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Abstract 
In this research paper, we have discussed the estimation of location and scale parameters 

of Weibull distribution using concept of generalized order statistics by the best linear 
unbiased estimator (BLUE) and an alternative linear estimates (Gupta) from Type II singly 
and doubly censored samples. Tables of coefficients for best linear estimator and alternative 
estimator of μ and λ  have been obtained for various choices of censoring using n ≤  8. 
Variances and covariances of estimators of μ and λ  based on BLUE and Gupta methods 
have also been presented. The computational formula and procedure used have been 
explained. The efficiencies of the two estimation methods have been compared under a 
simulation study. The findings of the study suggest that the Gupta method can be replaced by 
Lloyd’s method which is useful when we have knowledge about the expectations and not 
about variance covariance matrix. 
 

Keywords: Type II censoring, efficiency, best linear unbiased estimator 
 
1. Introduction 

Ordered random variables such as order statistics and record values have gained a lot of 
importance during the past years. Order statistics and record values are widely used in 
statistical modeling and inference; both models describe random variables arranged in order 
of magnitude. Pawlas and Szynal [1] gave the characterization conditions for the inverse 
Weibull distribution and generalized extreme value distributions by moments of kth record 
values. Lee [2] discussed the characterization of the exponential distribution based on 
conditional expectation of the record values. Raqab [3] considered three parameters 
generalized exponential distribution and obtained the exact expressions for single and product 
moments of record statistics. The means, variances and covariances of the record statistics 
were computed for various values of the shape parameter and for some record statistics. The 
predictors of the future record statistics were also discussed. Abu-Youssef [4] characterized 
the general classes of continuous distributions by considering the conditional expectation of 
function of record values. Chang and Lee [5] presented the characterizations based on the 
identical distribution and the infinite moments of the exponential distribution by record 
values. Doostparast and Ahmadi [6] discussed the Bayesian estimation for the two parameters 
of some life distributions including: Exponential, Weibull, Pareto and Burr type XII 
distributions based on upper record values. Prediction, either point or interval, for future 
upper record values was also presented. Sultan [7] established some new recurrence relations 
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between the single moments of record values from the modified Weibull distribution as well 
as between the double moments. Ahmadi and Doostparast [8] presented the Bayesian 
estimation as well as prediction based on k-records, when the underlying distribution has been 
assumed to have a general form. Baklizi [9] addressed problem of the likelihood and 
Bayesian estimation of the stress-strength reliability based on lower record values from the 
generalized exponential distribution. Ahmadi et al., [10] addressed the problem of predicting 
future k-records based on k-record data for a large class of distributions which includes 
several well-known distributions such as: Exponential, Weibull (one parameter), Pareto, Burr 
type XII, among others. Aksop and Celebioglu [11] considered the joint distribution of any 
record value and an order statistics. Lee and Lim [12] discussed the characterizations of the 
Lomax, exponential and Pareto distributions by conditional expectations of record values. 
Prakash [13] studied the several distributional properties of the lower record values from the 
inverted exponential distribution. Afshari [14] obtained the Bayesian estimation and survival 
function by record values under square error and linear exponential loss functions. Further 
illustrations can be seen from Shawky and Abu-Zinadah [15], Soliman et al., [16], Sultan [17] 
and Sultan et al., [18] 

In addition to these well-known models, several other models of ordered random variables 
as: sequential order statistics, order statistics with non-integral sample size and Pfeifer's 
record model from non-identical distributions can be constructed. These models with different 
interpretations can be effectively applied in reliability theory. These models of ordered 
random variables are described in a new form of the joint distribution of n ordered random 
variables as a unified approach, which in the theoretical sense, are contained in the concept of 
generalized order statistics given by Kamps [19].  However, very few authors have discussed 
estimation of the parameters of a statistical distribution based on generalized order statistics 
under censored samples. We have considered the estimation of location and scale parameters 
of Weibull distribution using concept of generalized order statistics by the best linear 
unbiased estimator (BLUE) and Gupta method from Type II singly and doubly censored 
samples. 
 
2. Generalized Order Statistics 

The Generalized Order Statistics is the most inclusive area of ordered random variables 
which is use broadly in everyday life .These can be used to see the distribution of first 
position obtained by students for many years. In this situation the marks of students will be 
arranged for awarding the position to the students. The distribution can be seen by taking the 
value of constant to be 0 i.e. p=0. The generalized order statistics is also valid for observing 
the records of some sports. One record of the sports is dependent on the other previously 
made record. The distribution of these records can be observed by using the Generalized 
Order Statistics for m=-1. 

The concept of generalized order statistics is closely related to order statistics and record 
values.  

Let n∈N, R,m,...,m1,p 1-n1 ∈≥ ,11,
1

−≤≤= ∑
−

=
njmM

n

ji
ij be parameters such that 

1 2 11 for 1,2,..., 1, ....j j j np n j M j n M m m mγ −= + − + ≥ = − = + + + and let m~

=(m1,m2,…,mn-1), if n≥2 ( m~ 1)n ifarbitrary, =∈ R .If the random variables U(r,n,m,p) for 
r=1,2,…,n, possess a joint density function of the form 
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1
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u n m p u n n m p n j i n n

j i

f u u u p u u u uγ
− −

−

= =

   
= − − ≤ ≤ ≤ ≤   

  
∏ ∏

 
The random variable U(r, n, m, p) are then called uniform generalized order statistics. 

Generalized order statistics based on the distribution function F obtained from the uniform 
generalized order statistics using the quantile transformation is: X(r, n, m, p) =F-1(U(r, n, m, 
p)). 

Let F be the continuous distribution function then from the above definition of generalized 
order statistics, {X(1,n,m1,p), X(2,n,m2,p),…, X(n,n,mn,p)} will denote n generalized order 

statistics corresponding to c.d.f.  F and the p.d.f. 
dx

xdFxf )()( = . 

The joint p.d.f f1,2,…,n(x1,x2,…,xn) of  generalized order statistic is given as: 
1 1

1
1,2,..., 1 2

1 1

( , ,..., ) [1 ( )] [1 ( )] ( ) ( )i

n n
m p

n n j i n i n
j i

f x x x p F x F x f x f xγ
− −

−

= =

= − −∏ ∏   (1) 

1 1
1 2(0) ... (1)nF x x x F− −< < < < <  

The marginal density function of the rth Uniform Generalized Order Statistics is:  
1 11

( , , , ) ( ) (1 ) ( ) 0 1
( 1)!

r rr
u r n m p m

cf u u g u u
r

γ − −−= − ≤ ≤
−

 

The  marginal p.d.f  fr,n,m,p of X(r,n,m,p)   is given in  
1 11

, , , ( ) [1 ( )] ( ) [ ( )]
( 1)!

r rr
r n m p m

cf x F x f x g F x
r

γ − −−= −
−

     (2) 

1 1(0) (1)F x F− −< <

 

and 1
1

r

r j
j

c γ−
=

=∏  

11( ) 1 (1 ) 1 and ( ) ln(1 ) 1
1

m
m mg x x if m g x x if m

m
+ = − − ≠ − = − − = − +

 

 
So we can write generally 

1
1 1

1( ) [1 (1 ) ] for all m with  ( ) ( )
1

m
m mm

g x x g x Lim g x
m

+
− →−

= − − =
+

 

The joint density of the U(r, n, m, p) and U(s, n, m, p), r<s, with m1 =m2=…. =mr-1= µ , 
mr+1=…=ms-1=v (no assumption, if s-r=1), is given by 

[ ] 1 111
( , , , ), ( , , , ) ( , ) (1 ) ( ) ( ) ( ) (1 )  

( 1)!( 1)!
sr

s rm rs
u r n m p u s n m p r s r r v s v r s

cf u u u g u h h u
r s r

γ
µ µ µ − − −−−= − − −

− − −
(3) 

0 1r su u≤ ≤ ≤  
 

1

m

1 (1 ) 1
1 h ( )
1log 1

1

mx m
mx

m
x

+− − = − += 
  ≠ −  − 

 

mg ( ) ( ) (0)m mx h x h= −  
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The joint density function of x(r, n, m, p) and x(s, n, m, p), r<s is given in: 
11 11

, , , , ( , ) [ ( )] [ ( )] [ ( ( )) ( ( ))] [ ( )] ( ) ( )
( 1)!( 1)!

sm r s rs
r s n m p m m m

cf x y F x g F x g F y g F x F y f x f y
r s r

γ −− − −−= −
− − −

 

 
1 1(0) (1)F x y F− −< < <      And ( ) 1 ( )F x F x= −      (4)

 
 
3. Results and Discussions 

In this section, different results have been derived and corresponding discussions have 
been made for generalized order statistics from the Weibull distribution. The coefficients 
have been estimated under BLUE and Gupta methods under type ii singly and doubly 
censored samples. 
 
3.1. Generalized Order Statistics for Weibull Distribution 

In this section, the discussions have been made for generalized order statistics when p=2, 
m=1. The probability density function of Weibull distribution is: 

1( ) ( )( ) exp , 0y yf y x
γ γ

γ γ

µ µ µ σ
σ γσ

−  − −
= − < < ∞ > 

 
    (5) 

 
( )( ) 1 exp yF y

γ

γ

µ
γσ

 −
= − − 

 
               (6) 

The joint p.d.f f1,2,…,n(x1,x2,…,xn) of  generalized order statistic is given as: 
1 13 3 3

21
, , ,

( ) ( )( ) exp exp 1
( 1)! 3 3 3

r r

r
r n m p

c x x xf x x m
r

γ − −

−
      

= − − = −      −       
 (7) 

 
1 13 3 3

21
, , , 1

( ) ( ) 1 ( )( ) exp exp 1 exp 1
( 1)! 3 3 ( 1) 3

r r

r
r n m p r

c x x xf x x m
r m

γ − −

−
−

        
= − − − − ≠ −        − +        

 (8) 

where 

1

( )( 1) 1, 1
1 and 1 similarly 1, 0 the 1 ( )

r

r r r

p n r m for p m
C for p m n r

γ
γ γ−

= + − + = = −
= = = = = + −  

 

The joint density function of x(r, n, m, p) and x(s, n, m, p), r<s for Weibull distribution is: 

 
3 31 1 ( 1)( 1)( ( 1)( )(3 31 3 3

, , , , 1
0 0

1 1
( , ) ( 1)

( 1)!( 1)!( 1)
s

x yr s r m s i m iis
r s n m p r

i i
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−

−
= =
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Table 1. Means of the Generalized Order Statistics for p=2, m=1 from Weibull 
Distribution for 1 ≤ r ≤n ≤ 8 

n\r 1 2 3 4 5 6 7 8 
1 1.022207        
2 0.811326 1.233088       
3 0.708759 1.016461 1.341401      
4 0.643950 0.903185 1.129738 1.414260     
5 0.597790 0.828589 1.015078 1.206177 1.463400    
6 0.562542 0.774031 0.937706 1.092450 1.263040 1.50

 
  

7 0.534367 0.731594 0.880122 1.014485 1.150925 1.30
 

1.5360
 

 
8 0.511103 0.697210 0.834746 0.955748 1.073222 1.19

 
1.3446

 
1.56

  

Table 2. Variance and Covariance of Generalized order Statistics for p=2, 
m=1from Weibull Distribution 

n\
 

1 2 3 4 5 6 7 8 

2 
0.08694

 
       

0.08694
 

0.10015
 

      

3 
0.06635

 
       

0.03693
 

0.06501
 

      
0.02259

 
0.04056

 
0.08253

 
     

4 

0.05477
 

       
0.03148

 
0.05069

 
      

0.02107
 

0.03430
 

0.05368
 

     
0.01252

 
0.02091

 
0.03440

 
0.06572

 
    

5 

0.04720
 

       
0.02761

 
0.04244

 
      

0.01913
 

0.02965
 

0.04219
 

     
0.01389

 
0.02164

 
0.03103

 
0.04672

 
    

0.00970
 

0.01517
 

0.02192
 

0.03334
 

0.06538
 

   

6 

0.04180
 

       
0.02471

 
0.03154

 
      

0.01746
 

0.02626
 

0.03559
 

     
0.01312

 
0.01982

 
0.02698

 
0.03683

 
    

0.00999
 

0.01514
 

0.02066
 

0.02838
 

0.04197
 

   
0.00721

 
0.01092

 
0.01496

 
0.02079

 
0.03088

 
0.06042

 
  

7 

0.03771
 

       
0.02246

 
0.03295

 
      

0.01607
 

0.02367
 

0.03115
 

     
0.01227

 
0.01825

 
0.02401

 
0.03118

 
    

0.00977
 

0.01422
 

0.01908
 

0.02473
 

0.03309
 

   
0.00753

 
0.01144

 
0.01495

 
0.01949

 
0.02632

 
0.03848

 
  

0.00564
 

0.00829
 

0.01108
 

0.01446
 

0.01982
 

0.03592
 

0.05664
 

 



International Journal of Advanced Science and Technology 

Vol. 55, June, 2013 

 

 

72 

8 

0.03450
 

       
0.02066

 
0.02990

 
      

0.01489
 

0.02165
 

0.02792
 

     
0.01159

 
0.01686

 
0.02174

 
0.02739

 
    

0.00918
 

0.01332
 

0.01789
 

0.02197
 

0.02806
 

   
0.00761

 
0.01144

 
0.01319

 
0.01860

 
0.02288

 
0.03031

 
  

0.00595
 

0.00836
 

0.01277
 

0.01398
 

0.01837
 

0.02471
 

0.03580
 

 
0.00455

 
0.00678

 
0.00825

 
0.01106

 
0.01396

 
0.01833

 
0.02720

 
0.0536

  
3.2. Estimation of 𝝁 𝒂𝒏𝒅 𝝈 by BLUE 

The estimation of the location and scale parameters σµ, (not necessarily the mean and 
standard deviation) of a variate X whose distribution depends only on these two parameters. 
The parameters may be estimated by applying general least-squares theory to an ordered 
sample where the resulting estimates being unbiased, linear in the ordered observations, and 
of minimal variance. 

Let ).............,( ,,,,,,2,,,1 pmnnpmnpmn XXX be a sample of n generalized order 
statistics based on F(x). Let us make the transformation: 

. . .
, , . 1, 2,...,r n m p

r n m p

x
y r n

µ
λ
−

= =  

Which may be regarded as independent observations on the standardized variate

nr
x

y pmnr
pmnr ,......,2,1...

.,, =
−

=
λ

µ
 , whose distribution is parameter-free. 

And ).............,( ,,,,,,2.,..1 pmnnpmnpmn yyy  are then the realizations of a set of order 

random variables ).............,( ,,,,,,2.,..1 pmnnpmnpmn YYY  
Let we denote 

 
1( ) ( ) ( ) ( ) ( ) 1 ( )1( ) [1 ( )] ( ) [ ( )]

( 1)!
rn n n n n r nr

i i i i i m i
cE Y y F y f y g F y dx

r
γα

∞ − −−

−∞
= = −

− ∫  

 

( )21( ) ( ) ( )2 ( ) ( ) 1 ( ) ( )1( ) [1 ( )] ( ) [ ( )]
( 1)!

rn n n n n r n nr
i ii i i i m i i

cVar Y V y F y f y g F y dxdx
r

γ α
∞ − −−

−∞
= = − −

− ∫  

 
( )

1( ) ( ) ( ) ( ) ( ) ( ) ( ) 1 ( ) ( ) 1 ( ) ( ) ( )1( ) [ ( )] [ ( )] [ ( ( )) ( ( ))] [ ( )] ( ) ( )
( 1)!( 1)!

n
j

s
yn n n n n n m n r n n s r n n ns

i j ij i j i m i m j m i j i j
cE Y Y W y y F y g F y g F y g F y F y f y f y dxdy

r s r
γ∞ −− − −−

−∞ −∞
= = −

− − − ∫ ∫
 

( ) ( ) ( ) ( ) ( ) ( )( )n n n n n n
i j ij ij i jCov Y Y V W α α= = −  

Where 1 1 2 n-1
1

  For m m , m m 
r

r j
j

c γ−
=

= = …= =∏  and 11,
1

−<<+−+= ∑
−

=
njmjnp

n

ji
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1

ln(1 ) 1
( ) 1 1 (1 ) 1

1
m m

x if m
g x

x if m
m

+

− − = −
=   − − ≠ −  +

 

Reverting now to the original ordered observations we clearly have: 

λαµ += IXE n
i )( )(  

where X is the vector of the Xi, α is the vector of the α i  and 1 a vector with unit elements. 
This equation may be written more compactly as: 

θpXE n
i =)( )(  where p is the (n x 2) matrix (1,α), and θ' = (μ,λ). 

We also assume that the variance-covariance matrix )(nV is (nxn) symmetric +ve definite 
variance and covariance matrix whose elements are )(n

ijV and is non singular and its variance 
exists. The required estimator of the vector θ of parameters by using the extended principle of 
Least-square is given by: 

 

( ) ( ) )(1)(1)(
ˆ
ˆ nnn XVppVp

−−
′








′=








=

λ
µ

θ


 

Where ( ) ( ) ( )
( ) ( )
( ) ( )

1 1( ) ( )
1 1( ) ( )

1 1( ) ( )

1 1 11
1

1

n n

n n

n n

V V
p V p V

V V

α
α

α α α α

− −

− −

− −

 ′ ′   ′ ′= =   ′  ′ ′  

 

 

Where ( ) ( ) αα
1)(1)( 11
−−

′=′ nn VV  (being singular matrix) 

If we denote by Δ the determinant of ( ) pVp n 1)( −′ , then we have 
 

( )
( ) ( )
( ) ( )





















∆
′

∆
′

∆
′

∆
′

=







′

−−

−−
−−

ααα

α

1)(1)(

1)(1)(
11)(

1

111

nn

nn

n

VV

VV

pVp  

 
The estimates are given by 

( ) ( )( )( )( )1 1 1( ) ( ) ( ) ( )1 1 1n n n nV V V Xµ α α α α
• − − −

′ ′ ′ ′= −
∆

    (11) 

 

( ) ( )( )( )( )1 1 1( ) ( ) ( ) ( )1 1 1 1 1n n n nV V V Xλ α α
• − − −

′ ′ ′ ′= − +
∆

    (12) 
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)var(θ  is obtained by solving 
 

( )( ) 11)(
−−′= pVp nλ  

 
hence we find 
 

( ) ( )
( ) ( )

1 1( ) ( )2

1 1( ) ( )

1var( ) cov( , )
var( )

1 1 1cov( , ) var( )

n n

n n

V V

V V

α α αµ µ λ λθ
αµ λ λ

− −• • •
•

• • • − −

   ′ ′−  = =    ∆ ′ ′−    

  (13) 

 

( ) ( ) ( )
2 2 21 1 1( ) ( ) ( ).  var( ) ,  var( ) 1 1  and  cov( , ) 1n n ni e V V Vλ λ λµ α α λ µ λ α

• • • •− − −
′ ′ ′= = = −

∆ ∆ ∆
 

 

1 1 1 1 1 1 2

1

1 1 1 1 1

1

1 1 1 2

1 2

( ) ( ) ( )
1, 1 1, 2 1,( )

1 ( ) ( )
1, 2 2, 2( )

2
( ) ( ) ( ) ( )

1 2 1

( )
1

       ... 

       ... 

 , . .  and .
.

n n n
r r r r r n r rn

r n n
r r r r rn

r
n n n n

r r n r r

n
n r r

v v v
x

v v v
x

where X V

x

α α α α

+ + + + + − −
+

+ + + + +
+

+ + − − +

− − +

 
 
 
   ′= = =  
 
 
  

1 2

1 2 1 1 2 1 2

( )
1,

( ) ( )
1, 1 1, 1

.                .           ...  .

.                .           ...  .

.                .           ...  .
 .           ...  

n
n r r

n n
n r r r n r r n r rv v

− −

− − + + − − + − − +

 
 
 
 
 
 
 
 
 
 

 

These estimates µ and λ  are unbiased linear in the observations and have minimum 
variance among the class of all linear estimates. 

The coefficients for BLUE of the location and scale parameter based on generalized order 
statistics values of Weibull distribution from singly and doubly censored samples have been 
obtained but not presented here. 

Table 3. Variances and Covariances of BLUEs for Location and Scale based on 
the GOS from the Weibull Distribution from Complete Samples. Each Value 

may be Multiplied by 2λ  

n r1 r2 ˆVar( )Lloydµ  ˆVar( )Lloydλ  ),cov( λµ   n r1 r2 ˆVar( )Lloydµ  ˆVar( )Lloydλ  ),cov( λµ   

3 0 1 0.507051 0.607442 -0.526158 

 

1 4 0.530820 0.759486 -0.618079 
1 0 0.867595 0.628823 -0.714381 2 0 0.200708 0.147325 -0.161741 

4 

0 1 0.258581 0.280751 -0.249616 2 1 0.265649 0.215873 -0.228462 
0 2 0.749751 0.696777 -0.701656 2 2 0.385016 0.355552 -0.357586 
1 0 0.388595 0.283907 -0.315504 2 3 0.738525 0.792411 -0.750566 
1 1 1.004365 0.624944 -0.773767 3 0 0.314364 0.211218 -0.246958 
2 0 0.432643 0.632267 -0.496973 3 1 0.478131 0.355114 -0.400468 

5 
0 1 0.172858 0.177779 -0.160171 3 2 0.945535 0.795268 -0.854043 
0 2 0.229860 0.292454 -0.241017 4 0 0.550847 0.332930 -0.416612 
0 3 0.379669 0.646329 -0.471263 4 1 1.150644 0.768701 -0.927860 
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1 0 0.244257 0.187578 -0.200249 5 0 0.833023 0.447291 -0.596251 
1 1 0.354568 0.321742 -0.321904 

8 

0 1 0.085197 0.081196 -0.074305 
1 2 0.656380 0.728628 -0.672337 0 2 0.095943 0.102514 -0.112901 
2 0 0.457453 0.311597 -0.362855 0 3 0.111807 0.137210 -0.112901 
2 1 0.918558 0.735416 -0.804924 0 4 0.133861 0.192644 -0.147871 
3 0 1.171017 0.686502 -0.880077 0 5 0.174913 0.308462 -0.216819 

6 

0 1 0.128008 0.127918 -0.115774 0 6 0.284674 0.666544 -0.415070 
0 2 0.156009 0.184117 -0.155443 1 0 0.109429 0.086363 -0.088794 
0 3 0.205439 0.298398 -0.230602 1 1 0.129494 0.113475 -0.112118 
0 4 0.301896 0.534664 -0.381564 1 2 0.152033 0.148415 -0.140180 
1 0 0.150114 0.121457 -0.123855 1 3 0.196679 0.219894 -0.196672 
1 1 0.188768 0.175622 -0.169612 1 4 0.270454 0.351895 -0.295355 
1 2 0.253957 0.277720 -0.251194 1 5 0.486644 0.767587 -0.595135 
1 3 0.408239 0.545383 -0.454407 2 0 0.150695 0.119280 -0.120734 
2 0 0.282042 0.199335 -0.225216 2 1 0.178112 0.144768 -0.151123 
2 1 0.422569 0.341668 -0.366644 2 2 0.260475 0.238100 -0.238799 
2 2 0.817147 0.770293 -0.777893 2 3 0.345381 0.355134 -0.338483 
3 0 0.508823 0.321955 -0.391974 2 4 0.676726 0.808665 -0.726137 
3 1 1.048386 0.756971 -0.876451 3 0 0.218220 0.149186 -0.171457 
4 0 1.279710 0.702890 -0.933904 3 1 0.302751 0.229102 -0.253647 

7 

0 1 0.103049 0.100087 -0.091262 3 2 0.417221 0.350482 -0.371522 
0 2 0.119612 0.133316 -0.114666 3 3 0.877393 0.833991 -0.843219 
0 3 0.144885 0.189918 -0.152541 4 0 0.337888 0.212486 -0.258491 
0 4 0.189386 0.304590 -0.223976 4 1 0.527502 0.366559 -0.429413 
0 5 0.309367 0.661839 -0.431011 4 2 1.057914 0.816358 -0.917858 
1 0 0.099977 0.108752 -0.111962 5 0 0.599773 0.341152 -0.442055 
1 1 0.164498 0.145286 -0.143964 5 1 1.227150 0.770994 -0.961356 
1 2 0.211333 0.213308 -0.200406 6 0 1.465213 0.732101 -1.023728 
1 3 0.292700 0.344743 -0.303821      

 
3.3. Estimation of 𝝁 𝒂𝒏𝒅 𝝈 by Gupta (1952) Method  

Gupta (1952) has proposed a very simple method applicable when the variance covariance 
matrices are unknown and we have knowledge about the expectations only. The coefficients 
of these linear estimates are obtained by assuming the variance matrix to be a unit matrix. Let 
the linear estimates be: 

2 2
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1 1
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n r n r
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In matrix notation the variance of the estimates can also be written as 
*

2 'V(μ)= λ b Vb and
*

2 'V(λ)= λ c Vc  

The coefficients for Gupta method of the location and scale parameter based on generalized 
order statistics values of Weibull distribution from singly and doubly censored samples have 
been obtained but not presented here. 
 
Table 4. Variances and Covariances of BLUEs for Location and Scale based on 

the GOS from the Weibull Distribution from Singly and Doubly Censored 
Samples. Each value may be multiplied by 2λ  

n r1 r2 ˆVar( )Guptaµ  ˆVar ( )Guptaλ  n r1 r2 ˆVar( )Guptaµ  ˆVar ( )Guptaλ  

3 0 1 0.507051 0.607442 

 

1 4 0.530820 0.759487 
1 0 0.867887 0.629015 2 0 0.223320 0.163080 

4 

0 1 0.255294 0.281603 2 1 0.272638 0.209583 
0 2 0.749750 0.696777 2 2 0.385600 0.367847 
1 0 0.397341 0.287879 2 3 0.738524 0.792411 
1 1 1.004363 0.624944 3 0 0.343431 0.229925 
2 0 0.432643 0.632268 3 1 0.483715 0.350842 

5 

0 1 0.174142 0.179748 3 2 0.945536 0.795268 
0 2 0.230554 0.295563 4 0 0.551408 0.334473 
0 3 0.379668 0.646330 4 1 1.151408 0.768700 
1 0 0.254836 0.193704 5 0 0.833023 0.447291 
1 1 0.355517 0.321913 

8 

0 1 0.087969 0.084045 
1 2 0.656381 0.728627 0 2 0.107435 0.098926 
2 0 0.477030 0.322406 0 3 0.114125 0.142799 
2 1 0.918559 0.735415 0 4 0.136012 0.199680 
3 0 1.171019 0.686503 0 5 0.176644 0.316053 

6 

0 1 0.128866 0.129513 0 6 0.284674 0.666544 
0 2 0.175708 0.188309 1 0 0.117352 0.090937 
0 3 0.439783 0.304422 1 1 0.133893 0.116707 
0 4 0.301337 0.533272 1 2 0.159410 0.156751 
1 0 0.174515 0.135778 1 3 0.198306 0.241645 
1 1 0.206430 0.187080 1 4 0.270754 0.353549 
1 2 0.263074 0.283061 1 5 0.485598 0.767587 
1 3 0.409680 0.547228 2 0 0.166562 0.120055 
2 0 0.300221 0.209376 2 1 0.194557 0.157097 
2 1 0.425852 0.343039 2 2 0.261705 0.238425 
2 2 0.817148 0.770296 2 3 0.345477 0.355151 
3 0 0.537234 0.336857 2 4 0.676727 0.808664 
3 1 1.048384 0.756971 3 0 0.241868 0.162017 
4 0 1.279789 0.702892 3 1 0.312315 0.234086 

7 0 1 0.105395 0.102534 3 2 0.418343 0.350866 
0 2 0.133158 0.137473 3 3 0.877394 0.833992 
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0 3 0.146746 0.195525 4 0 0.371558 0.229702 
0 4 0.190925 0.311037 4 1 0.534379 0.369652 
0 5 0.309367 0.661840 4 2 1.057914 0.816357 
1 0 0.118098 0.148869 5 0 0.646816 0.363616 
1 1 0.169831 0.149326 5 1 1.227149 0.770999 
1 2 0.213775 0.216037 6 0 1.465215 0.732103 
1 3 0.292809 0.345719      

 
Table 5. Relative Efficiency of BLUE to Alternative Linear Estimate for Location 

Parameter based on Generalized Order Statistics from Singly and Doubly 
Censored Samples for3≤n≤8 

n r1 r2 ˆVar( )Lloydµ  ˆVar( )Guptaµ  Efficiency 
(%) 

ˆVar( )Lloydλ  ˆVar ( )Guptaλ  Efficiency 
(%) 

3 0 1 0.507051 0.507051 1.000000 0.607442 0.607442 1.000000 
1 0 0.867595 0.867887 0.999664 0.628823 0.629015 0.999695 

4 

0 1 0.258581 0.255294 1.012875 0.280751 0.281603 0.996974 
0 2 0.749751 0.749750 1.000001 0.696777 0.696777 1.000000 
1 0 0.388595 0.397341 0.977989 0.283907 0.287879 0.986203 
1 1 1.004365 1.004363 1.000002 0.624944 0.624944 1.000000 
2 0 0.432643 0.432643 1.000000 0.632267 0.632268 0.999998 

5 

0 1 0.172858 0.174142 0.992627 0.177779 0.179748 0.989046 
0 2 0.229860 0.230554 0.99699 0.292454 0.295563 0.989481 
0 3 0.379669 0.379668 1.000003 0.646329 0.646330 0.999998 
1 0 0.244257 0.254836 0.958487 0.187578 0.193704 0.968374 
1 1 0.354568 0.355517 0.997331 0.321742 0.321913 0.999469 
1 2 0.656380 0.656381 0.999998 0.728628 0.728627 1.000001 
2 0 0.457453 0.477030 0.958961 0.311597 0.322406 0.966474 
2 1 0.918558 0.918559 0.999999 0.735416 0.735415 1.000001 
3 0 1.171017 1.171019 0.999998 0.686502 0.686503 0.999999 

6 

0 1 0.128008 0.128866 0.993342 0.127918 0.129513 0.987685 
0 2 0.156009 0.175708 0.887888 0.184117 0.188309 0.977739 
0 3 0.205439 0.208417 0.985711 0.298398 0.304422 0.980212 
0 4 0.301896 0.301337 1.001855 0.534664 0.533272 1.00261 
1 0 0.150114 0.174515 0.860178 0.121457 0.135778 0.894526 
1 1 0.188768 0.206430 0.914441 0.175622 0.187080 0.938753 
1 2 0.253957 0.263074 0.965344 0.277720 0.283061 0.981131 
1 3 0.408239 0.409680 0.996483 0.545383 0.547228 0.996628 
2 0 0.282042 0.300221 0.939448 0.199335 0.209376 0.952043 
2 1 0.422569 0.425852 0.992291 0.341668 0.343039 0.996003 
2 2 0.817147 0.817148 0.999999 0.770293 0.770296 0.999996 
3 0 0.508823 0.537234 0.947116 0.321955 0.336857 0.955762 
3 1 1.048386 1.048384 1.000002 0.756971 0.756971 1.000000 
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4 0 1.279710 1.279789 0.999938 0.702890 0.702892 0.999997 

7 

0 1 0.103049 0.105395 0.977741 0.100087 0.102534 0.976135 
0 2 0.119612 0.133158 0.898271 0.133316 0.137473 0.969761 
0 3 0.144885 0.146746 0.987318 0.189918 0.195525 0.971323 
0 4 0.189386 0.190925 0.991939 0.304590 0.311037 0.979273 
0 5 0.309367 0.309367 1.000000 0.661839 0.661840 0.999998 
1 0 0.099977 0.118098 0.84656 0.108752 0.148869 0.730521 
1 1 0.164498 0.169831 0.968598 0.145286 0.149326 0.972945 
1 2 0.211333 0.213775 0.988577 0.213308 0.216037 0.987368 
1 3 0.292700 0.292809 0.999628 0.344743 0.345719 0.997177 
1 4 0.530820 0.530820 1.000000 0.759486 0.759487 0.999999 
2 0 0.200708 0.223320 0.898746 0.147325 0.163080 0.903391 
2 1 0.265649 0.272638 0.974365 0.215873 0.209583 1.030012 
2 2 0.385016 0.385600 0.998485 0.355552 0.367847 0.966576 
2 3 0.738525 0.738524 1.000001 0.792411 0.792411 1.000000 
3 0 0.314364 0.343431 0.915363 0.211218 0.229925 0.918639 
3 1 0.478131 0.483715 0.988456 0.355114 0.350842 1.012176 
3 2 0.945535 0.945536 0.999999 0.795268 0.795268 1.000000 
4 0 0.550847 0.551408 0.998983 0.332930 0.334473 0.995387 
4 1 1.150644 1.151408 0.999336 0.768701 0.768700 1.000001 
5 0 0.833023 0.833023 1.000000 0.447291 0.447291 1.000000 

8 

0 1 0.085197 0.087969 0.968489 0.081196 0.084045 0.966101 
0 2 0.095943 0.107435 0.893033 0.102514 0.098926 1.03627 
0 3 0.111807 0.114125 0.979689 0.137210 0.142799 0.960861 
0 4 0.133861 0.136012 0.984185 0.192644 0.199680 0.964764 
0 5 0.174913 0.176644 0.990201 0.308462 0.316053 0.975982 
0 6 0.284674 0.284674 1.000000 0.666544 0.666544 1.000000 
1 0 0.109429 0.117352 0.932485 0.086363 0.090937 0.949701 
1 1 0.129494 0.133893 0.967145 0.113475 0.116707 0.972307 
1 2 0.152033 0.159410 0.953723 0.148415 0.156751 0.94682 
1 3 0.196679 0.198306 0.991796 0.219894 0.241645 0.909988 
1 4 0.270454 0.270754 0.998892 0.351895 0.353549 0.995320 
1 5 0.486644 0.485598 1.002154 0.767587 0.767587 1.000000 
2 0 0.150695 0.166562 0.904738 0.119280 0.120055 0.993545 
2 1 0.178112 0.194557 0.915475 0.144768 0.157097 0.92152 
2 2 0.260475 0.261705 0.9953 0.238100 0.238425 0.998637 
2 3 0.345381 0.345477 0.999722 0.355134 0.355151 0.999952 
2 4 0.676726 0.676727 0.999999 0.808665 0.808664 1.000001 
3 0 0.218220 0.241868 0.902228 0.149186 0.162017 0.920805 
3 1 0.302751 0.312315 0.969377 0.229102 0.234086 0.978709 
3 2 0.417221 0.418343 0.997318 0.350482 0.350866 0.998906 
3 3 0.877393 0.877394 0.999999 0.833991 0.833992 0.999999 
4 0 0.337888 0.371558 0.909382 0.212486 0.229702 0.925051 
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4 1 0.527502 0.534379 0.987131 0.366559 0.369652 0.991633 
4 2 1.057914 1.057914 1.000000 0.816358 0.816357 1.000001 
5 0 0.599773 0.646816 0.92727 0.341152 0.363616 0.938221 
5 1 1.227150 1.227149 1.000001 0.770994 0.770999 0.999994 
6 0 1.465213 1.465215 0.999999 0.732101 0.732103 0.999997 

 
4. Conclusions 

The performance of the different estimation methods can be compared in terms of relative 
efficiency which is defined as the ratio of variances of the estimator. Here the relative 
efficiencies have been calculated for 8≤n  under singly and doubly censored samples for all 
three cases of generalized order statistics, order statistics and upper record values. From the 
tables, showing relative efficiencies, it can be seen that the relative efficiency of Lloyd’s 
method to the Gupta method is very high in all cases. So we can replace Gupta method by 
Lloyd’s method which is useful when we have knowledge about the expectations and not 
about variance covariance matrix. 
 
Acknowledgement 

It’s only because of the kind guidance and encouragement of honorable Prof. Abdul-
Samad-Hirai that it become possible for us to complete this research work. 
 
References 
[1] P. Pawlas and D. Szynal, “Characterizations of the inverse Weibull distribution and generalized 

extreme value distributions by moments of kth record values”, Applicationes Mathematicae, vol. 
27, no. 20, (2000), pp. 197-202. 

[2] M. Lee, “On a characterization of the exponential distribution by conditional expectations of 
record values”, Comm. Korean Math. Soc., vol. 16, no. 2, (2001), pp. 287-290. 

[3] M. Z. Raqab, “Inferences for generalized exponential distribution based on record statistics”, 
Journal of Statistical Planning and Inference, vol. 104, (2002), pp. 339-350. 

[4] S. E. Abu-Youssef, “On characterization of certain distributions of record values”, Applied 
Mathematics and Computation, vol. 145, (2003), pp. 443-450. 

[5] S. Chang and M. Lee, “Characterizations of the exponential distribution by record values”, 
Journal of the Chungcheong Mathematical Society, vol. 19, no. 4, (2006), pp. 375-381. 

[6] J. Ahmadi and M. Doostparast, “Bayesian estimation and prediction for some life distributions 
based on record values”, Statistical Papers, vol. 47, (2006), pp. 373-392. 

[7] K. S. Sultan, “Bayesian estimates based on record values from the inverse Weibull lifetime 
model”, Quality Technology & Quantitative Management, vol. 5, no. 4, (2008), pp. 363-374. 

[8] J. Ahmadi and M. Doostparast, “Statistical inference based on k-records”, Mashhad R. J. Math. 
Sci., vol. 1, no. 1, (2008), pp. 67-82. 

[9] A. Baklizi, “Likelihood and Bayesian estimation of pr(x < y) using lower record values from the 
generalized exponential distribution”, Computational Statistics and Data Analysis, vol. 52, 
(2008), pp. 3468-3473. 

[10] J. Ahmadi, M. J. Jozani, E. Marchand and A. Parsian, “Prediction of k-records from a general 
class of distributions under balanced type loss functions”, Metrika, vol. 70, (2009), pp. 19-33.  

[11] C. Aksop, S. Celebioglu, “Joint distribution of any record value and an order statistics”, 
International Mathematical Forum, vol. 4, no. 22, (2009), pp. 1091-1103. 

[12] M. Lee and E. Lim, “Characterizations of the Lomax, exponential and Pareto distributions by 
conditional expectations of record values”, Journal of the Chungcheong Mathematical Society, 
vol. 22, no. 2, (2009), pp. 149-153. 



International Journal of Advanced Science and Technology 

Vol. 55, June, 2013 

 

 

80 

[13] G. Prakash, “Some estimation procedures for the inverted exponential distribution”, The South 
Pacific Journal of Natural Science, vol. 27, (2009), pp. 71-78. 

[14] M. Afshari, “Bayesian estimation distribution and survival function of records and inter-record 
times and numerical computation for Weibull model”, Thai Journal of Mathematics, vol. 9, no. 1, 
(2011), pp. 75-81. 

[15] A. I. Shawky and H. H. Abu-Zinadah, “Characterizations of the exponentiated Pareto distribution 
based on record values”, Applied Mathematical Sciences, vol. 2, no. 26, (2008), pp. 1283-1290. 

[16] A. Soliman, E. A. Amin and A. A. A Aziz, “Estimation and prediction from inverse Rayleigh 
distribution based on lower record values”, Applied Mathematical Sciences, vol. 4, no. 62, 
(2010), pp. 3057-3066. 

[17] K. S. Sultan, “Record values from the modified Weibull distribution and applications”, 
International Mathematical Forum”, vol. 2, no. 41, (2007), pp. 2045-2054. 

[18] K. S. Sultan, G. R. AL-Dayianb and H. H. Mohammad, “Estimation and prediction from gamma 
distribution based on record values”, Computational Statistics & Data Analysis, vol. 52, (2008), 
pp. 1430-1440. 

[19] U. Kamps, “A concept of generalized order statistics”, Journal of Statistical Planning and 
Inference, vol. 48, (1995), pp. 1-23. 

 


