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Abstract

In this paper, a Kalman filter with noise covariances estimation (KF-NCE) is
introduced for a special class of discrete-time linear-time-invariant (LTI) system with
completely unknown but constant covariance matrices of the process and measurement
noises. Utilizing the current and preceding noisy measurements, the KF-NCE algorithm
can be used to estimate the noise covariances real-timely. Hence, the system states can be
well estimated by using the estimated covariances. The KF-NCE algorithm can be applied
readily since it does not require a priori information about the noise covariances. The
stability analysis is presented to show that the KF-NCE algorithm is optimal in the sense
that the system state estimations are asymptotically consistent with the standard Kalman
filter with the exact known noise covariances. The effectiveness of the KF-NCE algorithm
and its practicability are also verified through some simulations and an experiment.

Keywords: Kalman filter with noise covariances estimation (KF-NCE), linear-time-
invariant (LTI) systems, process and measurement noises

1. Introduction

In 1960, “a new approach to linear filtering and prediction problem” [1] was presented,
which firstly introduced the idea of Kalman filter algorithm. Based on Bayesian approach,
the Kalman filter recursively provides optimal estimations of system states. The
extensions of the Kalman filter have also received many attentions [2, 3]. Thereafter, with
the rapid development of computer technology, Kalman filter algorithm and its extensions
have been applied in many fields successfully [4-6].

Before using the Kalman filter, a necessary work is to determine two important
parameters, namely, the covariance matrix of the process noise and that of the
measurement noise, which attracted the attentions of many researchers. In [7], an
identification of the covariances of the process and measurement noises was proposed for
the LTI systems. In [8], a Kalman filter with recursive covariance estimation was
introduced for discrete-time LTI systems to sequentially estimate the process noise
covariance matrix under the assumption that the measurement noise covariance matrix
was known. In [9, 10], measurement noise covariance estimation methods were presented.
Some works aim to estimate the noise covariance matrices simultaneously under a
Kalman filter framework [11, 12]. In [13], a self-adaption Kalman observer was proposed
to compute the covariance matrix of the measurement noise at the current time so as to
update the gain matrix of the Kalman filter. The effectiveness of the observer was also
verified through a field test. There are also some works aim to reduce the influence
brought by the inaccuracy of noise covariances. In [14], a iterative adaptive unscented
Kalman filter was proposed for sensor fusion to provide robustness with respect to the
uncertainties in the system noise covariances. A robust extended Kalman filter was
proposed in [15] for discrete-time nonlinear systems with stochastic uncertainties. The
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theoretical analysis in [15] showed the robustness of the filter against the process and
measurement noises.

However, in some practical systems, the covariance matrices of the process and
measurement noises are usually both completely unknown, and there few works aim to
solve the problem encountered in Kalman filter design. In this paper, a Kalman filter with
noise covariances estimation (KF-NCE) is presented to iteratively estimate the
covariances of the process and measurement noises at the same time. And then the
estimated noise covariances can be used in the standard Kalman filter to estimate the
system states. The contributions of this paper are given as follows:

* The presented KF-NCE algorithm can estimate the covariance matrices of the
process and measurement noises simultaneously.

* The system states estimated by the KF-NCE algorithm are asymptotically consistent
with the standard Kalman filter with exact known noise covariances, which will be proved
theoretically in Section 4.

* The effectiveness of the KF-NCE algorithm and its practicability are also verified
through some simulations and an experiment.

The rest of this paper is organized as follows. Section 2 reviews the standard Kalman
filter and describes the problem to be solved by the KF-NCE algorithm. In Section 3, the
KF-NCE algorithm is introduced in detail. And its stability analysis is given in Section 4.
Simulation and experiment are given in Section 5 to illustrate the effectiveness of the KF-
NCE algorithm and its practicability. Finally, this paper is concluded in Section 6.

2. Problem Formulation

2.1. Standard Kalman Filter

For a discrete-time LTI system, the standard Kalman filter estimates the system
states by minimizing the posteriori estimate error covariance. Currently, the Kalman
filter has been widely used in many fields due to its simple algorithm and excellent
state estimation [4, 5].

The state equation and measurement equation of a discrete-time LTI system are
described as follows:

X, = AX,_, +Bw,

{ k k-1 k (1)

Y, =CX, +V,

where X, €R",y, € R™ are the system state vector and measurement vector at

time step k, respectively. Ae R™" is the state transfer matrix, B € R™ is the input
matrix, C e R™" is the observation matrix. For simplicity and ease of problem
formulation, Bw, € R" can be regarded as the process noise at time step Kk .

v, € R™ is the measurement noise at time step k. Bw, and v, are uncorrelated

zero-mean white Gaussian noises. The mathematical equations of the standard
Kalman filter are given in equations (2) where X, is a priori state estimate,

P« € R™ is a priori estimate error covariance, K, € R™" is Kalman gain matrix,
X, €R" is the a posteriori state estimate at time step k given measurement
Y., P.€R™ is a posteriori estimate error covariance, Q, € R™ represents the
known covariance matrix of the process noise Bw, at time step k, R, eR™"

denotes the known covariance matrix of the measurement noise v, at time step k.
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)A(k k-1 = A)A(k 1
Pk,k—l = APk—lAT +Qk
Kk = Pk,k—lCT (CI:>|<,|<-1CT + Rk)71 (2)

)A(k = )A(k,k-1 + Kk (Yk _C)zk,k—l)
Pk = (I - KkC)Pk,k—l

2.2. Problem Statement

It is well known that a Kalman filter can work well with the exact known noise
covariances. However, in many practical systems, the noise covariance matrices are both
completely unknown. Under this situation, using incorrect noise covariance matrices in
Kalman filter may degrade the performance of the filter or even make the filter not work
at all [15]. Therefore, it is necessary for a Kalman filter to obtain accurate noise
covariances.

For the covariance matrix of the process noise and that of the measurement noise, the
existing literatures are mostly focus on one covariance matrix estimation only, and ignore
the unknown case of the other one [8-10]. The main contribution of some works is to
reduce the impact of the uncertainty of the noise covariances [15, 16]. There are few
algorithms were presented to estimate the covariance matrices of the process and
measurement noises simultaneously. In this paper, we address the questions: is there
an algorithm for filter design which can estimate the system states without a priori
information of the system process and measurement noises? Can the algorithm
guarantee the stability of the filter? Is the algorithm suitable for some practical
systems? Some assumptions are given before introducing the KF-NCE algorithm.

Assumption 2.1: System model (1) is controllable and observable, the matrices A, B
and C are constant and known.

Assumption 2.2: The system measurement Y, is bounded.

Remark 2.1: The similar assumptions of above two ones were used in [8].

Assumption 2.3: Matrices A and C are invertible.

Remark 2.2: In [8], the matrix C is assumed to be column full rank, which means that
the measurement dimension is more than or equal to the state dimension. However, in
practical systems, the measurement dimension is often less than or equal to the state
dimension. In other words, the assumption in [8] that the matrix C is column full rank
usually implies that the measurement dimension is equal to the state dimension. In this
situation, the matrix C is invertible. On the other hand, the matrix A is invertible if the
system (1) can be transformed from a continuous-time LTI system. And in [17], the state
transfer matrix A was also assumed to be invertible. Thus, the Assumption 2.3 is not a
strict assumption.

Assumption 2.4: The covariance matrix of the process noise Bw, and that of the

measurement noise Vv, are both constant yet unknown.

Remark 2.3: In practical systems, it is nearly impossible to precisely determine the
time-varying covariance matrices of the system noises. Thus, the covariance matrices are
usually supposed to be constant. The covariances of the process and measurement noises
are usually both unknown in most systems.
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3. Kalman Filter with Noise Covariances Estimation (KF-NCE)

In this section, the KF-NCE algorithm will be introduced in detail.
According to the system model (1) and the assumptions in Section 2, we have

E(Bw,)=E(v,)=0 (€©)
Cov(Bw, ) = Cov(Bw) 4)
Cov(v,) = Cov(v) (5)

where E(-) is the mathematical expectation and Cov(:) is the covariance matrix.
Cov(Bw) and Cov(v) are constant and denote the covariance matrices of the process
noise Bw, and the measurement noise v, , respectively.

From (1), we can obtain that

Y, =Cx, +Vv, =CAX, _, +CBw, +V,. (6)
Do further processing on (6), it can be derived that

Y, =CA’x,_, + CABW, , +CBW, +V,. )
In addition, one has

Yia =CX g +Viy 8)

Yo =CX +Vy )
From the Assumption 2.3 and formulas (8)-(9), we have

X1 = C_lyk—l - C_lkal (10)
X o = Cilyk—z - Cile—z- (11)
Substituting (10) and (11) into (6) and (7), respectively, it can be obtained that
C'y,—AC'y, ,=Cv, —AC™v,_, +Bw, (12)
Cly, —AC'y,_,=Cv, —A’C'v,_, +Bw,_ + ABw,_,. (13)
Let
& = C_lyk - AC_lyk—l (14)
= C_lyk - Azc_lykfz- (15)
From (12) and (13), we have
Cov(&,) =C'Cov(v, )(C™)" + ACCov(v, ,)(C™)" A" +Cov(Bw,) (16)
Cov(r,) = A°C™'Cov(v, ,)(C ™) (AT)*

+C™'Cov(v, )(C™)" + ACov(Bw,_,)A" +Cov(Bw,). (17)

From the Assumption 2.4, we know that Cov(y, ) =Cov(v, ,) =Cov(v, ,) =Cov(v)
and Cov(Bw, ) =Cov(Bw,_,) =Cov(Bw). Thus, from (16) and (17), we can obtain that

Cov(&,) and Cov(r,) are constant, and denote them as Cov(&) and Cov(n),
respectively. Therefore, the formulas (16) and (17) can be rewritten as

Cov(&) =C'Cov(V)(C™)" + AC'Cov(v)(C™)" A" +Cov(Bw) (18)
Cov(n) = A’C"Cov(V)(C ™) (A")?

+C*Cov(v)(C™)" + ACov(Bw)A" + Cov(Bw). (19)
From (18) and (19), it can be obtained that

Cov(v) = %CA_I(ACOV(f) A" —Cov(n) +Cov(&))(A™'C. (20)

From (18) and (20), we can further obtain that
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Cov(Bw) = Cov(&) — AC'Cov(v)(C™)" AT —C*Cov(v)(C™)'. (21)
According to the explanation of Section Il in [8], the covariance matrices Cov(&) and
Cov(#n) can be estimated by the law of large numbers at time step k as follows:

Cov, () J%cwk_l(:) ad 22)

k-1 1
Cov, (7) = e Cov,(m) + K mn (23)

where Cov, (&) and Cov, (77) are the estimation of Cov(&) and Cov(r) at time step
k, respectively. Then, from (20) and (21), the estimated measurement noise covariance
matrix Cov, (v) and the process noise covariance matrix Cov, (Bw) can be calculated
successively as follows:

Cov, (V) = %CAl(ACovk (£)AT —Cov, (17) +Cov, (E))(AH)'CT (24)

Cov, (Bw) = Cov, (£) — AC"Covk(v)(C™)" A" —C*Cov, (V)(C™)". (25)
Remark 3.1: In [8], the covariance matrix of the measurement noise was assumed to be
constant and known. The estimation of the process noise covariance Cov, (Bw) could be
calculated by using (25), in which the Cov, (v) was replaced with Cov(Vv). In this paper,

the unknown of measurement noise covariance matrix is considered, and the covariance
matrix is estimated by using (24). The estimated measurement noise covariance matrix

Cov, (v) is used in (25) to estimate the process noise covariance matrix Cov, (Bw).
In this way, the estimated covariance matrices Cov, (Bw) and Cov, (v) can be used

as covariance parameters of the standard Kalman filter to estimate the system states. The
computing procedure of the KF-NCE algorithm is given in Algorithm 1.

Algorithm 1 KF-NCE algorithm

A

Initialization: X, If’0 are the initial state estimation and initial state estimation error
covariance matrix, respectively.
Cov, (&) =0,Cov,(r7) =0.

Input: noisy measurement sequence {Y, }.

Output: system state estimation {X, } and state estimation error covariance matrix {Isk}.
1: Fork=1toNdo

2: Calculating &, and 7, by using the measurement Y, as in (14) and (15), respectively.
3: Calculating Cov, (&) and Cov, (17) by using the & and 7, as in (22) and (23),
respectively.

4: Using Cov, (&) and Cov, (77) to calculate Cov, (V) asin (24).
5: Using Cov, (&) and Cov, (V) to calculate Cov, (Bw) as in (25).
6: Ry =AR,
7
8
9

A

: P, =AP_,A" +Cov, (Bw)
Kk = Isk,k—lcT (Clsk,k—lCT +Cov, (v))™

DR = R T Ky —CR 1)
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10: B = (1-K,C)R,,
11: End For
12: Return {Cov, (Bw)},{Cov, (W)}, %, and P..

4. Stability Analysis

In this section, the stability analysis is given to show that the KF-NCE algorithm is
optimal in the sense that the system state estimations are asymptotically consistent with
the standard Kalman filter with exact known noise covariances.

Theorem 4.1: For the discrete-time LTI system (1), the estimated process noise

covariance matrix Cov, (Bw) and the measurement noise covariance matrix Cov, (V)
are convergent to the real covariance matrices Cov(Bw) and Cov(v), respectively, if
there exists a matrix norm satisfying || Cov(Bw) ||< o and || Cov(V)||< .
Proof: According to the law of large numbers and formulas (22)-(23), we know that
II(im Cov, (&) =Cov(¢) (26)
limCov, (17) =Cov(n) (27)
Then, from (24) and (20), we can obtain that
Cov, (V) = %CAl(ACovk (£)A" —Cov, (17) +Covk(&))(AH)'CT

= %CA* (A(Cov, (&) —Cov(&) +Cov(£))A" —(Cov, (17) —Cov(n)
+Cov(17)) +(Cov, (§) —Cov(&) +Cov(E))(AT)C’

= %CA‘1 (ACov(&£)AT —Cov(r) +Cov(&£))(AT)'CT +o,

=Cov(Vv) +o, (28)
where

o, = % CA*(A(Cov, (&) —Cov(&))AT

~(Cov, (17) —Cov(1)) + (Cov, (&) - Cov(&))(A") *CT. (29)
Since Em Cov, (&) =Cov(¢) and Em Cov, (n7) =Cov(7), we have

i!Ln; o, =0. (30)
Thus,

lm Cov, (v) =Cov(v). (31)
Similarly, we can obtain that

l!l_(p@ Cov, (Bw) =Cov(Bw). (32)

Theorem 4.2: For the discrete-time LTI system (1), the error covariance matrix Iskyk_1

obtained by the KF-NCE algorithm is asymptotically consistent with the error covariance
matrix B ,_, obtained by the standard Kalman filter with exact known noise covariances,

and limsup|| P, , [l< .

K—o0

Proof: Let
RC(P, R) = APAT — APCT (CPCT + R)’lCPAT
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= AP(I -C"(CPC" +R)'CP)A"

=A(l +PC'R'C)"PA". (33)

There, T, >T, (or T, <T,) means that T, —T, is positive definite (or negative definite).
From Theorem 5.2 of [8], we know that R (P, R) is a monotonically increasing function

about variable P with a constant R. For a given constant P and arbitrary positive
matrices R, and R, with R, > R,, we have

R*'<R)' (34)
Then, it can be easily obtained that
| +PC'R'C < I+PC'R;'C. (35)
Obviously,
(1+PC'R'C)* > (1 +PC'R'C) ™. (36)
Thus,
R.(P,R)>R(P, R,). 37)

From limCovk(BW)=C0v(BW) and i!imCovk(v)=C0v(v), there must be two
positive matrices Q" and R satisfy that Cov, (Bw)< Q" and Cov, (v)< R",
k=12,...

Suppose that, the sequence {If{(“”i'(_l, k =1,2,...} is generated from the initial value I50

with the following equation
Pkl\fl,k = Rc(lsk't/li—l’ R™) +Q". (38)

And obviously, the sequence {|5k’k_1, k =1,2,...} is generated from the initial value I50
with the following equation:
Pk =R (Pk,k—l' Cov, (v)) +Cov, (Bw). (39)

Because Q" and R are the upper bound of Cov, (Bw) and Cov, (v) respectively,

sequences {FA’Q,f(,l} and {FA’k,k,l} have the same initial value If’o, and the function R, (P, R)
is monotonically increasing about P and R respectively, it can be obtained that
ﬁk,k—l < ﬁk’jf(_]_! k :1, 2, ee (40)

Since system (1) is controllable and observable, the sequence {If’k“’ﬂfl} is a convergent
sequence [8]. Since F3k’k_1 >0and FSk’k_l < I%(“‘f(_l, it can be obtained that the sequence
{FA’k’H} is a convergent sequence, i.e. Il(m FA’k’kf1 exists. Thus, we have

imPB_;, = lIM(R, (B, Cov, (V) +Cov, (Bw))

=lim R.(P. 1, Cov(v)) +Cov(Bw). (41)

Since the discrete-time LTI system (1) is controllable and observable, there exists P,
which satisfies the Riccati equation

P =R.(P., Cov(v)) +Cov(Bw). (42)
Supposing that

I!Im If\)k+l,k = Pa'ss' (43)
Then,
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P =R.(P,, Cov(v)) +Cov(Bw). (44)

Due to the unique of the solution of the Riccati equation, we have

P = Ps- (45)

Thus, from (43) and (45), it can be obtained that

EI_EE ISk+l,k = Pass (46)

limsup|| B, , ||< . (47)
k—a0

Since discrete-time LTI system (1) is controllable and observable, it can be obtained
that

Elm I:>k+l,k = Pass' (48)
Therefore,
lm(a+l,k - Pk+1,k) =0. - (49)

Theorem 4.3: For discrete-time LTI system (1), the Kalman gain matrix Kk obtained

by the KF-NCE algorithm is asymptotically consistent with the Kalman gain matrix K,
obtained by the standard Kalman filter with exact known noise covariances.

Proof: From the proof of Theorem 4.2, Riccati Equation (42) has a stable solution P,,.
Introduce a notion,

Kass = PaSSCT (CPaSSCT +C0V(V))7l (50)
From the KF-NCE algorithm, we have

K, =R C" (CR, ,C" +Cov, (V)™ (51)
From the standard Kalman filter with exact known noise covariances, we have

Ky = Pk,k—lcT (Cpk,k—lcT +Cov(v)) ™. (52)
since lim Cov, (v) = Cov(v), lim P, =Py and limP, ., =P, we have

lm Kk = Kass " (53)
lm Kk = Kass' (54)
Thus,

lim(Kk ~-K,)=0. (55)

Theorem 4.4: For discrete-time LTI system (1), the state estimate X, obtained by the

KF-NCE algorithm is asymptotically consistent with the optimal state estimate X"

obtained by standard Kalman filter with exact known noise covariances.
Proof: The proof is similar to the proof of Theorem 5.4 in literature [8] and omitted
here.

5. Simulations and Experiment Results

5.1. Simulation

In recent years, with the rapid development of high-speed railway, some
equipments used in positioning system have been installed in high-speed trains. The
position of a high-speed train can be measured by the odometer. The velocity and
the acceleration of the train can also be measured by the Doppler radar and the
gyroscope, respectively. Due to small curvature of high-speed railway, the trajectory
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of the high-speed train during a small sampling period can be regarded as a straight
line. Then, a discrete-time LTI system model is given as follows to illustrate the
application of the KF-NCE algorithm in the positioning system of high-speed train:

X, | |1 T 05T x,

XX =10 1 T |[X,|+w,

10 0 1 |[x,

- - (56)
v | [1 0 0] x

YV |=[0 1 0} x|+v,

Yo| [0 O 1] %

where T is the sample period, X, x> and x® denote the train position, velocity
and acceleration at time step k, respectively. yi, y,f and yf are the train position,
velocity and acceleration measured by the above mentioned equipments. w, is the

process noise caused by the uncertainty of the system model. v, denotes the
measurement noise caused by the measurement error.
Supposing that E(w) =E(v) = 0, T = 0.05s. Covariance matrix of process
noise and that of measurement noise are given as follows:
0.25 0.04 0.04

Q=R=[0.04 025 0.04 (57)
004 0.04 025

However, in practical applications, the covariances of the process and
measurement noises are usually both unknown. Suppose that the KF-NCE algorithm
has the same initial state estimation and initial state error covariance matrix with the
standard Kalman filter with exact known noise covariances. Under these conditions,
the simulation that compares the estimated results between the KF-NCE algorithm
and the standard Kalman filter has been done to verify the effectiveness of the
proposed KF-NCE algorithm. Simulation results are given in the following.

Estimation ervoe of the element, Q. Esimation errox of the element Qyy
::'; 0 .f“-"-“-r" e — ¥ n P,jx e - ——— J
0s e - 05 J
0 0 20 k1 ) 50 0 10 1 E 4 50
Bsumation esvor of the elemett Oy Extimation ettor of the slemans Qs
) & £
05 - . - - 05~ - - - - -
$ 0 l/vw" i o —rt—— ] 5 l‘}&.-,-“.- £2: S |
05 05 ’
0 10 20 3 &) 20 0 0 2 X 4 20
Estumation emor of the slement Oy Estamation etzor of the element Qg
5
of, e e | S TSR
1 ‘.-’ . B
i 3
( 0 0 ¥ U 1) 0 10 0 X 40 0

Timea(s) Time(s)

Figure 1. Estimation Errors of the Process Noise Covariance Q

In Figure 1, the corresponding element errors between the estimated process noise
covariance matrix and the actual covariance matrix of process noise are given. It can
be easily observed that the corresponding element errors are all convergent to zero
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as K — oo, which means that estimated covariance matrix of the process noises are
convergent to the actual covariance matrix Q. The corresponding element errors

between the estimated measurement noise covariance matrix and the actual
covariance matrix of measurement noise have similar results as shown in Figure 2.

= Esamation ervor of the slemers. Ry 3 Extamation emror of the elememt, Ry
€ 0f e ——t - { e 0 ——
4 rpf 4
' b_"_ . — - .‘ - E|5 s - - A -
0 10 .1 0 40 5 1] ) 20 K U & 2
i Estimation stpor of the slemert Ry, Estiroation sevor of the element Ry
(3 0%
|
& |
o |'|,t‘ e e e et a D T ——————
<1
05
10 A 0 &0 50 0 i P} X & &)
Esimation etror of tha slecnech Ry Exumation estor of U alenmnt Ry,
05¢ - . - - 05, - - - -
a 1A -
€ oO-~—————mm"M"nnmM—m—mm—m—m—m—oo—o-— - ——< & 0 A — e ——
< | < v
05 . A v 05% - - -
10 2 k1 40 €0 0 10 2 30 & 21]
Time(s) Timeds)

Figure 2. Estimation Errors of the Measurement Noise Covariance R

The estimated state errors between the KF-NCE algorithm and the standard
Kalman filter are shown in Figure 3. From Figure 3, one can obtain that the
estimated state errors are tend to zero as k — oo, which is consistent with the

theoretical results.

Emor botwesn 1he Two posrion estmations
| i T T T T T
| T — - -
4 YN
1ol 4 . 1 A L
0 5 10 1 il -3 30 ¥ 40 45 50
Error betwesn the two welocily eslimabons
% 0 m
4 :
0 \ N L
0 5 10 15 X o X X LA %
Error between the two acceierstion estimations
10 ™ v -y v v L
% 0 %,_ e e e e e e e
< v
10 - ul " A A o — A . .
0 5 15 20 > 0 ¥ &0 45 50

Timeds)

Figure 3. Errors between the Estimated States by the KF-NCE Algorithm and
the Ones by the Standard Kalman Filter

2.2. Experiment

ADXL345 is a small, low power consumption and high resolution three-axis
accelerometer as shown in Figure 4, and the measurement range can be up to + 16g,
where “g” represents a gravitational acceleration. ADXL345 is very suitable for
mobile applications. It can measure not only the static acceleration of gravity in
skew detection, but also the dynamic acceleration caused by the movement or
impact force. Thus, ADXL345 has been used in many fields, such as medical
equipments, instrumentations and navigation devices.
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Figure 4. ADXL345

Figure 5. Experiment Setup

In order to verify the practicability of the KF-NCE algorithm, the acceleration of
a high-speed train from BaodingEast station to Shijiazhuang station had been
measured by using the ADXL345. An Arduino UNO R3 module, which was
connected with the accelerometer, was used to read the measurement values.
ADXL345 and Arduino UNO R3 were fixed beside the window of the high-speed
train as shown in Figure 5 such that the movement of the accelerometer was
consistent with the high-speed train. The y-axis of ADXL345 was parallel with the
moving direction of the high-speed train, which means that the measurement values
of the y-axis of ADXL345 represent the measured acceleration of the train. The
sample period was 0.5s, and the measurement data was stored in a portable
computer, which was connected with the Arduino UNO R3 through a serial line.

The acceleration model of the high-speed train is given as follows:

{ak =a,, +W,
Z, =a, +V,

(58)

where @, is the acceleration of the high-speed train at time step k, and z, is the
measured acceleration of the train by using the ADXL345 at time step k, w, and
v, are the system process noise and measurement noise respectively. a,, z,, W,

and v, are all scalars since that only the acceleration of the train is considered in

the experiment. And there is any known information of the system process and
measurement noises during the whole test.
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Figure 6. Process Noise Variance Figure 7. Filtering Result of the KF-
and Measurement Noise Variance NCE Algorithm
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According to the measured acceleration of the high-speed train by the ADXL345,
using the KF-NCE algorithm, the estimation result of the variance of the process

noise W, and that of the measurement noise v, are shown in Figure 6. It can be seen

that the variance of the process noise is convergent to a constant, and so does the
variance of the measurement noise. From the data results, we obtain that the

variance of the process noise w, and that of the measurement noise v, are hold

steady at 6.0 x 10 *and 1.2 x 1072, respectively, which, to some extent, illustrate the
rationality of the Assumption 2.4.

Filtering result of the KF-NCE algorithm for the measured acceleration of the
high-speed train is given in Figure 7. It can be observed that a good filtering result
is achieved by the KF-NCE algorithm and the filtering result tends to be stable as
time goes on.

6. Conclusion

In this paper, in view of the unknown covariance matrices of the process and
measurement noises in some special systems, a new algorithm named as Kalman
filter with noise covariances estimation (KF-NCE) has been proposed to deal with
the problem met in discrete-time LTI systems. The KF-NCE algorithm can estimate
the noise covariances simultaneously by using the current and the preceding noisy
measurement. Then, the KF-NCE algorithm regards the estimated noise covariances
as covariance parameters of the standard Kalman filter so as to estimate the system
states. Stability analysis has shown that the state estimation obtained by the KF-
NCE algorithm converges to the optimal state estimation obtained by the standard
Kalman filter with exact known noise covariances. The simulation and experiment
results have verified the effectiveness of the KF-NCE algorithm and its
practicability.
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