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Abstract 

In the given paper one determines the constituent mass of the bound state and binding 

energy of hadronic exotic system, according to the basis investigation of the 

asymptotically behavior of the loop function of scalar particles in the external 

electromagnet field are analytically determined exploration of these states through  

relativistic and non-perturbative corrections. It is shown that, the mass spectrum of a relativistic 

bound state of protonium consisting from proton and anti-proton is differing from a mass of initial 

particles. 
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1. Introduction 

All of theoretical high energy physician by using mathematical methods and new 

theories try to understand how bound state arise in the formalism of quantum field theory 

and to work out effective methods to calculate all characteristics of these bound states, 

especially their masses, binding energy and spin interactions. The analysis of a bound 

state is difficult when the interaction have to be considered as relativistic, i.e. when they 

travel at speeds considerably near the "c". The theoretical criterion is that the coupling 

constant should be strong [1-6] and masses of intermediate particles gluons in quantum 

chromodynamic should be big in comparison with masses of constituents. New 

importance to the exotic hadronic bound state physics was given by the development of 

quantum chromodynamic, the modern theory of strong interactions. Thus, the definition 

relativistic corrections to the energy spectrum hadronic structures are one of the important 

problems for toddies. The technical achievements of experimental studies make it 

possible to obtain the exotic hadronic atoms with same particle with different charge one 

like protonium, quarkonium and etc. so interaction becomes the order of one, so that 

become strong and the calculation of relativistic corrections becomes necessary. An exotic 

two particles atom is look like a normal atom. Because these substitute particles are either 

unstable, exotic atoms have a short half-life. Protonium is an exotic hadronic atom which 

a proton and an antiproton orbit each other. Protonium is an electrically neutral boson 

with zero baryon number. The ATHENA experiment at CERN, after producing cold anti-

hydrogen atoms for the first time in 2002, has synthesized protonium atoms in vacuum at 

very low energies. Protonium is of interest for testing fundamental physical theories. In 

the nested penning trap of the ATHENA apparatus protonium has been produced as result 

of a chemical reaction between an antiproton and the simplest matter molecule, H
+

2. The 

formed protonium atoms have kinetic energies in the range 40-700 MeV and are 

metastable with mean lifetimes of the order of 0.1 to 10 microseconds. Theoretical studies 

of protonium have mainly used nonrelativistic quantum mechanics. These give 

predictions for the binding energy and lifetime of the states. Thus two or multi-particle 

interactions involving hadrons in intermediate states may be important. Hence the 

production and study of protonium would be of interest also for the understanding of 

inter-nucleon forces. For studying this system we must understand means of binding 
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energy and mass spectrum. Binding energy is the mechanical energy required to 

disassemble a whole into separate parts. A bound system has a lower potential energy 

than its constituent parts; this is what keeps the system together. The usual convention is 

that this corresponds to a positive binding energy. In general, binding energy represents 

the mechanical work which must be done in acting against the forces which hold an object 

together, while disassembling the object into component parts separated by sufficient 

distance that further separation requires negligible additional work.  Binding energy is a 

measure of the energy required to free particle from their exotic atomic orbits. At the 

atomic level, the atomic binding energy of the hadronic atom derives from 

electromagnetic/ strong interaction [4-9] and is the energy required to disassemble an 

atom into particle and an anti-particle. The author in this article propose one of the 

versions of calculation of the mass spectrum and binding energy of bound state systems in 

the framework of quantum field theory the expression that takes into account strong 

interaction corrections to the mass of the bound state with a known potential is proposed 

on the basis of calculating the asymptotic behavior of correlation functions. 

 

2. General Theoretical Discussion 

This work is devoted to study the bound states problems, which will be carried out on 

the research basis asymptotical behavior of two scalar particles in external gauge field. In 

this case, loop function of two scalar particles with different masses 𝑚1  and 𝑚2  with 

average on external statistical field is considered and the Green function is used. The 

polarization operator in an external electromagnetic field looks like [10-13]: 

 
Π (𝑥 − 𝑦) = 〈𝐺𝑚1(𝑥, 𝑦|𝐴)𝐺𝑚2

∗ (𝑦, 𝑥|𝐴)〉𝐴. (1) 

 

The Green function 𝐺(𝑥, 𝑦|𝐴) for scalar particles in an external field is determined 

from the equation: 
 

[(𝑖
𝜕

𝜕𝑥𝑎

+
𝑔

𝑐ℏ
𝐴𝑎(𝑥))

2

+
𝑐2𝑚2

ℏ2
] 𝐺(𝑥, 𝑦|𝐴) = 𝛿(𝑥 − 𝑦), 

(2) 

 

where m is the mass of a scalar particle, and g is the coupling constant of interaction. 

The mass of the bound state is determined by the equation [11]: 

  

𝑀 = − lim
|𝑥−𝑦|→∞

ln Π (𝑥 − 𝑦)

|𝑥 − 𝑦|
.                                       

(4) 

 

After averaging over the field 𝐴𝛼(𝑥) we have (for details of an evaluation see [12-16]): 
 

Π(𝑥) = ∫ ∫
𝑑𝑢1𝑑𝑢2

(8𝑥𝜋2)2

∞

0

∞

0

exp {−
𝑥

2
(

𝑚1
2

𝜇1

+ 𝜇1) −
𝑥

2
(

𝑚2
2

𝜇2

+ 𝜇2)} ∙ 𝐽𝜇(𝜇1, 𝜇2), 

 (5) 

where: 
 

𝐽(𝜇1, 𝜇2) = 𝑁1𝑁2 ∬ 𝛿𝑟1𝛿𝑟2 exp {−
1

2
∫ 𝑑𝜏

1𝑥

0

(𝜇1𝑟̇1
2(𝜏) + 𝜇1𝑟̇2

2(𝜏))} .

∙ exp{−𝑊1,1 + 𝑊1,2 − 𝑊2,2}  

(6) 
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Functional integral in (5) is similar to the Feynman Path integral trajectories in 

nonrelativistic quantum mechanics [12-17] for the motion of two particles with masses 𝜇1  
and 𝜇2. The interaction of these particles is described by the nonlocal functional 𝑊𝑖𝑗, in 

which are contained both potential and non-potential interaction. 

Taking into account (4) and (5) in the limit |𝑥 − 𝑦| → ∞ from (3) for the mass of the 

bound state we get (for detail see [10-17]):  
 

𝑀𝑠𝑦𝑠𝑡𝑒𝑚 = √𝑚1
2 − 2𝜇2 ∙

𝜕𝐸(𝜇)

𝜕𝜇
+ √𝑚2

2 − 2𝜇2 ∙
𝜕𝐸(𝜇)

𝜕𝜇
+ 𝜇 ∙

𝜕𝐸(𝜇)

𝜕𝜇
+ 𝐸(𝜇), 

(7) 

 

where the parameter  is determined from the equation: 
 
1

𝜇
=

1

𝜇1

+
1

𝜇2

=
1

√𝑚1
2 − 2𝜇2 ∙

𝜕𝐸(𝜇)
𝜕𝜇

+
1

√𝑚2
2 − 2𝜇2 ∙

𝜕𝐸(𝜇)
𝜕𝜇

, 
(8) 

 

and E ()
 
- is the eigenvalue of the nonrelativistic Hamiltonian. Parameters 𝜇1 and 𝜇2 are 

mass components of the bound state (constituent mass of particles), which are different 

from the masses 𝑚1, 𝑚2 of free condition. 

 

3. Exotic Hadronic Atom: Protonium 

At this paragraph based on the described method on the above paragraph for proton and 

antiproton particles in external gauge field. In this case, loop function of two scalar 

particles with masses 𝑚 from equation (1) [10]: 
 

Π (𝑥 − 𝑦) = 〈𝐺𝑚(𝑥, 𝑦|𝐴)𝐺𝑚
∗ (𝑦, 𝑥|𝐶)〉𝐴. (9) 

 

The Green function 𝐺(𝑥, 𝑦|𝐴) for scalar partiсles in an external field is determined 

from the equation: 

 

[(𝑖
𝜕

𝜕𝑥𝑎

+
𝑔

𝑐ℏ
𝐴𝑎(𝑥))

2

+
𝑐2𝑚2

ℏ2
] 𝐺(𝑥, 𝑦|𝐴) = 𝛿(𝑥 − 𝑦), 

(10) 

 

After averaging over the field 𝐴𝛼(𝑥) from (9) we have: 
 

Π(𝑥) = ∫ ∫
𝑑𝑢1𝑑𝑢2

(8𝑥𝜋2)2

∞

0

∞

0

exp {−𝑥 (
𝑚

𝜇

2

+ 𝜇)} ∙ 𝐽𝜇(𝜇), 
(11) 

 

where: 

𝐽(𝜇) = 𝑁1𝑁2 ∬ 𝛿𝑟1𝛿𝑟2 exp {−
1

2
∫ 𝑑𝜏

1𝑥

0

(𝜇𝑟̇1
2(𝜏) + 𝜇𝑟̇2

2(𝜏))} ∙ exp{−𝑊1,1 + 𝑊1,2 − 𝑊2,2}. 

(12) 

 

for the mass of the bound state we get (for detail see [11-13]):  
 

𝑀
PP
~ = 2√𝑚2 − 2𝜇2 ∙

𝜕𝐸(𝜇)

𝜕𝜇
+ 𝜇 ∙

𝜕𝐸(𝜇)

𝜕𝜇
+ 𝐸(𝜇), 

(13) 

 

where the parameter  is determined from the equation: 
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1

𝜇𝑃

=
2

𝜇
=

2

√𝑚2 − 2𝜇2 ∙
𝜕𝐸(𝜇)

𝜕𝜇

 
(14) 

 

and E ()
 
- is the eigenvalue of the nonrelativistic Hamiltonian. Parameter 𝜇  is mass 

components of the bound state (constituent mass of particles), which are the masses m of 

free condition. Now as we know one of the basic problems of nonrelativistic and 

relativistic quantum mechanics is to determine the energy spectrum and eigenvalue of the 

Hamiltonian of system described by the Schrödinger equation with a special potential. 

Complete solution of this equation has been determined for the Coulomb potential. It is 

well known that for determining the mass of the bound state systems first of all one 

should determine the eigenvalue of the Hamiltonian with Coulomb potential in protonium 

exotic system. For this aim we consider the following Schrödinger equation: 
 

[
𝑃⃗⃗2

2𝜇
− 𝛼𝑟−1] Ψ = 𝐸(𝜇)Ψ 

(15) 

 

 - is the coupling constant of electromagnetic interaction. And this equation for the wave 

function of orbital excitation (ℓ̂2 = ℓ(ℓ + 1)) is [18-21]: 

 

[
−1

2𝜇
∙ [

𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
−

ℓ̂

𝑟2
] −

𝛼

𝑟
] Ψ = 𝐸(𝜇)Ψ. 

(16) 

 

And at large distance, for the Coulomb potential the asymptotic behavior of wave 

function is well known [18-20]. 

We have to modify the variables in the starting Schrödinger equation. In this case, we 

used the substitution 𝑟 = 𝑞2𝜌, and found the following conditions: 
 

𝜕2

𝜕𝑟2
=

𝑞2−4𝜌

4𝜌2
[

𝜕2

𝜕𝑞2
+

1 − 2𝜌

𝑞

𝜕

𝜕𝑞
] 

𝜕

𝜕𝑟
=

1

2𝜌
𝑞1−2𝜌

𝜕

𝜕𝑞
                            

𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
=

𝑞2−4𝜌

4𝜌2
[

𝜕2

𝜕𝑞2
+

1 − 2𝜌

𝑞

𝜕

𝜕𝑞
] 

 

(17) 

After simple calculations we obtain Schrödinger equation in oscillator representation 

method (for the Coulomb potential𝜌 = 1): 
 

[
−1

2𝜇
∙ [

𝑞2

4
[

𝜕2

𝜕𝑞2
−

1

𝑞

𝜕

𝜕𝑞
] −

ℓ̂2

𝑞2
] −

𝛼

𝑞2
] Ψ = 𝐸(𝜇)Ψ, 

(18) 

 

As a result in the zero approximation of oscillator representation, we have determined 

the Coulomb energy spectrum of hydrogen atom as follow: 
 

𝐸(𝜇) = −
𝛼2

2(ℓ + 1)2
𝜇 ,                            

(19) 

 

The results of the zero approximation of this method are in good agreement with the 

exact values. Now let us to determine the mass spectrum of hadronic system with masses 

m. In this case for the binding energy we have: 
 

𝐸𝑏𝑖𝑛 = 𝑀 − 𝑚               (20) 
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where 𝐸𝑏𝑖𝑛 -is the bound state energy. 

After some simplification from (2-5) for the mass of protonium system with ℓ=0[20-

24] get: 

2
~ 4  PPP

mM  
(21) 

 

and the constituent mass of each proton is: 

,

4

2

2







P

P

m
 

(22) 

  

The bound state energy of exotic hadronic atom system (protonium) with coulomb strong 

interaction is  
 









 24

2
Pbin mE  

(23) 

  

One determines final results for protonium system with MeVm
p

254.938  show in Table 

1. 

Table 1. The Constituents Mass, the Mass Spectrum, the Bound State 
Energy for the Protonium Without Accounting Spins Interactions 

  )( MeVP
  

)(
~

MeVPP
M  

)( MeVbin
E  

0,015 938.725 1875.573 0.938 

0,015 938.725 1875.573 0.938 

0,142 940.607 1871.820 4.691 

0,259 945.823 1861.499 15.012 

0,500 969.272 1816.464 59.920 

 

4. Conclusion 

In this paper, we studied one of the exotic hadronic atom systems on the basis of 

investigation of asymptotic behavior of the loop function for the scalar particles in the external 

gauge field and determined the mass spectrum and binding energy with strong feature of 

interaction. We have been able to obtain the constituent mass of protonium system. It is 

shown that the mass of particles is different in bound and free states. We have proposed a 

method for computing the bounding energy, mass spectrum and constituent mass for 

quantum systems with relativistic character of interaction. The calculation is based on the 

oscillator representation method and modifies Schrodinger equation. We have found out 

that determining the mass of the bound state systems requires; first of all, determining the 

Eigenvalue of the Hamiltonian with Coulomb potential and then calculating the mass and 

binding energy of hadronic system which we could achieve. This method provides us with 

magnificent information comparing to other theories such as perturbative and variation. 

The current paper has calculated energy spectrum and hadronic atom constituents mass in 

limited core mass conditions and we could conclude that constituents mass in the system 

is different from mass in free conditions. The method presented in this paper shows that 

results which we can be easily used for all exotic atoms with known potential and for 

orbital quantum number. The results are showing that the constituent mass will decrease with 

growth of the bounding energy the protonium system will stabile with growth of the 

coupling constant. 
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