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Abstract 

Rule base is one of the important key factors in design of fuzzy controller. The performance of 

the system is affected if nonlinear parameters are present in the system. This paper presents a 

method to select rule base size depending on the nonlinear parameters present in the system in 

parallel with robust sliding mode controller. The significance of the proposed method is tested on 

highly nonlinear second order system (robot manipulator) using modified rule bases. A criterion 

is developed for selection of rule base depending on amount of type of system: nonlinearity, multi 

input- multi output, time variant. The graphical and analytical results are given to show the 

importance of the proposed method. 
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1. Introduction and Background  

Robot manipulator is a 𝑁 Degrees Of Freedom (DOF) serial or parallel links. In serial links 

robot manipulator the axes of first three joints are known as major axes, these axes show the 

position of end-effector and design a position controller is based on first three axes. One of the 

significant challenges in control algorithms is a linear behavior controller design for nonlinear 

systems (e.g., robot manipulator). Some of robot manipulators which work in industrial processes 

are controlled by linear PD, proportional-integral-derivative (PID) controllers, but the design of 

linear controller for robot manipulators is extremely difficult because they are hardly nonlinear 

and uncertain [1-2, 6]. To reduce the above challenges, the nonlinear robust controller is used to 

compensate the linear control of robot manipulator. 

Controller is a device which can sense information from linear or nonlinear system (e.g., robot 

manipulator) to improve the systems performance [3]. The main targets in designing control 

systems are stability, good disturbance rejection, and small tracking error[4-5]. Several industrial 

robot manipulators are controlled by linear methodologies (e.g., Proportional-Derivative (PD) 

controller, Proportional- Integral (PI) controller or Proportional- Integral-Derivative (PID) 

controller), but when robot manipulator works with various payloads and have uncertainty in 

dynamic models this technique has limitations. From the control point of view, uncertainty is 

divided into two main groups: uncertainty in unstructured inputs (e.g., noise, disturbance) and 

uncertainty in structure dynamics (e.g., payload, parameter variations). In some applications robot 

manipulators are used in an unknown and unstructured environment, therefore strong 

mathematical tools used in new control methodologies to design fuzzy PD controller based on 

sliding mode compensation to have an acceptable performance (e.g., minimum error, good 

trajectory, disturbance rejection) [4-5].  
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Fuzzy-logic aims to provide an approximate but effective means of describing the behavior of 

systems that are not easy to describe precisely, and which are complex or ill-defined [6-7]. It is 

based on the assumption that, in contrast to Boolean logic, a statement can be partially true (or 

false). For example, the expression (I live near SSP.Co) where the fuzzy value (near) applied to 

the fuzzy variable (distance), in addition to being imprecise, is subject to interpretation. The 

essence of fuzzy control is to build a model of human expert who is capable of controlling the 

plant without thinking in terms of its mathematical model. As opposed to conventional control 

approaches where the focus is on constructing a controller described by differential equations, in 

fuzzy control the focus is on gaining an intuitive understanding (heuristic data) of how to best 

control the process [8-10], and then load this data into the control system. The experience has 

shown that fuzzy controllers are preferable choice for dynamic systems. PI type FLC are the most 

commonly used for process control applications. The performance of the fuzzy controller can be 

improved in number of ways. This can be done by considering the design parameters associated 

with the fuzzy controller. The parameters are classified as structural and tuning parameters. The 

tuning parameters are mainly scaling factors and parameters related to membership functions. 

Various methods have been proposed by researchers for the improvement of FLC using tuning 

parameters. The structural parameters are fuzzy inference, fuzzy membership functions and fuzzy 

rules, fuzzification and defuzzification methods [9]. 

Sliding mode control (SMC) is obtained by means of injecting a nonlinear discontinuous term. 

This discontinuous term is the one which enables the system to reject disturbances and also some 

classes of mismatches between the actual system and the model used for design [9-11]. These 

standard SMCs are robust with respect to internal and external perturbations, but they are 

restricted to the case in which the output relative degree is one. Besides, the high frequency 

switching that produces the sliding mode may cause chattering effect. The tracking error of SMC 

converges to zero if its gain is bigger than the upper bound of the unknown nonlinear function. 

Boundary layer SMC can assure no chattering happens when tracking error is less than; but the 

tracking error converges to 휀; it is not asymptotically stable [13-14]. A new generation of SMC 

using second-order sliding-mode has been recently developed by [10] and [11]. This higher order 

SMC preserves the features of the first order SMC and improves it in eliminating the chattering 

and fast convergence. 

This paper focuses the use of type of system for selection of the rule base of FLC in fuzzy 

sliding mode controller. There are different aspects that have to be considered for selection of the 

rule base. The main idea in the new approach is rule base should be selected according the factor 

obtained from the systems nonlinear or controller’s parameter. The rule base selection is given in 

tabulated form using the parameters of second order system models. The impact of the proposed 

method is shown by simulation on robot manipulator. 

This paper is organized as follows; second part focuses on the modeling dynamic formulation 

based on Lagrange methodology. Third part is focused on the methodology which can be used to 

reduce the error, increase the performance quality and increase the robustness and stability based 

on fuzzy logic methodology and sliding mode controller to have a robust control with minimum 

rule base. Simulation result and discussion is illustrated in forth part which based on trajectory 

following and disturbance rejection. The last part focuses on the conclusion and compare between 

this method and the other ones. 

 

2. Theory 

Robot Manipulator’s Dynamic: Dynamic modeling of robot manipulators is used to describe 

the behavior of robot manipulator such as linear or nonlinear dynamic behavior, design of model 

based controller such as pure sliding mode controller and pure computed torque controller which 

design these controller are based on nonlinear dynamic equations, and for simulation. The 

dynamic modeling describes the relationship between joint motion, velocity, and accelerations to 
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force/torque or current/voltage and also it can be used to describe the particular dynamic effects 

(e.g., inertia, coriolios, centrifugal, and the other parameters) to behavior of system[1]. The 

Unimation PUMA 560 serially links robot manipulator was used as a basis, because this robot 

manipulator is widely used in industry and academic. It has a nonlinear and uncertain dynamic 

parameters serial link 6 degrees of freedom (DOF) robot manipulator. The equation of an n-DOF 

robot manipulator governed by the following equation: 

 

𝑀(𝑞)�̈� + 𝑁(𝑞, �̇�) = 𝜏 (1) 

 

Where τ is actuation torque, M (q) is a symmetric and positive define inertia matrix, 𝑁(𝑞, �̇�) is 

the vector of nonlinearity term. This robot manipulator dynamic equation can also be written in a 

following form: 

 

𝜏 = 𝑀(𝑞)�̈� + 𝐵(𝑞)[�̇� �̇�] + 𝐶(𝑞)[�̇�]2 + 𝐺(𝑞)  (2) 

 

Where B(q) is the matrix of coriolios torques, C(q) is the matrix of centrifugal torques, and G(q) 

is the vector of gravity force. The dynamic terms in equation (2) are only manipulator position. 

This is a decoupled system with simple second order linear differential dynamics. In other words, 

the component �̈�  influences, with a double integrator relationship, only the joint variable𝑞𝑖 , 

independently of the motion of the other joints. Therefore, the angular acceleration is found as to 

be: 

 

�̈� = 𝑀−1(𝑞). {𝜏 − 𝑁(𝑞, �̇�)}  (3) 

 

This technique is very attractive from a control point of view. 

 

3. Methodology 

The model-free control strategy is based on the assumption that the joints of the manipulators 

are all independent and the system can be decoupled into a group of single-axis control systems. 

Therefore, the kinematic control method always results in a group of individual controllers, each 

for an active joint of the manipulator. With the independent joint assumption, no a priori 

knowledge of robot manipulator dynamics is needed in the kinematic controller design, so the 

complex computation of its dynamics can be avoided and the controller design can be greatly 

simplified. This is suitable for real-time control applications when powerful processors, which 

can execute complex algorithms rapidly, are not accessible. However, since joints coupling is 

neglected, control performance degrades as operating speed increases and a manipulator 

controlled in this way is only appropriate for relatively slow motion. The fast motion requirement 

results in even higher dynamic coupling between the various robot joints, which cannot be 

compensated for by a standard robot controller such as PD, and hence model-based control 

becomes the alternative. Based on above discussion; 

 

  

𝒆𝟏(𝒕) = 𝜽𝒅𝒆𝒔𝒊𝒓𝒆𝒅(𝒕) − 𝜽𝒂𝒄𝒕𝒖𝒂𝒍(𝒕) (4) 

 

  

𝝉𝜶 = 𝑲𝒑𝒂
𝒆𝟏 + 𝑲𝑽𝒂𝒆�̇� (5) 

  

Consider a nonlinear single input dynamic system is defined by: 
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𝒙(𝒏) = 𝒇(�⃗⃗� ) + 𝒃(�⃗⃗� )𝒖 (6) 

 

Where u is the vector of control input, 𝒙(𝒏)  is the 𝒏𝒕𝒉  derivation of  𝒙 , 

𝒙 = [𝒙, �̇�, �̈�, … , 𝒙(𝒏−𝟏)]𝑻  is the state vector, 𝒇(𝒙)  is unknown or uncertainty, and 𝒃(𝒙)  is of 

known sign function. The main goal to design this controller is train to the desired state;        

𝒙𝒅 = [𝒙𝒅, �̇�𝒅, �̈�𝒅, … , 𝒙𝒅
(𝒏−𝟏)]𝑻, and trucking error vector is defined by:  

 

�̃� = 𝒙 − 𝒙𝒅 = [�̃�, … , �̃�(𝒏−𝟏)]𝑻 (7) 

 

A time-varying sliding surface 𝒔(𝒙, 𝒕) in the state space 𝑹𝒏 is given by: 
 

𝒔(𝒙, 𝒕) = (
𝒅

𝒅𝒕
+ 𝝀)𝒏−𝟏 �̃� = 𝟎 

(8) 

 

where λ is the positive constant. To further penalize tracking error, integral part can be used in 

sliding surface part as follows: 
 

𝒔(𝒙, 𝒕) = (
𝑑

𝑑𝑡
+ 𝝀)𝒏−𝟏  (∫ �̃�

𝒕

𝟎

𝒅𝒕) = 𝟎 
(9) 

 

The main target in this methodology is kept the sliding surface slope 𝒔(𝒙, 𝒕) near to the zero. 

Therefore, one of the common strategies is to find input 𝑼 outside of 𝒔(𝒙, 𝒕). 
 

𝟏

𝟐

𝒅

𝒅𝒕
𝒔𝟐(𝒙, 𝒕) ≤ −𝜻|𝒔(𝒙, 𝒕)| 

(10) 

 

where ζ is positive constant. 

 

If  S(0)>0→
𝐝

𝐝𝐭
𝐒(𝐭) ≤ −𝛇 (11) 

 

To eliminate the derivative term, it is used an integral term from t=0 to t=𝒕𝒓𝒆𝒂𝒄𝒉 

 

∫
𝒅

𝒅𝒕

𝒕=𝒕𝒓𝒆𝒂𝒄𝒉

𝒕=𝟎

𝑺(𝒕) ≤ −∫ 𝜼 → 𝑺
𝒕=𝒕𝒓𝒆𝒂𝒄𝒉

𝒕=𝟎

(𝒕𝒓𝒆𝒂𝒄𝒉) − 𝑺(𝟎) ≤ −𝜻(𝒕𝒓𝒆𝒂𝒄𝒉 − 𝟎) 
(12) 

 

Where 𝑡𝑟𝑒𝑎𝑐ℎ is the time that trajectories reach to the sliding surface so, suppose  S(𝑡𝑟𝑒𝑎𝑐ℎ =
0) defined as; 

 

𝟎 − 𝑺(𝟎) ≤ −𝜼(𝒕𝒓𝒆𝒂𝒄𝒉) → 𝒕𝒓𝒆𝒂𝒄𝒉 ≤
𝑺(𝟎)

𝜻
 

(13) 

 

And 

 

𝒊𝒇 𝑺(𝟎) < 0 → 0 − 𝑆(𝟎) ≤ −𝜼(𝒕𝒓𝒆𝒂𝒄𝒉) → 𝑺(𝟎) ≤ −𝜻(𝒕𝒓𝒆𝒂𝒄𝒉) → 𝒕𝒓𝒆𝒂𝒄𝒉 ≤
|𝑺(𝟎)|

𝜼
 

(14) 

 

Equation (14) guarantees time to reach the sliding surface is smaller than  
|𝑺(𝟎)|

𝜻
  since the 

trajectories are outside of 𝑆(𝑡). 
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𝒊𝒇 𝑺𝒕𝒓𝒆𝒂𝒄𝒉
= 𝑺(𝟎) → 𝒆𝒓𝒓𝒐𝒓(𝒙 − 𝒙𝒅) = 𝟎   (15) 

 

suppose S is defined as  

 

𝒔(𝒙, 𝒕) = (
𝒅

𝒅𝒕
+ 𝝀)  �̃� = (�̇� − �̇�𝐝) + 𝛌(𝐱 − 𝐱𝐝)   

(16) 

 

The derivation of S, namely, �̇� can be calculated as the following; 

 

�̇� = (�̈� − �̈�𝐝) + 𝛌(�̇� − �̇�𝐝)     (17) 

 

suppose the second order system is defined as; 

 

�̈� = 𝒇 + 𝒖 → �̇� = 𝒇 + 𝑼 − �̈�𝒅 + 𝛌(�̇� − �̇�𝐝)   (18) 

 

Where 𝒇  is the dynamic uncertain, and also since 𝑆 = 0 𝑎𝑛𝑑 �̇� = 0 , to have the best 

approximation ,�̂� is defined as 

 

�̂� = −�̂� + �̈�𝒅 − 𝝀(�̇� − �̇�𝐝)   (19) 

 

A simple solution to get the sliding condition when the dynamic parameters have uncertainty is 

the switching control law: 
 

𝑼𝒅𝒊𝒔 = �̂� − 𝑲(�⃗⃗� , 𝒕) ∙ 𝐬𝐠𝐧(𝒔)     (20) 

 

where the switching function 𝐬𝐠𝐧(𝐒) is defined as  

 

𝒔𝒈𝒏(𝒔) = {
𝟏            𝒔 > 0
−𝟏           𝒔 < 0
𝟎               𝒔 = 𝟎

  
(21) 

 

and the 𝑲(�⃗⃗� , 𝒕) is the positive constant. Suppose by (10) the following equation can be written as, 

 
𝟏

𝟐

𝒅

𝒅𝒕
𝒔𝟐(𝒙, 𝒕) = 𝐒 ∙̇ 𝐒 = [𝒇 − �̂� − 𝑲𝐬𝐠𝐧(𝒔)] ∙ 𝑺 = (𝒇 − �̂�) ∙ 𝑺 − 𝑲|𝑺|  

(22) 

 

and if the equation (14) instead of (13) the sliding surface can be calculated as  

 

𝒔(𝒙, 𝒕) = (
𝒅

𝒅𝒕
+ 𝝀)𝟐  (∫ �̃�

𝒕

𝟎

𝒅𝒕) = (�̇� − �̇�𝐝) + 𝟐𝝀(�̇� − �̇�𝐝) − 𝛌𝟐(𝐱 − 𝐱𝐝)  
(23) 

 

in this method the approximation of 𝑼 is computed as 

 

�̂� = −�̂� + �̈�𝒅 − 𝟐𝝀(�̇� − �̇�𝐝) + 𝛌𝟐(𝐱 − 𝐱𝐝)  (24) 

 

Based on above discussion, the sliding mode control law for a multi degrees of freedom robot 

manipulator is written as: 

 

𝝉 = 𝝉𝒆𝒒 + 𝝉𝒅𝒊𝒔 (25) 
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Where, the model-based component 𝝉𝒆𝒒  is the nominal dynamics of systems calculated as 

follows: 
 

𝝉𝒆𝒒 = [𝑴−𝟏(𝑩 + 𝑪 + 𝑮) + �̇�]𝑴  (26) 

 

and 𝝉𝒅𝒊𝒔 is computed as; 
 

𝝉𝒅𝒊𝒔 = 𝑲 ∙ 𝐬𝐠𝐧(𝑺) (27) 

 

By (27) and (26) the sliding mode control of robot manipulator is calculated as;  

 

𝝉 = [𝑴−𝟏(𝑩 + 𝑪 + 𝑮) + �̇�]𝑴 + 𝑲 ∙ 𝐬𝐠𝐧(𝑺) (28) 

 

where 𝑆 = 𝜆𝑒 + �̇�  in PD-SMC and 𝑆 = 𝜆𝑒 + �̇� + (
𝜆

2
)2 ∑𝑒 in PID-SMC. 

 

The lyapunov formulation can be written as follows, 

 

𝑽 =
𝟏

𝟐
𝑺𝑻.𝑴. 𝑺   

(29) 

 

the derivation of 𝑉 can be determined as, 

 

�̇� = 
𝟏

𝟐
𝑺𝑻. �̇�. 𝑺 + 𝑺𝑻 𝑴�̇�   (30) 

 

the dynamic equation of robot manipulator can be written based on the sliding surface as 

 

𝑴�̇� = −𝑽𝑺 + 𝑴�̇� + 𝑩 + 𝑪 + 𝑮  (31) 

 

it is assumed that 

 

𝑺𝑻(�̇� − 𝟐𝑩 + 𝑪 + 𝑮)𝑺 = 𝟎  (32) 

 

by substituting (31) in (30) 

 

�̇� =
𝟏

𝟐
𝑺𝑻�̇�𝑺 − 𝑺𝑻𝑩 + 𝑪𝑺 + 𝑺𝑻(𝑴�̇� + 𝑩 + 𝑪𝑺 + 𝑮) = 𝑺𝑻(𝑴�̇� + 𝑩 + 𝑪𝑺 + 𝑮) 

(33) 

 

suppose the control input is written as follows 

 

�̂� = 𝑼𝑵𝒐𝒏𝒍𝒊𝒏𝒆𝒂𝒓
̂ + 𝑼𝒅𝒊�̂� = [𝑴−�̂�(𝑩 + 𝑪 + 𝑮) + �̇�]�̂� + 𝑲. 𝒔𝒈𝒏(𝑺) + 𝑩 + 𝑪𝑺 + 𝑮 (34) 

 

by replacing the equation (34) in (29) 

 

�̇� = 𝑺𝑻(𝑴�̇� + 𝑩 + 𝑪 + 𝑮 − �̂��̇� − 𝑩 + �̂�𝑺 + 𝑮 − 𝑲𝒔𝒈𝒏(𝑺) = 𝑺𝑻 (�̃��̇� + 𝑩 + �̃�𝑺 +

𝑮 − 𝑲𝒔𝒈𝒏(𝑺))  

(35) 

 

And 
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|�̃��̇� + 𝑩 + �̃�𝑺 + 𝑮| ≤ |�̃��̇�| + |𝑩 + �̃�𝑺 + 𝑮|  (36) 

 

the Lemma equation in robot arm system can be written as follows 

 

𝑲𝒖 = [|�̃��̇�| + |𝑩 + 𝑪𝑺 + 𝑮| + 𝜼]
𝒊
 , 𝒊 = 𝟏, 𝟐, 𝟑, 𝟒, …  (37) 

 

and finally; 

 

�̇� ≤ −∑𝜼𝒊

𝒏

𝒊=𝟏

|𝑺𝒊|  
(38) 

 

Based on foundation of fuzzy logic methodology; fuzzy logic controller has played important 

rule to design nonlinear controller for nonlinear and uncertain systems. However the application 

area for fuzzy control is really wide, the basic form for all command types of controllers consists 

of;  

Input fuzzification (binary-to-fuzzy [B/F] conversion)  

Fuzzy rule base (knowledge base), Inference engine and Output defuzzification (fuzzy-to-binary 

[F/B] conversion). Figure 1 shows the fuzzy controller part. 

 

 

Figure 1. Fuzzy Controller Part 

The fuzzy inference engine offers a mechanism for transferring the rule base in fuzzy set which 

it is divided into two most important methods, namely, Mamdani method and Sugeno method. 

Mamdani method is one of the common fuzzy inference systems and he designed one of the first 

fuzzy controllers to control of system engine. Mamdani’s fuzzy inference system is divided into 

four major steps: fuzzification, rule evaluation, aggregation of the rule outputs and 

defuzzification.  Michio Sugeno use a singleton as a membership function of the rule consequent 

part. The following definition shows the Mamdani and Sugeno fuzzy rule base  

 

𝒊𝒇 𝒙 𝒊𝒔 𝑨 𝒂𝒏𝒅 𝒚 𝒊𝒔 𝑩 𝒕𝒉𝒆𝒏 𝒛 𝒊𝒔 𝑪 ′𝒎𝒂𝒎𝒅𝒂𝒏𝒊′ 

𝒊𝒇 𝒙 𝒊𝒔 𝑨 𝒂𝒏𝒅 𝒚 𝒊𝒔 𝑩 𝒕𝒉𝒆𝒏 𝒛 𝒊𝒔 𝒇(𝒙, 𝒚)′𝒔𝒖𝒈𝒆𝒏𝒐′  
(39) 

 

When 𝑥  and 𝑦  have crisp values fuzzification calculates the membership degrees for 

antecedent part. Rule evaluation focuses on fuzzy operation (𝐴𝑁𝐷/𝑂𝑅 ) in the antecedent of the 

fuzzy rules. The aggregation is used to calculate the output fuzzy set and several methodologies 

can be used in fuzzy logic controller aggregation, namely, Max-Min aggregation, Sum-Min 

aggregation, Max-bounded product, Max-drastic product, Max-bounded sum, Max-algebraic sum 
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and Min-max. Defuzzification is the last step in the fuzzy inference system which it is used to 

transform fuzzy set to crisp set. Consequently defuzzification’s input is the aggregate output and 

the defuzzification’s output is a crisp number. Centre of gravity method (𝐶𝑂𝐺) and Centre of 

area method (𝐶𝑂𝐴) are two most common defuzzification methods. 

Based on the dynamic formulation of robot manipulator, (3), and the industrial PD law (5) in 

this paper we discuss about regulation problem, the desired position is constant, i.e., �̇�𝑑 = 0 . In 

most robot manipulator control, desired joint positions are generated by the trajectory planning. 

The objective of robot control is to design the input torque in (1) such that the tracking error 

 

𝑒 = 𝑞𝑑 − 𝑞𝑎 (40) 

 

When the dynamic parameters of robot formulation known, the PD control formulation (11) 

shoud include a compensator as  

 

𝜏 = −𝑘𝑝𝑒 − 𝑘𝑑𝑒 + (𝐺 + 𝐹) (41) 

 

Where G is gravity and F is appositive definite diagonal matrix friction term (coulomb 

friction). 

If we use a Lyapunov function candidate as  

 

𝑉𝑝𝑑 =
1

2
�̇�𝑇𝑀�̇� +

1

2
𝑒𝑇𝑘𝑝𝑒 

(42) 

 

 

�̇�𝑝𝑑 = −�̇�𝑇𝑘𝑑�̇� ≤ 0 (43) 

  

It is easy to known �̇� = 0 and 𝑒 = 0  are only initial conditions inΩ = {[�̇�, 𝑒]: �̇� = 0} , for 

which [�̇�, 𝑒] ∈  Ω for al l𝑡 ≤ 0. By the LaSalle
’
s invariance principle, 𝑒 → 0 and �̇� → 0. When G 

and F in (11) are unknown, a fuzzy logic can be used to approximate them as     

 

𝑓(𝑥) =  ∑𝜃𝑙ℰ𝑙

𝑀

𝑙=1

(𝑥) =  𝜃𝑇ℰ(𝑥) 

(44) 

 

Where 

𝜃 = (𝜃1, … , 𝜃𝑀)𝑇, ℰ(𝑥) = (ℰ1(𝑥),… , ℰ𝑀(𝑥))𝑇 , 𝑎𝑛𝑑 ℰ𝑙(𝑥) =:∏
𝜇

𝐴𝑖
𝑙(𝑥𝑖)

∑ (∏ 𝜇
𝐴𝑖

𝑙(𝑥𝑖))
𝑛
𝑖=1

𝑀
𝑙=1

𝑛
𝑖=1 .  

𝜃1, … , 𝜃𝑀  are adjustable parameters in (44). 𝜇𝐴1
1(𝑥1), … , 𝜇𝐴𝑛

𝑚(𝑥𝑛)  are given membership 

functions whose parameters will not change over time. 

 

The second type of fuzzy systems is given by  

 

𝑓(𝑥) =  

∑ 𝜃𝑙𝑀
𝑙=1 [∏ exp (−(

𝑥𝑖 − 𝛼𝑖
𝑙

𝛿𝑖
𝑙 )

2

)𝑛
𝑖=1 ]

∑ [∏ exp(−(
𝑥𝑖 − 𝛼𝑖

𝑙

𝛿𝑖
𝑙 )

2

)𝑛
𝑖=1 ]𝑀

𝑙=1

  

(45) 
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Where 𝜃𝑙 , 𝛼𝑖
𝑙  𝑎𝑛𝑑 𝛿𝑖

𝑙 are all adjustable parameters. From the universal approximation theorem, 

we know that we can find a fuzzy system to estimate any continuous function. For the first type of 

fuzzy systems, we can only adjust 𝜃𝑙 in (45). We define 𝑓^(𝑥|𝜃)  as the approximator of the real 

function𝑓(𝑥).  

 

𝑓^(𝑥|𝜃) =  𝜃𝑇휀(𝑥) (46) 

 

We define 𝜃∗ as the values for the minimum error: 

 

𝜃∗ = argmin
𝜃∈𝛺

[sup
𝑥∈𝑈

| 𝑓^(𝑥|𝜃) −  𝑔(𝑥)|] (47) 

 

Where 𝛺 is a constraint set for 𝜃. For specific 𝑥 , 𝑠𝑢𝑝𝑥∈𝑈|𝑓^(𝑥|𝜃∗) − 𝑓(𝑥)|  is the minimum 

approximation error we can get. 

We used the first type of fuzzy systems (44) to estimate the nonlinear system (12) the fuzzy 

formulation can be write as below; 

 

𝑓(𝑥|𝜃) =  𝜃𝑇휀(𝑥)   

              =
∑ 𝜃𝑙𝑛

𝑙=1 [𝜇𝐴𝑙(𝑥)]

∑ [𝜇𝐴𝑙(𝑥)]𝑛
𝑙=1

 

(48) 

 

Where 𝜃1, … , 𝜃𝑛  are adjusted by an adaptation law. The adaptation law is designed to 

minimize the parameter errors of  𝜃 − 𝜃∗.  The SISO fuzzy system is define as  

 

𝑓(𝑥) = ⊖𝑇 휀(𝑥) (49) 

 

Where  

 

⊖𝑇= (𝜃1, … , 𝜃𝑚)𝑇 = 

[
 
 
 
𝜃1

1, 𝜃1
2 , … , 𝜃1

𝑀

𝜃2
1, 𝜃2

2 , … , 𝜃2
𝑀

⋮               
𝜃𝑚

1 , 𝜃𝑚
2  , … , 𝜃𝑚

𝑀]
 
 
 
 

(50) 

 

 

휀(𝑥) = (휀1(𝑥),… , 휀𝑀(𝑥))𝑇,   휀1(𝑥) = ∏ 𝜇
𝐴𝑖

𝑙(𝑥𝑖)/∑ (∏ 𝜇
𝐴𝑖

𝑙(𝑥𝑖)) 
𝑛
𝑖=1

𝑀
𝑙=1

𝑛
𝑖=1 ,  and 𝜇

𝐴𝑖
𝑙(𝑥𝑖) is defined 

in (48). To reduce the number of fuzzy rules, we divide the fuzzy system in to three parts: 

 

𝐹1(𝑞, �̇�) = ⊖1𝑇
휀 (𝑞, �̇�) 

                =  [𝜃1
1𝑇

휀 (𝑞, �̇�) , … , 𝜃𝑚
1 𝑇

휀 (𝑞, �̇�)  ]
𝑇
 

 

(51) 

 

𝐹2(𝑞, �̈�𝑟) = ⊖2𝑇
휀 (𝑞, �̈�𝑟) 

       =  [𝜃1
2𝑇

휀 (𝑞, �̈�𝑟) , … , 𝜃𝑚
2 𝑇

휀 (𝑞, �̈�𝑟)  ]
𝑇
 

 

(52) 

 

𝐹3(𝑞, �̈�) = ⊖3𝑇
휀 (𝑞, �̈�) (53) 
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          =  [𝜃1
3𝑇

휀 (𝑞, �̇�) , … , 𝜃𝑚
3 𝑇

휀 (𝑞, �̈�)  ]
𝑇

 

 

The control security  input is given by 

 

𝜏 =  𝑀 𝑞 ̈ 𝑟 +  𝐵(𝑞)�̇��̇� + 𝐶(𝑞)�̇�2 + 𝑔(𝑞) + 𝐹1(𝑞, �̇�) + 𝐹2(𝑞, �̈�𝑟) + 𝐹3(𝑞, �̈�) −
 𝐾𝑝𝑒 − 𝐾𝑣�̇�  

(54) 

 

Where 𝑀^ ,𝑩(𝒒)�̇��̇�, 𝑪(𝒒)�̇�𝟐, 𝒈(𝒒) are the estimations of 𝑀(𝑞). 

 

Based on sliding mode formulation (28) and PD linear methodology (5); 

 

𝑆𝑁𝑒𝑤 = (�̇� + 𝜆𝑒) (55) 

And 𝑈𝑠𝑤𝑖𝑡𝑐ℎ is obtained by 

 

Uswitch = K(x⃗ , t) ∙ sgn(SNew) = K(x⃗ , t) ∙ sgn (𝐾(�̇� + 𝜆𝑒))    (56) 

 

The Lyapunov function in this design is defined as 

 

𝑉 =
1

2
𝑆𝑇𝑀𝑆 +

1

2
∑

1

𝛾𝑠𝑗

𝑀

𝐽=1

𝜙𝑇 . 𝜙𝑗 

(57) 

 

where 𝛾𝑠𝑗  is a positive coefficient, 𝝓 = 𝜽∗ − 𝜽 , 𝜽∗  is minimum error and 𝜃  is adjustable 

parameter. Since �̇� − 2𝑉 is skew-symetric matrix; 

 

𝑆𝑇𝑀�̇� +
1

2
𝑆𝑇�̇�𝑆 = 𝑆𝑇(𝑀�̇� + 𝑉𝑆)  

(58) 

 

If the dynamic formulation of robot manipulator defined by 

 

𝜏 = 𝑀(𝑞)�̈� + 𝑉(𝑞, �̇�)�̇� + 𝐺(𝑞) (59) 

the controller formulation is defined by 

 

𝜏 = �̂��̈�𝑟 + �̂��̇�𝑟 + 𝐺 − 𝜆𝑆 − 𝐾 (60) 

According to (58) and (59) 

 

𝑀(𝑞)�̈� + 𝑉(𝑞, �̇�)�̇� + 𝐺(𝑞) = �̂��̈�𝑟 + �̂��̇�𝑟 + 𝐺 − 𝜆𝑆 − 𝐾  (61) 

 

Since �̇�𝒓 = �̇� − 𝑺 and �̈�𝒓 = �̈� − �̇�  

 

𝑀�̇� + (𝑉 + 𝜆)𝑆 = ∆𝑓 − 𝐾  (62) 
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𝑴�̇� = 𝚫𝒇 − 𝑲 − 𝑽𝑺 − 𝝀𝑺 
 

The derivation of V is defined 

 

�̇� = 𝑆𝑇𝑀�̇� +
1

2
𝑆𝑇�̇�𝑆 + ∑

1

𝛾𝑠𝑗

𝑀

𝐽=1

𝜙𝑇 . �̇�𝑗   
(63) 

�̇� = 𝑺𝑻(𝑴�̇� + 𝑽𝑺) + ∑
𝟏

𝜸𝒔𝒋

𝑴

𝑱=𝟏

𝝓𝑻. �̇�𝒋 

 

Based on (61) and (62) 

 

V̇ = ST(Δf − K − VS − λS + VS) + ∑
1

γsj

M
J=1 ϕ

T. ϕ̇
j
  (64) 

 

where ∆𝑓 = [𝑀(𝑞)�̈� + 𝑉(𝑞, �̇�)�̇� + 𝐺(𝑞)] − ∑ 𝜃𝑇𝑀
𝑙=1 휁(𝑥) 

 

 �̇� = ∑[𝑺𝒋(𝚫𝒇𝐣 − 𝑲𝒋)]

𝑴

𝑱=𝟏

−𝑺𝑻𝝀𝑺

+ ∑
𝟏

𝜸𝒔𝒋

𝑴

𝑱=𝟏

𝝓𝑻. �̇�𝒋 

 

suppose 𝐾𝑗 is defined as follows 

 

𝐾𝑗 =
∑ 𝜃𝑗

𝑙[𝜇𝐴(𝑆𝑗)]
𝑀
𝑙=1

∑ [𝜇𝐴(𝑆𝑗)]
𝑀
𝑙=1

= 𝜃𝑗
𝑇휁𝑗(𝑆𝑗)  

(65) 

 

Where 휁𝑗(𝑆𝑗) = [휁𝑗
1(𝑆𝑗), 휁𝑗

2(𝑆𝑗), 휁𝑗
3(𝑆𝑗),… . . , 휁𝑗

𝑀(𝑆𝑗)]
𝑇 

 

휁𝑗
1(𝑆𝑗) =

𝜇(𝐴)𝑗 
𝑙 (𝑆𝑗)

∑ 𝜇(𝐴)𝑗 
𝑙 (𝑆𝑗)𝑖

  
(66) 

 

where 𝜇(𝑥𝑖) is membership function.  

The fuzzy system is defined as  

 

𝑓(𝑥) = 𝜏𝑓𝑢𝑧𝑧𝑦 = ∑ 𝜃𝑇
𝑀

𝑙=1
휁(𝑥) =   𝜓(𝑒, �̇�)  

(67) 

 

where 𝜃 = (𝜃1, 𝜃2, 𝜃3, …… . , 𝜃𝑀) is adjustable parameter in (65)  

according to (62), (63) and (65); 

 

�̇� = ∑ [𝑆𝑗(Δ𝑓j − 𝜃𝑇휁(𝑆𝑗)]
𝑀
𝐽=1 −𝑆𝑇𝜆𝑆 + ∑

1

𝛾𝑠𝑗

𝑀
𝐽=1 𝜙𝑇 . �̇�𝑗  (68) 

 

Based on 𝝓 = 𝜽∗ − 𝜽 → 𝜽 = 𝜽∗ − 𝝓 
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V̇ = ∑ [Sj(Δfj − θ
∗T

ζ(Sj) + ϕ
T

ζ(Sj)]
M
J=1 −STλS + ∑

1

γsj

M
J=1 ϕ

T. ϕ̇
j
  

 

(69) 

�̇� = ∑[𝑺𝒋(𝚫𝒇𝐣 − (𝜽∗)𝑻𝜻(𝑺𝒋)]

𝑴

𝑱=𝟏

−𝑺𝑻𝝀𝑺 + ∑
𝟏

𝜸𝒔𝒋

𝑴

𝑱=𝟏

𝝓𝒋
𝑻[𝜸𝒔𝒋. 𝑺𝒋. 𝜻𝒋(𝑺𝒋) + �̇�𝒋]) 

 

where �̇�𝒋 = 𝜸𝒔𝒋𝑺𝒋𝜻𝒋(𝑺𝒋) is adaption law, ∅𝒋
̇ = −�̇�𝒋 = −𝜸𝒔𝒋𝑺𝒋𝜻𝒋(𝑺𝒋) 

  �̇� is considered by 

 

�̇� = ∑[𝑆𝑗

𝑚

𝑗=1

∆𝑓𝑗 − ((𝜃𝑗
∗)𝑇휁𝑗(𝑆𝑗))] − 𝑆𝑇𝜆𝑆  

(70) 

 

The minimum error is defined by 

 

𝑒𝑚𝑗 = ∆𝑓𝑗 − ((𝜃𝑗
∗)𝑇휁𝑗(𝑆𝑗)) (71) 

 

Therefore �̇� is computed as 

 

�̇� = ∑[𝑆𝑗

𝑚

𝑗=1

𝑒𝑚𝑗] − 𝑆𝑇𝜆𝑆 
(72) 

≤ ∑ |𝑆𝑗
𝑚
𝑗=1 ||𝑒𝑚𝑗| − 𝑆𝑇𝜆𝑆      

= ∑|𝑆𝑗

𝑚

𝑗=1

||𝑒𝑚𝑗| − 𝜆𝑗𝑆𝑗
2   

      = ∑|𝑆𝑗

𝑚

𝑗=1

|(|𝑒𝑚𝑗| − 𝜆𝑗𝑆𝑗)   
(73) 

 

For continuous function 𝑔(𝑥), and suppose 휀 > 0 it is defined the fuzzy logic system in form of  

 

𝑆𝑢𝑝𝑥∈𝑈|𝑓(𝑥) − 𝑔(𝑥)| < 𝜖 (74) 

the minimum approximation error (𝑒𝑚𝑗) is very small.  

 

𝑖𝑓  𝜆𝑗 = 𝛼     𝑡ℎ𝑎𝑡     𝛼|𝑆𝑗| > 𝑒𝑚𝑗 (𝑆𝑗 ≠ 0)        𝑡ℎ𝑒𝑛    �̇� < 0 𝑓𝑜𝑟 (𝑆𝑗 ≠ 0)  (75) 

 

This method has two main controller’s coefficients, 𝐾𝑝 𝑎𝑛𝑑 𝐾𝑉. To tune and optimize these 

parameters mathematical formulation is used  

 

𝑈 = 𝑈𝑓𝑢𝑧𝑧𝑦 + 𝑈𝑠𝑙𝑖𝑑𝑖𝑛𝑔 + 𝑈𝑃𝐷  (76) 

U = Ufuzzy + Uswitch = (77) 
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[𝑴−𝟏(𝑩 + 𝑪 + 𝑮) + �̇�]𝑴 + 𝑲 ∙ 𝐬𝐠𝐧(𝑺) + 

∑ θ
lM

l=1 [∏ exp(−(
xi−αi

l

δi
l )

2

)n
i=1 ]

∑ [∏ exp(−(
xi−αi

l

δi
l )

2

)n
i=1 ]M

l=1

+ 𝑲𝒑𝒂
𝒆𝟏 +

𝑲𝑽𝒂𝒆�̇� + 𝑲𝑰𝒂
∑𝒆𝟏  

 

The most important different between PD+SMC and PD+SMC+FL is the uncertainty. In 

PD+SMC the uncertainty is d = G+F + f. The sliding mode gain must be bigger than its upper 

bound. It is not an easy job because this term includes tracking errors   𝑒1  and�̇�1 . While in 

PD+SMC+FL, the uncertainty η is the fuzzy approximation error for 𝐺 + 𝐹 +  𝑓. 

 

𝐺 + 𝐹 + 𝑓 =  

∑ 𝜃𝑙𝑀
𝑙=1 [∏ 𝑒𝑥𝑝(−(

𝑥𝑖−𝛼𝑖
𝑙

𝛿𝑖
𝑙 )

2

)𝑛
𝑖=1 ]

∑ [∏ 𝑒𝑥𝑝(−(
𝑥𝑖−𝛼𝑖

𝑙

𝛿𝑖
𝑙 )

2

)𝑛
𝑖=1 ]𝑀

𝑙=1

  

(78) 

 

It is usually is smaller than  𝐺 + 𝐹 +  𝑓 ; and the upper bound of it is easy to be estimated. 

Fuzzy controller generally uses diagonal type rule base which is called as PI type rule base. 

Next we discuss formation of rule base. N × N is size of rule base for N membership functions. 

For generation of rule base we will define a term M such that it is given by 

 

 
 

where 𝑖 is index for error value and 𝑗 is index for change in error value. So for one value of error 

change in error value varies over range(−𝑀,𝑀). For 𝑁 = 9 a rule base matrix has the form. Thus 

error and change in error value varies over interval(−4, 4). Using the above matrix, we have 

 

 
 

which has total 81 rules. Solving the 𝑅 (𝑖, 𝑗) using we get 
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4. Results and Discussion 

In this section, we use a benchmark model, PUMA-560 robot manipulator, to evaluate our 

control algorithms. We compare the following controllers: classical PD controller, PD fuzzy 

controller and serial fuzzy sliding mode PD controller which is proposed in this paper. The 

simulation was implemented in MATLAB/SIMULINK environment.  

 

Close loop response of tracking result without any disturbance: Figure 2 illustrates the 

tracking performance in three types of controller; linear PD controller, linear PD controller based 

on fuzzy logic estimator and nonlinear estimator based on fuzzy logic and sliding mode controller.  

 

 

Figure 2. Linear PD, PD+FLC and Proposed Method Trajectory Following Without 
Disturbance 

Based on Figure 2; pure PD controller has oscillation in first and three links, because robot 

manipulator is a highly nonlinear controller and control of this system by linear method is very 

difficult. Based on above graph, however PD+FUZZY controller is a nonlinear methodology but 

it has difficulty to control this plant because it is a model base controller. 
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Close loop response of trajectory following in presence of load disturbance: Figure 3 

demonstrates the power disturbance elimination in three types of controller in presence of 

disturbance for robot manipulator. The disturbance rejection is used to test the robustness 

comparisons of these three methodologies.  

 

 

Figure 3. Linear PD, PD+FLC and Proposed Method Trajectory Following with 
Disturbance 

Based on Figure 3; by comparison with the PD and PD+FLC, proposed serial compensator 

PD+Fuzzy+SMC is more stable and robust and our method doesn’t have any chattering and 

oscillation.  
 

5. Conclusion 

In the present work a mathematical relationship has been developed to utilize the shifting of 

elements in a typical fuzzy rule base based on factor obtained from nonlinearity parameters of the 

second order process. The rule bases obtained after the shifting of elements are also given in table 

form and are tested on different combinations of the robot and sliding mode control models. The 

simulation results obtained are using the modified rule bases given improvement than the typical 

fuzzy controller. Also the results obtained for large changes in the time constant value and delay 

time values using modified rule base controller is better than conventional fuzzy controller. The 

limitation of the method is that it is not effective for rule base of smaller size such as (3 × 3) and 

(5 × 5). But it is common practice to use minimum (7 × 7) rule base for fuzzy controller. The 

main contributions of the paper are twofold. The structure of fuzzy PD control with sliding mode 

compensation is new. We propose parallel structure: parallel compensation. The key technique is 

dead-zone, such that fuzzy control and sliding mode control can be switched automatically. The 

stability analysis of fuzzy sliding mode PD control is also new. Stability analysis of fuzzy PD 

control with first-order or second-order sliding mode is not published in the literature. The 

benefits of the proposed method; the chattering effects of fuzzy sliding mode PD control, the slow 

convergence of the fuzzy PD and the chattering problem of sliding mode PD control are avoided 

effectively. 
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