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Abstract 

The aim of this paper is to synchronize the two new hyperchaotic systems that we have 

developped. These new systems are the 7-dimensional fourth–order and six-order 

continuous real hyperchaotic systems. After studying and verifying the hyperchaotic 

bihaviour of these systems, a class of high gain observer is used to synchronize and to 

stabilize the synchronization error dynamic. The stability of the systems is proven using 

Lyapunov stability theory. Simulations results confirm the high performance of the 

designed observer for these high dimensional systems. 
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1. Introduction 

In recent years, the chaotic system has been used more and more widely in secure 

communication with the further research on the chaos theory. Compared to other 

methods, the encryption method has such advantages as good security, strong dynamic 

storage capability and low power, which significantly improves the safety and reliability 

of information transmission. When the common chaotic system signal is used as the 

encrypted signal, the message can be deciphered and attacked easily. However, the 

characteristics of the hyperchaotic system are more complex. Thus, to use the 

hyperchaotic system signal as the encrypted signal has more extensive application 

prospect [1-4]. In [5-7], the four-dimensional system, the six-dimensional system and 

their realizing circuits are given, which lays a foundation of the construction of the higher 

dimensional hyperchaotic system.  

When we take an ordinary chaotic systems signal as an encrypted signal, the 

information can easily be deciphered and attacked, and because the chaotic characteristic 

of hyperchaotic system is more complex, so hyperchaotic system as information 

encrypted signal has a broader application prospect.  

The goal of this paper is to construct two new 7D hyperchaotic systems and to 

investigate the dynamics and synchronization of these new systems using the theory of 

observers. In this approach, once the drive system is given, the response system could be 

chosen in the observer form, and the drive signal should be chosen accordingly so that the 

drive system satisfies certain conditions.  

The outline of this paper is as follows. In Section 2, we set the problem statement and 

the adopted methodology. In Section 3, we expose the high gain observer that we used to 

synchronize our hyperchaotic systems. In section 4, we define our 7D fourth-order and 

six-order hyperchaotic systems.  In Section 5, the synchronization problem is formulated.  
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And  in  section  6,  we derive  results  for  the  drive-response synchronization  of the two 

7D hyperchaotic systems. Conclusion is presented in the last section. 

 

2. Research Method 

Consider the hyperchaotic system described by the dynamic: 

 ̇                              (1) 

Where      is the state of the system, A is the n×n  matrix of the system parameters 

and          is the nonlinear part of the system. 

We consider the system (1) as the drive system. 

As the response system, we consider the following hyperchaotic system described by 

the dynamic: 

 ̇                                                                  (2) 

Where      the state of the system, B is the n×n matrix of the system parameters 

and         is the nonlinear part of the system and   is the gain of the response 

system. 

 If       and f    , then x and y are the states of two identical hyperchaotic 

systems. 

 If     or    , then x and y are the states of two different hyperchaotic 

systems. 

In the nonlinear feedback control approach, we design an observer, which synchronizes 

the states of the drive system (1) and the response system (2) for all initial 

conditions             . 

If we define the synchronization error as: 

e = y – x                                    (3) 

Thus, the synchronization problem is essentially to find a controller   so as to stabilize 

the error   for all initial conditions          . 

In our case   is a high gain observer. 

 

3. High Gain Observer Design 

The problem of observer design naturally arises in a system approach, as soon as one 

needs unmeasured internal information from external measurements. In general, it is clear 

that one cannot use as many sensors as signals of interest characterizing the system 

behavior for technological constraints, cost reasons, and so on, especially since such 

signals can come in a quite large number, and they can be of various types: they typically 

include parameters, time-varying signals characterizing the system (state variables), and 

unmeasured external disturbances [9, 3, 20]. As we know, it is almost impossible to 

measure all the elements of the state vector in practice (e.g., the unknown state variables, 

fault signals, etc). 

 State observers are able to provide a continuous estimation of some signals which are 

not measured by hardware sensors. They need a mathematical model of the process and 

hardware measurements of some other signals. An observer is a dynamic system whose 

input includes the control u and the output y and whose output is an estimate of the state 

vector   ̂ as it’s shown in Figure1. 
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Figure 1. Principle of the Observer 

We consider a general representation of the hyperchaotic system as follow: 

{
 ̇      
    

                                           (4) 

Where:  

-                and      is the vector of states,               
 . 

-         is the nonlinear part of the system. 

-      is the system measured output with     , and 
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It is necessary the design of an auxiliary system so called observer system to 

reconstruct then known states or unmeasurables. Firstly, we give necessary and sufficient 

conditions to establish whether the system (4) is observable. 

Now, consider the following assumptions [5]: 

 

A. Assumptions 

A1. The system given in Eqs (4) is locally uniformly observable (Gauthier et al., 1992), 

hence for all     , satisfies the observability rank condition: 

    {
 

  
 }                                            (5) 

 Here ϑ is the observability vector function define d      
      

        
        

  

the r-order Lie derivatives, which are the directional derivatives of the corresponding state 

variables along the measured output trajectory. And    
   are the differentials of the rth-

order Lie derivatives defined recursively as follows: 
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A2. All the trajectories                 of the system (4) are bounded. 

Considering the set         as the corresponding physically realizable domain, such 

that:          

   {       
    

             } 
In most practical cases,   will be an open connected relatively compact subset of   , 

and in the ideal cases,   will be positively invariant under the dynamic (4). 

In order to analyze the estimation error       we consider the next assumption. 

A3. The nonlinear difference vector function            ̂  is Lipschitz bounded 

i.e.     | |. 
Condition A3 can be fulfilled satisfied if the following supremumis finite: 

        ‖ 
    ‖ 

Where       is the Jacobian and ‖  ‖ is the matrix norm associated with the Euclidian 

vector norm.  

 

B. Propositions 

For any initial condition        and any  ̂      and for   large enough the 

system (1) satisfying previous assumptions [10] [11], can be estimated by the following 

dynamical system: 

 ̇̂     ̂       
     

        ̂                             (6) 

 Where    is the symetric positive definite solution of the algebraic equation: 

                   

 For     and it can be expressed as 

                     
   

, for           

where     
  

  

        
 

    is a diagonal matrix defined by :  

            
 

 
   

 

  
  

C. Lemma 

For   large enough the slave system below is an observer for the drive system [15]: 

  ̇̂     ̂       
     

        ̂                                              (7) 

Proof [10] 

Let    ̂    

Then on can check that: 

 ̇  (     
    

     )     

Where: 

      ̂       

F is lipschitz with the constant L so: 

‖  ‖    ‖ ‖ 

Let    a candidate lyapunov equation for the system (1): 
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The time derivative of     computed along solution of the differential equations (1) is 

given by: 

 ̇  
 

 
    (  

                
      

            
  )     

 

 
             

Taking into account the algebraic equation: 

                   

And  

     
           

       

It follows 

 ̇  
 

 
                    

 

 
             

Using the above inequality: 

        ‖   ‖
                    ‖   ‖

  

Where          and          are respectively the minimum and the maximum eigen-

values of   . 

 

4. Systems Description  
 

4.1. Seven-Dimensional Fourth-Order Hyperchaotic System 

In this section, we design the 7D fouth-order hyperchaotic system that is token as the 

drive system, whose dynamics is given by: 

                                   















6541277

5432566

4321755

5321144

6421533

7541622

7653511

 x x xh x- xf+ x-b=  x         

 x x xx+ xe+ x-e=  x       

 x x xx- xe+ x-a=  x      

 x x xx+ xe+ x-a=  x       

 x xx xg- xa+ x-a=  x        

 x x xx+ xd- xc=x     

 x x xx- x20- x-a=  x       









              (8) 

Where a, b, c, d, e, f, g and h are the parameters of the system and      is the state 

of the system. 

                                                                 (9)           

 
4.1.1. Dissipation 

The divergence of the system (8) is: 
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According to the ranges of the system parameters, we obtain that  

                    , and thus the system is a dissipative system. 

 
4.1.2. Equilibrium and Lyapunov Exponents 

The following equations are the equilibrium of the system satisfied: 
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0 x x xh x- xf+ xb-         

0 x x xx+ xe+ xe-           

0 x x xx- xe+ xa-            

0 x x xx+ xe+ xa-           

0 x xx xg- xa+ xa-          

0 x x xx+ xd- xc             

0 x x xx- x20- xa-          

654127

543256

432175

532114

642153

754162

765351















 

The new hyperchaotic system (8) has unique equilibrium point                 .  
For this latter, the system (8) is linearized, and the Jacobian matrix is given by : 

 

 

To gain its eigenvalues, let |         |     , Then these eigenvalues corresponding to 

equilibrium                   will be obtained as follows: 

                                                               
                      

 

Where                        are negative real roots and        are positive real roots. 

Therefore, equilibrium    is unstable. 

System (8) has two positive lyapunov exponents, which shows that the system is not 

only chaotic but also hyperchaotic. 

 

 

Figure 2. Lyapunov Exponent Seven-Dimensional                                              
Fourth-Order Hyperchaotic System 

 

4.2. Seven-Dimensional Six-Order Hyperchaotic System 

In this section, we design the 7D six-order hyperchaotic system described by the  

following dynamic: 
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654321737
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764321355

76532144
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765431212

765432311

z z z z zz 1.5+z 15-z 20 =z    

z z z z zz -z 3.9+z 10 =z

z z z z zz+z 19+z -30=z  

                z z z z zz -z 5 = z 

z z z z zz+z 20+z 15-z 20 =z            

z z z z zz -z 20-z -20=z

z z z z zz 0.785+z 20+z 5 1 = z          









          (10) 

 
4.2.1. Dissipation 

The divergence of the system (8) is 
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         , and thus the system is a dissipative system. 

 
4.2.2. Equilibrium and Lyapunov Exponents 

The following equations are the equilibrium of the system satisfied: 
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The new hyperchaotic system (10) has unique equilibrium point                  . For 

this latter, the system (10) is linearized, and the Jacobian matrix is given by : 
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 To gain its eigenvalues, let |         |     , Then these eigenvalues corresponding to 

equilibrium                   will be obtained as follows: 

                                                                   
                      

 Where                    are negative real roots and        are positive real roots. 

 Therefore, equilibrium    is unstable. 

 System (10) has three positive lyapunov exponents, which shows that the system is not 

only chaotic but also hyperchaotic. 
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Figure 3. Lyapunov Exponent Seven-Dimensional Six-Order Hyperchaotic 
System 

 

5. Synchronization Problem Formulation 

As reported in the literature, synchronization of hyperchaotic systems suggests the 

possibility for communication using hyperchaotic waveforms as carriers, perhaps with 

application to secure communication. The obvious approach uses a hyperchaotic system 

as the transmitter and a synchronous hyperchaotic system for the receiver, and several 

designs have been suggested that fit within this construct [8]. The variation in these 

designs lies in the methods for injecting an information signal at the transmitter and 

recovering it at the receiver. 

Definition: Two hyperchaotic systems are completely synchronized if the error [9]: 

‖ ̂   ‖           
It means that each state in the slave system is identical or is very close to its 

corresponding state in the master system along the time. 

Chaos synchronization as stabilization consists in finding a control command that leads 

the trajectories of a dynamical error system to the origin [17]. 

 

 

Figure 4. Principle of Master Slave Synchronization 

In this section, we design a high observer design for the synchronization of two 

different 7D hyperchaotic systems. 
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  The 7D fourth-order hyperchaotic system is taken as the drive system, whose 

dynamics is given by: 

 















6541277

5432566

4321755

5321144

6421533

7541622

7653511

 x x xh x- xf+ x-b=  x         

 x x xx+ xe+ x-e=  x       

 x x xx- xe+ x-a=  x      

 x x xx+ xe+ x-a=  x       

 x xx xg- xa+ x-a=  x        

 x x xx+ xd- xc=x     

 x x xx- x20- x-a=  x       









                                        (11) 

 The 7D six-order hyperchaotic system is also taken as the response system, whose 

dynamics is given by: 
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 (12)

  

 For the synchronization, the error e is defined as: 

    ̂    ,    ̂          ̂          ̂          ̂          ̂  
         ̂                         (13) 

 

6. Results and Analysis 

In order to measure the performance of the proposed observer "response system", we 

employ the measure the impact of the error, suggested in Ogunnaike and Ray (1994), is 

the Integral Time-Weighted Squared Error (ITSE) dened in [15]. 

ITSE exhibits the advantage of heavy penalization of large errors at a long time; 

therefore, it is a good measure of resilience of the observer. 

     ∫    
 

 

 

With the observation error as      ̂. 

The parameter values as in the7D fourth-order hyperchaotic system case are assumed: 

                                                       

For simulations, the initial conditions of  the 7D fourth-order hyperchaotic system (8) 

are chosen as: 

                                                               

Also, the initial conditions of the7D six-order hyperchaotic system (10) are chosen as: 

 ̂        ̂         ̂         ̂           ̂        ̂         ̂       
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Figure 5. Response –Drive 
Synchronization Error of the 7D 

Fourth-Order and Six - Order 

Hyperchaotic System (    ) 

 

Figure 6. Synchronization Error   

(    ) 
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Figure 7. Response –Drive 
Synchronization Error of the 7D  

Fourth-Order and Six - Order 

Hyperchaotic System (     ) 

 

Figure 8. Synchronization Error 

(       

In Figures (6) and (8) is presented error for our drive-response hyperchaotic system. 

The seven values of guarantees asymptotic convergence to zero, especially for     . 

 From these figures, we can see that the synchronization error converge to zero and two 

different systems are indeed achieving chaos synchronization. 
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t E 

E 
t 

Table 1. Corresponding Results of the ITSE Index For Θ=2 

 0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 

E1 3 -1 -2.80 -3.7 -4.2 -4.6 -5 -5.2 -5 -4.80 -4.5 

E2 0 0.75 0.65 0.4 0.15 -

0.15 

-0.5 -0.8 -1.1 -1.3 -1.4 

E3 -

1 

-

0.05 

-0.02 0.01 0 -

0.01 

-0.01 -

0.01 

0 0 0 

E4 3 0 0.001 0.005 0.005 0 0 0 0 0 0 

E5 1 0.05 0.025 0.02 0.001 0 0 0 -

0.001 

-

0.0015 

-

0.025 

E6 -

2 

0.05 0 -0.05 0 0.05 0.06 0.07 0.08 0.09 0.1 

E7 1 0.25 0.1 0.05 -0.05 -

0.15 

-

0.175 

-

0.25 

-0.3 -0.35 -0.34 

 

Table 2. Corresponding Results of the ITSE Index For Θ=12 

 0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 

E1 3 -0.7 -0.5 -0.2 0 0.05 0.1 0.1 0.15 0.2 0.2 

E2 0 0.025 0.022 0.018 0.01 -0.005 -0.02 -

0.03 

-

0.04 

-

0.042 

-

0.045 

E3 -1 0 0 0 0 0 0 0 0 0 0 

E4 3 0 0 0 0 0 0 0 0 0 0 

E5 1 0 0 0 0 0 0 0 0 0 0 

E6 -2 0 0 0 0 0 0 0 0 0 0 

E7 1 0 0 0 0 0 0 0 0 0 0 

The Table 1 and 2 show the estimated values of the corresponding performance index 

that decrease as   increase.  

For this, we have limited our simulation in      because over this value the error 

was not a signified variation. 
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7. Conclusion 

Given that the mathematical model reflects the actual dynamics of our two new 

hyperchaotic systems, this research article shows the possibility of using a high gain 

observer to synchronize these systems. 

In this paper, a seven-dimensional fourth-order hyperchaotic system and seven-

dimensional six-order hyperchaotic system were developped, and the following 

conclusions are obtained through the analysis of Lyapunov exponent and the system 

simulations: 

The two seven-dimensional systems are hyperchaotic, they have at least two positive 

lyapunov exposent.  

- The nonlinear high gain observer was derived the drive-response synchronization. 

Numerical simulations are given to illustrate the effectiveness of the synchronization 

schemes derived in this paper of two 7D non-identical hyperchaotic systems. 

The synchronization was approved in favor of the errors that tend to zero when the 

observer gain grows. 
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