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Abstract
Hybrid dynamic systems have recently been a hot research topic. As the complexity of
such systems is increasing day-to-day and system sizes are continually expanding, it can
cause significant financial loss and loss of life in the event of system collapses. Therefore,
ensuring the reliability and security of systems is of major importance in societal and
economic terms. The research of particle filtering has made tremendous advances in the
last three decades and has been demonstrated to be a good way to estimate the states of
systems. So the combination of particle filtering with hybrid systems can be a promising
method in fault detection and diagnosis. In this work, particle filtering algorithms are
introduced and the emphasis is in their usage in hybrid systems fault detection and
diagnosis. The review reveals the strengths and weaknesses of these particle filtering
methods, and some examples are given to illustrate the practical application in detection
and diagnosis based on these methods. Finally, future research directions and the
difficulties that remained to be resolved are examined. It is anticipated that this paper will
help researchers in this field understand the methodology better and provide a new
concept and method in hybrid systems fault detection and diagnosis.
Keywords: hybrid systems, particle filtering, fault detection and diagnosis

1. Introduction
With increasing system complexity, safety has been the prime importance for most
industrial systems. When these complex systems collapse significant losses arise. For
example, on April 26, 1986, the world’s worst nuclear accident happened at the
Chernobyl Nuclear Power Plant in the Soviet Union which caused a large number of
nuclear material leakage and brought great disaster to the surrounding ecological
environment. Ensuring the reliability and security of the system, therefore, is of great
importance and significance to the society and the economy. Systems’ fault detection and
diagnosis (FDD) has opened up a new way to improve the reliability of complex systems.
The term ‘fault’ is generally defined as any abnormal phenomenon which can result in
unexpected behavior within the systems or the events leading to the deterioration of the
whole system performance which are caused by parts of the components’ failing. FDD is
the process to detect, isolate, and identify faults in a system. Fault detection determines
whether faults are present. Following fault detection, fault isolation determines the size
and time-variant characteristics of the fault [1]. Fault diagnosis includes fault isolation
and fault identification. The exact definitions are made by the International Federation of
Automatic Control (IFAC) [2]. When a fault occurs, all the variables or parts of them in
the systems will show different characteristics than in their normal state. These
differences contain abundant fault information. It is the task of fault diagnosis to find the
fault features and use them to detect and isolate the malfunction.
Hybrid systems refer to a class of complex systems that contain both discrete and
continuous dynamic events and their interaction. The mutual effects between the discrete
behavior and continuous dynamic make the systems more complex and greater challenges
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have been brought to the fault diagnosis research. One of the most acceptable
classifications of fault diagnosis methods is that fault diagnosis methods can be
fundamentally divided into analytical model-based methods, signal processing-based
methods and knowledge-based methods, which is proposed by German Professor Frank
[3]. When the systems’ mathematical models of the controlled process can be established
precisely, the analytical model-based methods can be the first choice for FDD. Neither the
signal processing-based methods nor the knowledge-based methods need the models of
the complicated systems. However, the signal processing-based methods are limited for
fault isolation and identification purposes. The knowledge-based methods generally
require one to study a lot of samples so the ability to recognize early faults is insufficient
[4]. Now a new classification of fault diagnosis methods is quantitative analysis method
which is based on the analytical model method and data driven method and qualitative
analysis method which includes qualitative simulation, graph theory and expert system
[5]. Nearly all of the methods mentioned above have been applied in FDD for hybrid
systems. This is illustrated by the method-based hybrid automata, hybrid bond graph
method and method-based global petri nets. Each of them presents advantages and
disadvantages.
Filtering is an important theory in signal processing. It refers to removing certain
frequency in the signals by filtration to inhibit or prevent the interference. The generalized
definition can be any information processing. Fault detection filter (FDF) was originally
proposed by Beard in 1971 and Jones in 1973. It was the first time that the concept of
filtering had any connection with fault diagnosis. Though FDF was firstly designed for
linear systems, the thought of it was more significant than the method itself. From that
beginning, the filtering method has been widely used in FDD and the research is mostly
focused on nonlinear systems and some achievements have been made. The Kalman filter
(KF) is usually employed for state estimation and output prediction. But it depends on the
system being linear and the noise and disturbances being Gaussian. To solve the problems
in nonlinear systems, the extended Kalman filter (EKF) was proposed. But when the
system is strong nonlinear, the filtering precision and fault diagnosis effect are not ideal.
Particle filter (PF) had been proposed in 1950s. However, it was not taken seriously
owing to the limit of the information processing speed and some intrinsic imperfections.
Thanks to the rapid development of computer technology and the particle degeneration of
PF being solved to some extent by N.Gordon et al. in 1993 [6], particle filtering has
attracted increasing worldwide scholastic interest. The PF solves the Bayesian recursive
relations by means of Sequential Monte Carlo (SMC) methods. It has been demonstrated
that PF has a lower false alarm rate and missing report rate than EKF in fault diagnosis for
nonlinear systems. The methodology is a good way to handle nonlinear systems and it
exhibits the mainstream trend and research upsurge in the current decade. More than a
thousand papers about particle filtering have been published since 2000. Among them,
fault diagnosis occupies a large proportion.
This paper intends to provide the readers a good understanding on how to apply
particle filtering in FDD for hybrid systems. The recent theoretical results and
applications along this direction are summarized. Because of the nature of the paper, more
emphasis is placed on concepts, applications and deficiencies of methods. Please look up
the references for technical details. The rest of the paper is organized as follows. In
Section 2, particle filtering method is surveyed. In Section 3 and 4, the state estimation of
hybrid systems and how to carry out FDD using PF are discussed. It is the key point of the
paper. In Section 5, some application examples of FDD for hybrid systems are introduced.
Section 6 contains a brief summary and perspectives.
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2. Particle Filtering Method
Definition 1. A state space model of the nonlinear stochastic discrete time-varing
system can be defined as:

xk  f ( xk 1 , uk 1 )  vk ,
zk  g ( xk , uk )  wk .

(1)

n
where xk  R denotes the state vector at sequent time instant k with a known initial
p
probability density function (PDF) p ( x0 ) , uk  R denotes the input (control) vector at

q
n
q
time k, zk  R denotes the output vector, vk  R is the state noise and wk  R is the
g 
f 
observation noise. k   and k   are known nonlinear state function and observation
function. Without loss of generality, vk , wk , xk are mutually independent and the PDF of

v k and wk are known. Filtering resolves the problems of estimating the conditional mean
xˆk / k and variance Pk / k of the state for the present moment by taking advantage of the
known observation Z k  {z1 , z2 , , zk } . The faults we talk about here are the failures when

the system parameter values change into new values reflected in a change in the state
g 
f 
transition function k   and the measurement function k   at time k. Such fault can
be detected by the state observer using PF.
Let Dk  {( zi , ui ), i  1,2, , k} denotes the available measurement information at the
time k. x0:k  {x0 , x1 , , xk } denotes the set of all states up to discrete time k. It is assumed
that the system is Markovian (i.e., such that

p  xk x0:k 1 , z1:k 1 , uk 1 )  p( xk xk 1 , uk )

). The

p( xk Dk )

objective is to recursively construct the posterior PDF
of the state according to
D
the measured output k and assuming conditional independence of the measurement
sequence for the states. So the PF works in two stages: prediction and update. The process
can be seen in Figure 2. The prediction stage uses the state-transition in (1) to predict the
state PDF one step ahead which is called the prior PDF. The upstate stage uses the latest
measurement to correct the prior PDF via the Bayes inference.
i
PF represents the PDF by N random samples or particles xk with their associated
N
i
wi  1
weights wk . The normalized form is  i 1 k
. At time instant k  1 , the prior PDF
i
i
p  xk 1 Dk 1 )
is represented by N particles xk 1 and the corresponding weights wk 1 . To
i
i
p x D )
approximate the posterior PDF  k k 1 , new particles xk and weights wk are
i
generated. Assuming particles xk are extracted from a proposal distribution function
q( xk Dk )
and the proposal distribution function is determined by predicting the next state
from the system model (as a response to a given set of inputs), then it is possible to
calculate the weights as
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wk(i ) 


p( xk(i ) Dk )
p( xk(i ) z1:k 1 , uk 1 )
p( zk xk(i ) ) p( xk( i ) z1:k 1 , u1:k )

(2)

p( xk(i ) z1:k 1 , u1:k )

 p( zk xk(i ) ).

then the resulting posterior PDF
weighted approximation [7]

(2)

p( xk Dk ) at time k can be approximated as discrete
N

p  xk Dk    wk(i ) ( xk  xk(i ) ).

(3)

i 1

(3)

 
where   is the Dirac function and w denotes the i-th (i  1,2, , n) weight. The
weights are nonnegative, sum up to unity and can be determined according to the
importance sampling principle.
i
k

States Update: state models
increase uncertainty

P(Xk-2|Dk-2 )
Measurements Update: measurement
models decrease uncertainty

P(Xk-1|Dk-2 )

P(Xk-1|Dk-1 )

P(Xk|Dk-1 )

P(Xk|Dk )

Figure 2. The General PF Framework
A common problem of PF is the particle degeneracy: after several iterations, the
weights of all but one particle converge to zero. The serious disadvantage of it is that most
of the computing time is wasted in propagating particles whose impact on the
approximation of the posterior distribution is negligible. Therefore, particles must be
resampled. The minimum number of particles which the PF needs to achieve the ideal
approximation can be calculated by the effective sample size:

Neff 

1

i 1 (wki )2
N

.

(4)
(4)

Neff

Thus, the degeneracy phenomenon can be detected by comparing the
with the set
N

N
thr
threshold value Nthr [1, N ] . If eff
, the resampling algorithm is just applied. The
program of sequential importance resampling (SIR) is shown in Figure 3.
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Particles (i=1,…,N=10)

Figure 3. The Process of Sequential Importance Resampling

3. Estimation of Hybrid System
A hybrid system includes a set of discrete modes which represent operational models
or fault states of the system and a set of continuous variables which model the continuous
quantities that reflect the behavior of the system. Generally, a state is a mode plus a value
for each continuous variable, while a mode is only the discrete part of the state [8]. There
is no unified model for hybrid system and some well known models such as probabilistic
hybrid automaton (PHA), jump Markov nonlinear system (JMNS) and hybrid bond graph
(HBG) have been widely used in modeling for hybrid system. In order to facilitate
discussion in this paper, the PHA model is chosen. To keep coherence and avoid
confusion, the same symbols and meaning thereof have been applied hereafter.
Definition 2. A discrete-time PHA is described as a tuple <X U Z T F>:
• X denotes the hybrid state variables of the system which consists of X  {xd }  xc .
The discrete variable xd is the mode in the system and xc is the continuous
variable state which captures the dynamic evolution of the system. It should be
noted that xd is finite.
•
•
•

The set of input variables U  ud  uc of the system is composed of disjoint sets of
discrete input variables u d and continuous input variables u c .

P(Zk X k ) X k  {xd }  xc
Z is the set of observable variables.
(
) can be used for the
distribution of observation in state X.
P( xd ( k ) xd ( k 1) , xc ( k 1) )
T is the transition probability function that specifies
or
P( xc ( k ) xd ( k 1) , xc ( k 1) )
which is the conditional probability distribution over modes
at time k given that the system is in state ( xd , xc ) at time k-1. If it is independent of

P( xd ( k ) xd ( k 1) , xc ( k 1) )  P( xd ( k ) xd ( k 1) )
the continuous variables, then
.
• F denots the set of state function and G is the set of observation function.
It is always assumed that the initial mode of the system is known or given as a
distribution in the mode space. The same assumption applies to the initial state x0 . Z 0 is
insignificant because of the occurrence of observation at k>0. The transition functions
from one mode to another are defined in a matrix T.
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The hybrid system state estimation problem can be formulated as follows. Firstly, like
p( X k Z1:k ) . The distribution
in the PF, calculate the PDF of the hybrid system:
p( X k Z1:k ) here is called belief state [9] which means that it gives the probability that X is
the true state of the system of each state X at each time-step, given the observations so far.
Secondly, track the belief state using the forward pass equation:
p( X k Z1:k )   p( Z k X k )  p( X k X k 1 ) p( X k 1 Z1:k 1 )dX k 1
  p( Z k xd , xc )  p( xc ( k ) xd ( k ) , xc ( k 1) ) p( xd ( k ) xd ( k 1) , xc ( k 1) ) p( X k 1 Z1:k 1 )dX k 1 (5)

(5)
where  is a normalizing constant. A probabilistic graphical model [10] is given in
Figure 4 (shown in [9]) to show the principle of state estimation for hybrid system.

xd0

xd1

xd2

...

Continuous states

xc0

xc1

xc2

...

Control signals

U1

Continuous observations

xdk

xck

... Uk

U2

Z1

...

Discrete modes

Z2

...

Zk

Figure 4. Model of Hybrid System State Estimation
With the help of the aforementioned preliminaries, the process of hybrid system state
estimation using PF can be summarized as follows. Figure 5 (shown in [11]) illustrates the
process vividly to help readers understand the program easier. Refer to [11] for details
about the method.
Step 1: Initialization
(i )
x
• The mode at time k=0 is known as d (0) . Particle X 0 (i  1, 2, , N ) is given an

x
initial distribution in mode d (0) and then set k=1.
Step 2: Prediction
xj
• For any mode d ( k ) ( j  1,2, , M , M is the number of modes.) such that the
T
j
xj
x
transition probability function xd ( k 1) xd ( k ) from mode d ( k 1) to mode d ( k ) is not
px j ( X k X k(i)1 )
(i )
X
zero, particle k ~ d ( k )
.
wk(i )  px j ( Z k X k(i ) )
xdj ( k )
d (k )
• For each mode
, calculate the importance weights
.
Step 3: Mode selection
xj
• Get the average of the total particles weights for each mode d ( k ) and multiply by
(i )
N w
xj
wk d ( k )  Tx x j  i 1 k
d ( k 1) d ( k )
N .
the transition probability:
•
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.
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x
• Normalize the weights of particles in mode d ( k ) .
Step 4: Resampling
(i )
(i )
x
• Resample N new particles X k to replace the old ones X k in mode d ( k )
according to the importance weights.
• Set k=k+1 and jump to step 2.
mode 1
Ti1w1

Ti1
p(Xk-1|Z1:k-1)

mode i

mode 2
Ti2

Select the
winning mode

...

TiN

Ti2w2

TiNwN

mode N wins

mode N
resample
p(Xk|Z1:k)

Figure 5. PF for Hybrid System State Estimation
Literature [12] explains the PF method for estimation of dynamical systems in detail.
Literature [13] uses a two-tank system to prove the application of the estimation
algorithm. The algorithm estimates the mode of the hybrid system and the water levels
given the input and output flow. The simulation results demonstrate that it is able to track
the state of the system though there is initially some estimation error due to the
uncertainty of the initial condition. Literature [14] shows the use of the hybrid estimation
algorithm in an aircraft tracking application in air traffic control. The results of the
application illustrates that the more accurate the discrete transition model, the better the
hybrid estimation accuracy.
It should be noted that PF is computation-intensive in real time applications and may
face the problem of particle impoverishment. When it comes to hybrid system estimation,
the problem is particularly compounded [15]. The probability of the system to be in mode
xd at time k has a direct relationship with the mode sequences before time k [11]. The
number of all possible mode sequences grows exponentially as time progresses. So filter
with finite number of particles cannot characterize all possible mode sequences. The
mode sequences with low probabilities will be pruned implicitly and passively. It means
that the low probability modes cannot be tracked. From a theoretical point of view, the PF
will not perform well if the number of particles is small to model a mode sequence. On
the other hand, it is a waste to scatter the precious particles among less likely mode
sequences. Hence, the better way is to concentrate on the mode sequences with high
probabilities.

4. FDD of Particle Filter
One of the main difficulties in FDD of the nonlinear stochastic system described by (1)
is the presence of unknown and unmeasured state variables x [16]. It has been discussed
above that PF is an excellent tool for state estimation. If the states x of the system are
known, the FDD will be an easy task by taking advantage of PF. Now we give the
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definitions of fault detection and diagnosis, then the algorithms for FDD will be listed
systematically to give readers a comprehensive understanding of the PF method for FDD
of hybrid systems.
Definition 3. Fault detection is to evaluate the t step-ahead prediction distribution:

p( X k t Dk )  p( xc( k t ) , xd ( k t )  Dk )
It can be performed using the following equation:
p( X k t Dk )   p( X k t Dk )dX k t
k t

  p( X k Dk )[  p( X s X s 1 )dX k:k t 1 ]
s  k t

Replacing

p( X k Dk )

(6)

in (6) by its approximation obtained by (3), it obtains
N

t k

i 1

sk 2

p( X k  t Dk )   wki  p ( X k 1 X k( i ) )  p ( X s X s 1 )dX k 1:k t 1 (7)

(7)
dX

dX

dX


dX
k :k  t 1
k
k 1
k  t 1 .
where
Definition 4. Fault diagnosis is to calculate the posterior distribution
p( X k Dk )  p( xc (k ) , xd (k )  Dk )
. Actually, it has been given in (5). Now we rewrite it
here.
p( X k Dk )   p( Dk X k , Dk 1 ) p( X k Dk 1 )
  p( Z k X k ) p( X k Dk 1 )
  p( Z k X k )

  p( X

k

xd ( k 1) , xc ( k 1) , Dk 1 ) p( xd ( k 1) , xc ( k 1) Dk 1 )dxc ( k 1) (8)

k

X k 1 ) p( X k 1 Dk 1 )dxc ( k 1) .

xd ( k 1)

  p( Z k X k )

  p( X

xd ( k 1)

(8)
Similar  is the normalizing constant.
Now, all the preliminary knowledge has been introduced and it is time to make it clear
as to how PF can be used in FDD. Two algorithms will be given next and it is also a
summary of the above.
Algorithm 1. Hybrid states estimation algorithm
{X k(i)1  ( xd(i()k 1) , xc(i()k 1) ), wk(i)1 , i  1,2, , N}
Let
denotes the set of samples at time k-1. N
(i )
is the number of the samples. wk 1 is the i-th sample weight. The hybrid states estimation
can be realized as follows:
1) Initialization: Get equal sample weights set
p( xc (0) )
p( xd (0) )
and
at time k=0 and set k=1.

)
)
{xd(i(0)
, xc(i(0)
,

1
, i  1, 2,
N

, N }iN1

from

{ X k(ik) 1}iN1
2) Sequential importance sampling prediction: Calculate
according to
(i )
T
j
p( X k X k 1 )
x
x
. Here the transition probability function d ( k 1) d ( k ) is used. Compare
the measurements with the output prediction of each particle, and then calculate the
wk(i )  p( Z k X k(ik) 1 )
importance weight of each sample
. Next get the normalization
(i )
(i )
N
{X k k 1 , wk k 1}i 1
.
1
{ X k(i ) , }iN1
N
3) Resampling: Resample N equal weighted particles
from
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{X k(ik) 1 , wk(ik) 1}iN1

w(i )
according to the size of weight k k 1 . In the process, the small
weighted particles are discarded.
4) Calculating the transition probability matrix: Compute the autonomous transition
T ( xd ( k 1) Z k ,U k , xc ( k ) )
probability matrix at next time instant
using the sample set
1
{ X k(i ) , }iN1
N .
5) Hybrid estimation: There is a hybrid estimation at each step. The modes and the
continuous states of the system choose the most probability particle to approximate,
i.e.
xˆd ( k )  arg max  wk(i ) , Qˆl  {i xd(i()k )  l}.
(9)
l
iQˆl
(9)
(i ) (i )
(i ) ˆ
(i )
xˆc ( k )   wk xd ( k ) /  wk , Q  {i xd ( k )  xˆl }.
(10)
iQˆ
iQˆ
(10)
Then set k=k+1 and go to step 2).
Algorithm 2. Detection algorithm
1) Call algorithm 1 to estimate the hybrid states of the system.
2) Compare the output estimation with the real measurement. If the deviation is no
more than the threshold or the estimation times are over a set value, then go back
step 1) or jump to step 3).
3) Get the deviation between the estimated modes and the observation. If it is bigger
than the threshold, a fault can be considered to have occurred, then jump to step 4).
If the deviation does not exceed the threshold, we consider that there is no fault in
the system now and jump to step 1).
4) Give the alarm if a fault happens.
We have finished the discussion on FDD for hybrid systems using PF so far. The
methodology talked above gives a framework of FDD for hybrid systems using classical
PF or basic PF. Now many efficient variants on the PF algorithm for non-linear hybrid
systems have been proposed such as Gaussian sum filter (GSF), Rao-Blackwellised
particle filter (RBPF), risk sensitive particle filter (RSPF), variable resolution particle
filter (VRPF), look-ahead particle filter (LAPF) and so on. All these methods have their
advantages and applicable places. But they are based on the same principle, namely PF.
For example, RSPF uses a positive risk function r () to generate more particles for highrisk faulted state space. Fault sates will get high r () values and so the particles will be
more proportionally distributed. The normal operational mode will have a smaller r ()
value and fewer particles will correspondingly be distributed. The data processing ways
still continue to use the basic PF algorithm. Refer to the pertinent literatures for detailed
information.

5. Application Examples
During the past two decades, the PF has always dominated recursive nonlinear state
estimation, and has attracted much attention as well as having been widely applied in
many fields. The fault diagnosis field is one of the hotspots of PF and much fruitful
research has been achieved. In this section, some cases are given to illustrate the
application in complex system of FDD using PF. Of course, the methods used in these
cases make some modification in PF more or less according to the systems they applied.
The application cases quoted in this / are just a brief introduction and please refer to the
associated references for technical details.
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One of the most emblematic applications is in robot fault diagnosis. Ref [17] designs a
particle filter (PF) based robust navigation with fault diagnosis for an underwater robot. It
uses a switching-mode hidden Markov chain models (HMM) to describe the navigation
filter design for underwater robots and their anomalies. The experimental results show
that the proposed FD method is robust and can diagnose all faults even simultaneous
faults within a single structure. Ref. [18] uses PF in a wheeled mobile robot (WMR). It
wants to fulfill fault diagnosis and dead reckoning concurrently. PF gives a
computationally feasible method for state estimation of hybrid systems. In its
methodology, the discussed questions are modeled as a hybrid system estimation problem.
By taking advantage of the PF, the discrete states of faults and the continuous states of
dead reckoning can be estimated simultaneously.
Another important application is for standalone machines or for the more complex
interrelated machinery in large scale industry. As is known to all, industrial systems are
all very anfractuous and the failures of them can be catastrophic. So guaranteeing the
systems in good state is a crucial objective. Ref. [19] develops a new PF based on
dynamic Gaussian mixture model (DGMM) by adopting PF resampling method to update
the mixture model parameters in a dynamic fashion. Its superiority is proved by the
experimentation in Tennessee Eastman Chemical process.
In addition to that mentioned above, PF can excel in fault prediction or prognosis. Ref.
[20] presents a novel method for machinery condition prognosis based on least squares
support vector regression combining with strong tracking PF. The strong tracking PF can
improve the performance of the PF in tracking saltatory states, and finally strong tracking
PF has verified its superiority in the prediction performance of least squares support
vector regression in predicting saltatory states.

6. Conclusions and Perspectives
This paper has presented a survey of theoretical results on FDD for hybrid system
using PF and some applications have been given to support the theories. The PF-based
approach is applicable to general non-linear systems with Gaussian or non Gaussain
disturbance noise. The strength of PF such as non-parametric (representing arbitrary
distributions easily), dealing with hybrid state spaces, noisy sensing and motion well and
extending to an anytime approach easily in the condition of available particles for
computation make it attractive for FDD. However, there are still some problems which
restrict the development of PF in FDD and need to be further investigated. The paper will
be ended in the unanswered problems and its value will be shown if practitioners can get
some inspiration from it.
1). From laboratories to real life
The PF-based method can achieve FDD for hybrid system. But now the current study
remains at the theoretical stage, i.e. simulation in computers and experiments in
laboratories. There is no known application applied to actual production. The key factors
which restrict the application of PF for FDD in real life lie in the hardware
implementation of PF and the real-time application for FDD. It should be the direction for
future critical research.
2). Resolve diagnosis in multiple normal modes and fault modes
PF-based method for FDD diagnose faults according to the change of the systems’
states. The systems now days are so complex and their operational states and modes are
daedal. The normal operational states switch from one mode to another frequently. Most
times the mode changes in the systems don’t mean failures. This kind of situation brings
new challenges for using PF in FDD. Too many modes needing to be tracked can result in
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a huge calculation and probably generate severe particle impoverishment. How to solve
the problem is really a headache.
3). Optimize modeling method
PF-based method for FDD depends on the model of the system largely. The more
precise the model is, the more accurate is the diagnosed result. But the modeling for
systems especially for complex hybrid systems is a challenging task. If there is no
appropriate models for systems, then even good PF-based FDD method is pointless. To
find some good modeling methods which can combine with PF may well be a solution to
the problem.
4). Lessen calculative burden
PF realizes the high accuracy of non-linear system states estimation at the expense of
sacrificing real-time and increasing the computation. A future direction for further
investigation is to refine the PF algorithm with a view to reducing the calculation time
whilst maintaining the same precision within the estimation.
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