  q)  (k  1)(e  e) 2
 e2  (e  e)(e  e  w
dt

 e2  (e  e)e  e  2  [2 y  x( z  3)  u]  q (k  1)(e  e) 2
 e 2  0
du
Since dt is a semi-negative definite function and u (t ) is a positive definite function,
it is noting that the state w(t ) of the controlled system (2) can trace any reference
signal q(t ) progressively according to Lyapunov stability theory.

If we choose any reference signal q(t ) as q(t )  sin t , and system parameters   5 ,

the initial condition ( x(0), y(0), z(0), w(0))  (1,2,3,4) , step-size h  0.01 are selected,

the state w(t ) of the controlled system (2) can trace reference signal q(t ) progressively.
The simulation results are illustrated in Figure 4 and Figure 5. It can be seen that the timehistory of tracking error will converge to zero in Figure 4. It shows that the state w(t ) of
four-dimensional coupling generator system (2) tracking reference signal sin t is achieved
after t  5 seconds in Figure 4. This means the validity and accuracy of the tracking
using adaptive tracking control method.
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Figure 4. Time-History of Tracking Error Diagram

Figure 5. Time-Domain Waveform between w and sin t

3.2. Hybrid Tracking Control
To achieve hybrid tracking control of all variables in four-dimensional coupling
generator system (1), a hybrid tracking controller is designed, the controlled system is
given as below:
 x  2 x  y ( z  3)  w  u1
 y  2 y  x( z  3)  u

2


z

z

xy

u
3

 w  my  u 4

(6)

u ,u ,u ,u

Where x , y , z , w are the states and 1 2 3 4 is the hybrid tracking controller.
If the four states x , y , z , w of the system (6) can achieve tracking four-dimensional

r
reference signals r1 , r2 , 3 , r4 , the states and reference signals will be synchronization
lim ei  0

respectively, and t 
will be satisfied where
states. The tracking error states are defined as

ei (i  1,2,3,4)
are tracking error

 e1  x  r1
e  yr
 2
2

e

z

r
3
 3
 e 4  w  r4

(7)
The tracking error dynamics system can be obtained along formula (6) and formula (7).
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 e1  2 x  y ( z  3)  w  u1  r1
e  2 y  x( z  3)  u  r
 2
2
2



e

z

xy

u

r
3
3
3

 e4  my  u 4  r4

(8)

We select the hybrid tracking controller which is defined by
 u 1  x  y ( z  3)  w  r1  r1
u  y  x( z  3)  r  r
 2
2
2


u


2
z

xy

r

r
3
3
 3
 u 4  2 y  w  r4  r4

(9)
Along formula (8) and formula (9), the tracking error dynamics system can be
simplified as:
e  e
(10)
We can know that the four characteristic values of the tracking error system
are [1,1,1,1] from formula (10). Therefore, the tracking error dynamics system (8)
will converge to the origin (0, 0, 0, 0) with an exponential contractions rate according to
stability theory, and the four states x , y , z , w of the system (6) can trace reference

r
signals r1 , r2 , 3 , r4 respectively with an exponential contractions rate .
We select that the trace reference signal r1 is a periodic signal cos t , r2 is a constant 3 ,

r3 is a chaotic signal x 1 of Chen chaotic system, and r4 is a chaotic signal of Lü
hyperchaotic system.
The Chen chaotic system [12] is given as below:

 x1  a( x2 - x1 )

 x2  (c  a) x1  x1 x3  cx2
 x  x x  bx
1 2
3
 3

(11)

when a  35 , b  3 , c  28 and x1  1 , x2  1 , 3
are selected, system (11) is
chaotic. The projections of system (11) are illustrated in Figure 6.

x 1

(a)

(b)

Figure 6. The Projection of the Chaotic Attractor of Chen Chaotic System
(11) in (a) X-Y Plane, (b) Y-Z Plane
The Lü hyperchaotic system is given as below:
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 y1  10( y2  y1 )  y4
 y  5 y  4 y y
 2
2
1 3

2
 y 3  3 y3  y1
 y 4  0.5 y2

(12)

when the initial condition y1  -3 , y2  -4 , 3
and y 4  6 , system (12) is hyperchaotic. The projections of system (12) are illustrated in Figure 7.

y 8

(a)

(b)

Figure 7. The Projection of the Hyper-Chaotic Attractor of Lü Hyperchaotic
System (12) in (a) X-Z Plane, (b) Y-W Plane
We use MATLAB to make numerical simulation, use fourth-order Runge-Kutta

method to solve error equation (8), step-size h  0.001 are selected, the simulation
results are illustrated in Figure 8 and Figure 9. It can be seen that the time-history of
tracking error will converge to zero in Figure 8. It shows that the states of fourdimensional coupling generator system (6) hybrid tracking four reference signals is
achieved after t  4 seconds in Figure 8. This means the validity and accuracy of the
tracking using hybrid tracking control method.

(a)

242

(b)
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(c)

(d)

Figure 8. Synchronization Error Graph: (a) Time Evolution Graph of e1 (t ) ;
(b) Time Evolution Graph of e2 (t ) ; (c) Time Evolution Graph of e3 (t ) ; (d)
Time Evolution Graph of e4 (t )

(a)

(b)

(c)

(d)

Figure 9. Time-Domain Waveform Between the Four States x , y , z , w of the
System (6) and the Four Reference Signals: (a) x Tracking cos t (b) y
Tracking Constant 3; (c) z Tracking x1 ; (d) w Tracking y1
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4. Hyper-chaotic Synchronization
When a new hyper-chaotic system is studied, its synchronization is often considered
[13-37]. In this section, we use an adaptive synchronization method to make the driving
system and response system achieving synchronization, and investigate synchronization
for hyper-chaotic coupled dynamos system and hyper-chaotic Rossler system with
different structures.
4.1. Adaptive Synchronization
We consider the driving system and response systems have the same structure, formula
(1) is the driving system, the response systems can be described by

 x1  2 x1  y1 ( z1  3)  w1  u1
 y  2 y  x ( z  3)  u
 1
1
1
1
2


z

z

x
y

u
1
1 1
3
 1
 w 1  2 y1  u 4

(13)

u
In which x1 , y1 , z1 , w1 are the states and u1 , u 2 , 3 , u 4 are adaptive controls. The
synchronization error between driving system (1) and response systems (13) can be
express as

 e1  x1  x
e  y y
 2
1

e

z
 3 1z
 e4  w1  w

(14)
The synchronization error dynamics can be obtained along formula (1) and formula
(13).

 e1
e
 2

 e3
 e4

 2e1  y1 z1  yz  3e2  e4  u1 (t )
 2e2  x1 z1  xz  3e1  u 2 (t )
 e3  x1 y1  xy  u 3 (t )
 2e2  u 4 (t )

(15)
Therefore, we can know that the synchronization problems of four-dimensional hyperchaotic coupled dynamos system (1) and (13) can be transfer to the stability of
synchronization error system (15) at the point (0, 0, 0, 0). The driving system can
synchronize to the response system by selecting proper adaptive feedback control law

u(t )  [u1 , u2 , u3 , u4 ]T

to stabilize synchronization error system.

The adaptive feedback control law

u(t )  [u1 , u2 , u3 , u4 ]T

is defined by

u1 (t )  e3 (e2  y )  e2 z  e4
 u (t )  e (e  x)  e z
 2
3 1
1

 u 3 (t )  e2 (e1  x)  e1 y  ke3
 u 4 (t )  qe4

(16)
It is observing that the driving system (1) synchronize with the response system(13)

with an exponential contractions rate when k  1 ， q  0 .
Because we select Lyapunov function which is considered as
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1 2
2
2
2
V  (e1  e2  e3  e4 )
2
(17)
By differentiate Lyapunov function V along synchronization error system (15), we can
get
2
2
2
2
V  e1e1  e2e2  e3e3  e4e4  -2e1 - 2e2  (k  1)e3  qe4
(18)

Obviously, V is negative definite function when the parameters of controller k  1 ，
q  0 from (18). So according to Lyapunov stability theory, the synchronization error

system (15) will converge to the origin (0, 0, 0, 0) with an exponential contractions rate,
and the driving system (1) archive adaptive synchronize with the response system (13).
We use MATLAB to make numerical simulation, use fourth-order Runge-Kutta
method to solve error equation (15), use controller u(t ) to simulate the selfsynchronization of four-dimensional hyper-chaotic coupled dynamos system (1) and (13)

which have the same structure , when k  2 , q  -0.5 and the initial condition

( x(0), y(0), z(0), w(0))  (2 ,1,7, 2) , ( x1 (0), y1 (0), z1 (0), w1 (0))  (3,2,8,3) .

The numerical simulation results are illustrated in Figure 10. It shows that that the

e (t )

synchronization errors i
will converge to zero and the driving system (1) and the
response system (13) can achieve synchronization after t  10 seconds in Figure 10.

(a)

(b)

(c)

(d)

Figure 10. Synchronization Error Graph (a) Time Evolution Graph of e1 (t ) ;
(b) Time Evolution Graph of e2 (t ) ; (c) Time Evolution Graph of e3 (t ) ; (d)
Time Evolution Graph of e4 (t )
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4.2. Synchronization for Hyper-Chaotic Systems with Different Structures
When investigating synchronization for hyper-chaotic coupled dynamos system and
hyper-chaotic Rossler system[38] with different structures, we consider the driving system
is formula (1) and the response systems is hyper-chaotic Rossler system which can be
described by

 x 2   y 2 - z 2  u1
 y  x  0.25 y  w  u
 2
2
2
2
2

z

3

x
z

u
2 2
3
 2
 w 2  0.5 z 2  0.05w2  u 4
(19)
u
In which x 2 , y 2 , z 2 , w2 are the states and u1 , u 2 , 3 , u 4 are control functions.
Therefore, the synchronization error dynamics can be obtained by as

 e1  e2  e3  2 x  4 y  z  w  yz  u1
 e  e  0.25e  e  4 x  2.25 y  w  xz  u
 2
1
2
4
2

 e3  3  e1e3  xe3  ze1  z  2 xz  u3
e4  0.5e3  0.05e4  2 y  0.5 z  0.05w  u 4

(20)
We can know that the synchronization problems of four-dimensional hyper-chaotic
coupled dynamos system (1) and hyper-chaotic Rossler system (19) with different
structures can be transfer to the stability of synchronization error system (20) at the point
(0, 0, 0, 0).
We select Lyapunov function which is defined by

1 2
2
2
2
V  (e1  e2  e3  e4 )
2
Theorem1. The hyper-chaotic coupled dynamos system (1) and hyper-chaotic Rossler

lim ei  0 (i  1,2,3,4)

when V is negative

system (19) can achieve synchronization and t 
definite function.
Proof.
We select the control functions which are defined by

 u1  e1  e3  2 x  4 y  z  w  yz
 u  1.25e  e  4 x  2.25 y  w  xz
 2
2
4

 u3  e3  3  e1e3  xe3  ze1  z  2 xz
u 4  0.5e3  1.05e4  2 y  0.5 z  0.05w

(21)
V
By differentiate Lyapunov function
along synchronization error system (20), we can
get
2
2
2
2
V  e1e1  e2 e2  e3e3  e4 e4  -e1 - e2 - e3 - e4

(22)


Obviously, V is negative definite function from formula (22). So according to
Lyapunov stability theory, the synchronization error system (20) will converge to the
origin (0, 0, 0, 0) with an exponential contractions rate, and the hyper-chaotic coupled
dynamos system (1) and hyper-chaotic Rossler system (19) achieve synchronization.
For the numerical simulation, the initial condition of hyper-chaotic coupled dynamos
system (1) are selected as ( x(0), y(0), z(0), w(0))  (2 ,1,7, 2) , the initial condition of

hyper-chaotic Rossler system (19) ( x2 (0), y2 (0), z 2 (0), w2 (0))  (-7 ,5,0,0) and step-size
h  0.01 are selected, Figure 11 display the synchronization of system (1) and system
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(19)with different structures, which describes the time-history of the synchronization

e (t )
errors e1 (t ) , e2 (t ) , 3 , e4 (t ) .

Figure 11. Time-History of the Synchronization Errors e1 (t ) , e2 (t ) , e3 (t ) , e4 (t )

5. Conclusion
Adaptive and hybrid tracking control methods is proposed based on four-dimensional
hyper-chaotic coupling generator system model, design the suitable controller make the
any variable of hyper chaos coupling generator system can track any reference signal; by
choosing appropriate system control vector to make the system error stabilize to the origin
within a few seconds, the drive and response system with the same structure achieve selfsynchronization at the same time; finally, this paper investigates synchronization for
hyper-chaotic coupled dynamos system and hyper-chaotic Rossler system with different
structures. According to Lyapunov stability theory and numerical simulation verification,
the effectiveness of hyper chaos adaptive tracking control and synchronization methods is
further illustrated. Adaptive tracking control and synchronization methods of this paper
can equally applicable to other chaotic and hyper chaos system, and be further extended to
multiple variables tracking and different structure synchronization.
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