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Abstract 

Reduced order observers are used effectively to observe the unmeasured states of a 

system from the knowledge of the remaining measurable states. However, reduced order 

proportional (P) observers developed in literatures, suffer from the limitations that, they 

fail to observe the states accurately in presence of disturbances. The present work 

proposes a reduced order proportional integral (PI) observer to overcome the limitations 

of the reduced order P observer. The veracity of the proposed observer is established 

theoretically as well as with examples. The sensor less speed control of dc motor is 

considered as a practical example to prove the veracity of the claim. It is seen that; the 

speed of the motor is estimated accurately from the measured armature current by the 

proposed PI observer even in presence of load disturbance.  

 

Keywords: Reduced order observer, Proportional integral observer, DC motor, Speed 
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1. Introduction 

The observers are designed to reconstruct all the state variables. In practice, some of 

the state variables may be accurately measured. Such accurately measurable state 

variables need not to be estimated at all by employing an observer. Rather, an observer is 

required to estimate only the remaining states which are not available for measurement. 

Such is the case which arises for machine drives where sensorless speed control is 

preferred. This concept leads to the development of reduced order observers.  

The observers with proportional gain only, suffers from the limitation that it is not 

effective in presence of disturbance in the plant inputs or outputs. There exists a sustained 

error between the steady state values of the actual and the observed states.  Different types 

of such observers, like Luenberger observers, reduced order Luenberger observers [6]-

[13], sliding mode observers [14]-[18] are mentioned in literatures. To minimize the 

steady state observer error in presence of disturbances, full order observers with integral 

action have been proposed in literatures [1]-[5]. PI type observer was first brought into 

attention by Beal and Shafai [1]. As the name suggests, it differs from the conventional 

observers by an additional integral path. Due to the integral path, an additional degree of 

freedom is available for observer design, which was used for recovering the traditional 

stability margins. 

Reduced order PI observers have not yet been received significant attention in 

literature. The proportional (P) type reduced order observer, available in literature [23], 

suffers from the limitation that it fails to observe the states accurately in presence of 

disturbances. To overcome this, the present work develops a reduced order proportional-
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integral observer and it is theoretically proved to estimate the unobserved states 

successfully in presence of disturbances. 

The effectiveness of the proposed PI type observer is demonstrated with respect to 

some numerical problems and is also demonstrated for sensor less speed control of DC 

motor. For ages, DC motors have been utilized as major variable speed drive in industries. 

A few of the DC motor speed control techniques are discussed in literatures [19]-[22]. 

The verification is carried out in MATLAB environment and the actual speed is only 

shown for comparison purpose.  

The paper is organized as follows. Section 2 presents the mathematical background of 

reduced order proportional observer and its lack of capability of disturbance rejection. 

Section 3 establishes mathematically that the proposed PI observer has the capability of 

disturbance rejection. Section 4 considers numerical examples of double integral system 

and a third order system to establish the theoretical results. Section 5 presents sensor less 

speed control of DC motor with load torque disturbance. Conclusions are drawn in 

Section 6. 

 

2. Overview of Reduced Order Proportional (P) Observer 

Suppose that the state vector  x t  is an 1n -vector and the output vector  y t  

consists of m  measurable states. Since m  output variables are linear combinations of the 

state variables, m  state variables need not to be estimated. Only, remaining  n m  states 

need to be estimated. Then the observer becomes an ( )thn m  order observer. To present 

the basic idea of the reduced order observer, the case where the output is a scalar 

(i.e. 1m  ), is considered and the state equation for the reduced-order observer for 

observing the remaining  1n  states is derived. 

The nominal plant has the mathematical model in state space form as follows. 
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 
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  

 

    (1) 

Where 

  :ax t  Accurately measured states or output  y t .  

  :bx t  States which cannot be measured. 

  :u t  Control input. 

  :w t  Disturbance. 

The observer equation is given by 

                b bb b ba a b p a aa a a ab bx t A x t A x t B u t K x t A x t B u t A x t        (2) 

Where,   :bx t  1 1n  States to be observed,  

            :pK   1 1n  Proportional Observer gain.  

Hence, putting differential terms in one side 

         b p a bb p ab b ba p aa a b p ax t K x t A K A x t A K A x t B K B u t                   (3) 

Let   

         b p b p at x t K y t x t K x t          (4) 

And 

         b p b p at x t K y t x t K x t          (5) 
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Differentiating  t  and  t  with respect to t, one obtains 

     

       

b p a

bb p ab bb p ab p a ba p aa a b p a
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                     

       bb p ab b p a ba p aa p bb p ab aA K A t B K B u t A K A K A K A x t                 
     (6) 

And 
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       bb p ab b p a ba p aa p bb p ab aA K A t B K B u t A K A K A K A x t                 
    (7) 

The estimate state  bx t  can be obtained from the observer system as 

     b px t t K y t        (8) 

Now, introduce the error function  e t  as follows. 

     e t t t           (9) 

Differentiating  e t  with respect to t, one can obtain  

     

        

     
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  

  

     (10) 

If  ,bb abA A  is observable, then one can choose
pK  such that  bb p abA K A  is stable and 

Equation (10) is asymptotic. However, the effect of the disturbance  w t  remain present 

in observation. For step or slowly varying  w t  , the estimation error is not diminishing 

for all time 0t  . Therefore, disturbance decoupling would not be attainable when perfect 

tracking is the primary objective. To get rid of the effect of disturbance in observation, a 

reduced order proportional integral (PI) observer is proposed in the next section. 

 

3. Proposed Reduced Order PI Observer 

This section proposes a reduced order PI observer specially to achieve disturbance 

decoupling in observation.  The proposed proportional integral observer is given by 

                  b bb b ba a b p a aa a a ab bx t A x t A x t B u t K x t A x t B u t A x t p t         (11) 

Where   :bx t states to be observed  

And   :p t  a new state vector with 

         

   

I a aa a a ab b

I ab b b

p t K x t A x t B u t A x t dt

K A x t x t dt

     

   




 

And  

 
         

   

I a aa a a ab b

I ab b b

p t K x t A x t B u t A x t

K A x t x t

     

   

    (12) 

 :IK  Integral Observer gain of dimension   11 n  

Hence observational error, 
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           b p a bb p ab b ba p aa a b p ax t K x t A K A x t A K A x t B K B u t p t                    (13) 

And 

         I a I aa a ab b ap t K x t K A x t A x t B u t           (14) 

Let’s introduce two new variables 

          b p b p at x t K y t x t K x t         (15) 

And 
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
         (16) 

Differentiating  t and  p t with respect to t, one obtains 
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 

 

And 
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Hence, one can rewrite the above equations in matrix form as follows. 
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  (17) 

Further, define two variables  t and  p t as follows. 

          b p b p at x t K y t x t K x t        (18) 

And    

         p at p t y t p t x t         (19) 

Differentiating  t and  p t with respect to t , one can obtain 
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Hence,  
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    (20) 

The estimated state  bx t can be obtained from the observer system as 

    
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 
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t
x t I K y t
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
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      (21) 

Now, introduce the estimating error function  e t as follows. 
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Differentiating  e t with respect to t, one can obtain 
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0

W
e t Ae t w t

 
    

 
                                 (23) 

Theorem: If the disturbance  w t is a step or slowly varying function, and 

both  ,bb abA A and   ,bb p ab abA K A A are observable, then (20) is an asymptotic observer 

which allows one to decouple the effect of disturbance  w t for all 0t  . 

Proof:  If   ,bb abA A  is observable, one can find a solution of proportional gain pK  to 

ensure a Hurwitz  bb p abA K A . Once 
pK  is chosen,  bb p abA K A becomes 

automatically fixed up. Further, if   ,bb p ab abA K A A is observable, then one can find out 

a stable A  for the solution of integral gain IK . Hence, it is obvious from (23) that if A is 

Hurwitz, the error      b be t x t x t  would asymptotically tend to zero for step or 

slowly varying disturbance  w t , and it is possible to decouple the effect of disturbance 

for all 0t  . 
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Figure 1. Block Diagram for Reduced Order Proportional Integral (PI) 
Observer 

4. Numerical Examples 

To illustrate that how a reduced order PI observer does the task of disturbance 

decoupling, two numerical examples are considered from the reference book [23]. 

Example 1: Consider a double integrator system described by  

1 1

2 2

0 1 0 0
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And the output equation is given by   1

2

1 0
x

y
x

 
  

 
.  

One may visualize the double integrator system as a cart moving on a friction less rail 

for an input force  u t . Hence,  1x t  and  2x t  would be the position and velocity of the 

cart and expressed in m and m/sec, respectively. 

Solution: With reference to the proposed PI observer, 

0, 1aa abA A  , 0, 0ba bbA A  , 0, 1a bB B  . The system is unstable having double pole 

at origin. The control input  u t  is designed in such a way that the closed loop poles 

would be placed at suitable locations in LHP. To achieve this, a linear full state feedback 

control law   1

1 2

2

x
u k k

x

 
   

 
is considered. The controller gains    1 2 5 6k k   are 

obtained by the pole placement at 2, 3   . However, the output  y t contains only 1x . This 

implies that the other state 2x is required to be observed with the help of an observer. 

Therefore, a reduced order PI observer is designed next. The observer equation is given by 

 

 

 
 

   
2

1

0 1

0 0

p p I

pI I pp

t tk k k
u t x t

tk k kt

 



         
                   

 

   
 
 

 2 11 0 p

p

t
x t k x t

t





 
  

 
 

   
 
 

1

1 2

2

x t
u t k k

x t

 
   

 
 

Or,   
 
 

1

1 2 2p

x t
u t k k k k

t

 
      

 
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The observer poles are chosen to be at least three to five times faster than the poles of 

the closed-loop system. Hence, they are placed at 5, 5  .  

The characteristic equation of the observer is obtained as  

 
22

2 2

1
det det 5

0

p

x p I

I

k
sI A sI s k s k s

k

  
              

 

Thus, one obtains, 10, 25p ik k  . 

 

 

Figure 2. Response of the Double Integrator System with State Feedback 
Employing Reduced Order PI Observer with an Input Disturbance at 1 Sec 

The double integrator system is simulated in MATLAB-SIMULINK environment with 

full state feedback control & proposed reduced order PI observer. A disturbance  w t  of 5 

unit is applied at 1 sec in the control input. The state 2x  is anticipated to attain zero value 

at steady state.  However, it is clearly seen from Figure. 2 that the reduced order the 

proportional observer fails to observe accurately 2x after 1 sec when the disturbance comes 

into play and a steady state error in observation is sustained. On the other hand, as 

expected, PI observer is estimating the unmeasured states accurately even when the 

disturbance affects the system. 

Example 2: Consider a third order system described by 

1 1

2 2

3 3

0 1 0 0 0

0 0 1 0 0

6 11 6 1 0.5

x x

x x u w

x x

         
           
         
                    

 

And the output equation is given by  
1

2

3

1 0 0

x

y x

x

 
 
 
  

.  

Solution: Let the closed-loop poles are to be placed at 2 2 3j  , -6. Then the 

necessary state-feedback gain matrix can be obtained as  90 29 4K  . Next, assume 

that the output  y t can be measured accurately so that state variable 1x  (which is equal 

to  y t  need not be estimated. Let design a reduced-order observer. The reduced-order 
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observer is of third order. With the observer gains are as 

1 1

T

p p pK k k    and  20
T

I IK k . 

 

 

Figure 3. Response of the Third Order System with State Feedback 
Employing PI Observer with an Input Disturbance of 0.5 Unit 

Let the observer poles be placed at 10, 10, 10   . Thus, one obtains  24 145
T

pK   

and  0 1000
T

IK   . 

The closed-loop system with state feedback control and PI observer is simulated in 

MATLAB-SIMULINK environment applying disturbance of 0.5 unit. 

It is depicted in Figure. 3 that the unobserved states are satisfactorily being observed 

with the reduced order PI observer even in presence of disturbance. However, when P 

observer is applied, there is an undiminished steady state error clearly seen in the 

observed states in presence of disturbance. Therefore, one can conclude that the PI 

observer is seen to be attenuating the effect of disturbance and observing the unmeasured 

states satisfactorily. 

 

5. Sensor less Speed Control of DC Motor with Reduced Order PI 

Observer 

This section considers the problem of sensor less control of DC motor where the speed, 

instead of being measured, is observed by the reduced order PI observer. Hence, the 

observed speed is used as feedback for necessary control action. 

 

5.1. DC Motor System Description & Control Topology 

A separately excited dc motor can be mathematically expressed by the armature 

voltage and torque equations as follows. 

( ) ( ) ( ) a
b a

di
v t e t Ri t L

dt
         (24) 

Where the back EMF is given by   

   b be t K t          (25) 

         
 

- -
d t

T t T t K i t T t B t J
L T a L dt


       (26) 
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Figure 4. Control Block Diagram for the Speed Control of DC Motor 

Where 

  :v t  Motor terminal voltage   

  :ai t Armature current 

  :t  Motor speed 

:R  Armature resistance 

:L  Armature inductance 

 :J  Motor inertia  

:B  Motor damping constant 

  :LT t  Load torque 

:bK  Back EMF constant 

:TK  Torque constant 

The equations (24), (25) and (26) can be rewritten as, 

   
01

- -( ) ( )
1

-( ) ( ) -
0

R L K Li t i td ba a
v t T tL Ldt K J B Jt tt

J
 

  
       

         
          

     (27) 

The objective of the system controller is to achieve speed control of the dc motor even 

in presence of load torque disturbance. This is accomplished by controlling the voltage 

 v t  using a current control loop along with speed control as in Figure. 4. 

The speed controller and current controller are, respectively given by (28) and (29). 

  is
s ps

K
C s K

s
        (28) 

  ic
c pc

K
C s K

s
        (29) 

Let the motor speed  t  is not measurable, then one has no option other than 

estimating the speed with the help of an observer which takes the current measurement as 

the input. Since the effect of load torque needs to be rejected for the sake of perfect speed 

tracking, PI observer is the definite choice. The reduced order observer equation is given 

by 

 

 

   
 

 
 

 

        
   

 

0 1

  

p b I p

pbp

t p p p b I

a

p b

t tB J k k L k k L
u t

tk L Lt

k J k R L k B J k k L k
i t

R L k k L

 



       
              

     
  

  

   (30) 
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Or,  

 
 

 

 
 

   i a

pp

t t
A Bu t B i t

tt

 



   
     

    

    (31) 

    
 
 

 1 0 p a

p

t
t k i t

t






 
  

 
     (32) 

The observed speed  t is fed back in the control scheme in absence of actual speed. 

 

5.2. Design of Controller & Proposed PI Observer for the DC motor system 

Both the PI controllers are designed keeping in mind that the current overshoot should 

not cross its rated value to protect the motor. The dc motor under consideration is of the 

rating 5HP, 1250 rpm, 240V, 16A. The current limiter is put in the forward path which 

sets the current limit between -16A to 16A. The limit is taken based on the rated value of 

the motor under consideration. The motor under consideration has the following data: 

armature resistance 0.6 R   , armature inductance L=112.9 mH , motor 

inertia
21J Kg m   , motor damping constant 0B  , torque constant 1.79 /tK Nm Amp , 

back EMF constant 1.8025 / / secbK V rad . 

The PI controllers are designed based on root locus technique. The PI controller for the 

current loop is designed in such way that it’s zero occurring at
ic pcK K is placed left to 

the controller pole at origin, and the original plant pole at R L  i.e. at 5.3571  . The 

gain
pcK  is chosen to have a faster response with peak overshoot as small as possible. 

By trial and error, the choice of
ic pcK K  is made as 100 , and 10pcK  . This design 

ensures acceptable response of the current with stable closed loop poles.   

Next, the PI controller for the speed loop is designed based on the same control 

technique. Since both the controller and the plant poles at origin, the controller zero which 

is occurring at
is psK K  will be placed left to them. By trial and error, the choice of 

is psK K  is made as 50  , and 5psK  .  To ensure that the current controller would have 

faster response, the speed controller cut off frequency is kept smaller than that of current 

controller. 

The PI controllers presented in eqns. (28) and (29) become as follows. 

 
250

5sC s
s

          (33) 

And 

 
1000

10cC s
s

         (34) 

The observer poles are chosen to ensure at least five times faster response than the 

speed controller. The closed-loop equation of the observer is given by 

 2 0bb p ab ab Is A K A A K         (35) 

Where, 0bbA B J   , 16.0935ab bA K L    . 

With a choice of 175i pK K   and 2pK   , the observer poles are placed 

at 16.09 73.306j  . 
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Figure 5. DC Motor Speed Control Scheme with Observed Speed 

5.3. Results & Discussion 

The designed PI observer along with the speed and current PI controllers are tested for 

the considered DC motor prototype in MATLAB-SIMULINK environment. The scheme 

incorporates the current sensors for the feedback to the observer and current controllers, 

and demonstrates the behaviour of actual and observed speed of the dc motor. The 

armature voltage of the motor is provided by a controlled four quadrant chopper. The 

observed speed is fed to the controller as speed feedback. 

The experimental set-up is first run at initial speed 400 rpm with a load torque of 10% 

of the rated value i.e. 2.9 N-m. Then the command speed changes to 800 rpm and 1000 

rpm, respectively, at 10 Sec and 20 Sec. The speed curve shows that the observer 

estimates perfectly the actual speed, rejects the load disturbance, and speed tracking with 

zero steady state error is achieved. The settling time taken is about 5 Sec. The speed 

characteristic is shown in Figure.6.  

The corresponding voltage and current responses are, respectively, depicted in Figure.7 

and Figure 8. The current attains the value 1.62A at steady-state up to 50 sec 

corresponding to a constant load torque of 2.9N-m.  

Next, the load torque is changed to 80% of the rated load torque at 50 sec. The observer 

attenuates the effect of load disturbance, and observes the speed successfully with a 

settling time of few milliseconds only. The observed and actual speeds are found to be in 

good agreement to each other. This signifies the fact that the PI observer is capable of 

disturbance decoupling. Consequently, the current settles down to 11.16A. 

The sensor less speed control of DC motor is performed with reduced order P and PI 

observer. As expected, a non-diminishing error exists between the actual and the observed 

speed in case of P observer. The speed curve with P observer is shown in Figure. 9. It is 

clearly seen that the error increases with increase in load torque. On the other hand, the 

speed curve with PI observer, shown in Figure. 10, depicts that the observed speed exactly 

matches with the actual one under load disturbance. 
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Figure 6. Response of the DC Motor with Reduced Order PI Observer for A 
Speed Reference of 400, 800 and 1200 rpm at 10% Rated Load Torque and 
with a Speed Reference of 1200 rpm at 80% Rated Load Torque Applied at 

50 Sec 

 

Figure 7. The Voltage Applied to the DC Motor in Case of Reduced Order PI 
Observer for A Speed Reference of 400, 800 And 1200 rpm at 10% Rated 

Load Torque and with a Speed Reference of 1200 Rpm at 80% Rated Load 
Torque Applied at 50 Sec 

 

Figure 8. Armature Current Measured with Reduced Order PI Observer for a 
Speed Reference of 400, 800 And 1200 rpm at 10% Rated Load Torque and 

for a Speed Reference of 1200 Rpm at 80% Rated Load Torque Applied at 50 
Sec 
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Figure 9. Response of The DC Motor with Reduced Order P Observer 
[Section 2] for a Speed Reference of 1200 Rpm at 10% and 80% Rated Load 

Torque Applied at 50 Sec 

 

Figure 10. Response of the DC Motor with Reduced Order PI Observer for a 
Speed Reference of 1200 Rpm and 10% and 80% Rated Load Torque 

Applied at 50 Sec 

6. Conclusion 

In this paper, a reduced order PI observer is proposed with an objective to achieve 

disturbance rejection. It is established that the proportional reduced order observer, 

available in literature and presented in Section 2, fails to decouple the effect of 

disturbance in the state estimation. To overcome this, the present work introduces a 

reduced order proportional integral observer which is shown to achieve perfect estimation 

even in presence of disturbances. The veracity of the claim is established with the help of 

two mathematical examples. It is observed from the simulation results that; the proposed 

observer decouples the disturbance effect. Also, a practical example of sensor less speed 

controlled DC motor is considered to establish the claim. With the knowledge of the 

armature current, which is measured as the system output, the proposed observer 
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accomplishes accurately the task of estimating the motor speed even in presence of load 

disturbance. 
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