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Abstract 

Recently, a constrained Linear Discriminant Analysis (LDA) algorithm is introduced and 

gained popularity. However, this algorithm is not applicable in the environment with large 

amount of data points or when the data point arrive in a sequential manner. In this paper, we 

aim to propose an incremental version of this algorithm called Incremental Constrained 

Discriminant Component Analysis (ICDCA) to reduce the computational cost of this 

algorithm in large datasets. The ICDCA updates the within class scatter matrix and between 

class scatter matrix instead of calculating it from scratch. This change significantly reduces 

the computational cost of feature extraction process while keep the accuracy of such features 

as close as possible to offline version of this algorithm. In the end the effectiveness of ICDCA 

is compared to other recently proposed incremental LDA. To ensure the reliability of these 

experiments, they are repeated with several UC I data set. In these comparisons, advantage 

of ICDCA in the accuracy and speed is demonstrated. 

 

Keywords: Feature Extraction, Linear Discriminant Analysis, Large Datasets, Incremental 
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1. Introduction 

The artificial intelligence field gained quite popularity in the recent decades. It has a very 

broad application in the real world problems. It fundamentally aimed to give the computers 

the ability to learn. Regularly, this is done by formulating it in an optimization problem. 

These algorithms are categorized as machine learning problems. The machine learning consist 

of two main field of research. The first category is clustering algorithm which is basically and 

unsupervised approach to learn. It tries to generate groups from the given data point. The data 

points in these groups should be as similar as possible while has a considerable amount of 

dissimilarity with data points in the other groups. The second category is classification. The 

aim in classification is to provide a discriminator function using the given training samples. 

This function should be capable of categorizing the unseen samples in the correct category. 

However, because the computational cost, these algorithms cannot operate in the high 

dimensional space. The solution to this problem is Dimension Reduction (DR). 

The main aim in dimension reduction is to recover the intrinsic representations of data 

located in the high dimensional space and reveal it in a lower dimensional space. Although 

the Linear Discriminant Analysis (LDA) concept is quite old subject in dimension reduction 

problem, it remained popular until today because its simplicity and effectiveness. Basically, 

the LDA algorithm searches for a projection matrix which transfer the data in high 

dimensional space to the lower dimension. This projection should be done such that the data 

in the same class remain close while the data in different class has considerable amount of 
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distance from each other. The effect of this projection is demonstrated in Figure 1. The LDA 

has found many application in machine learning algorithms including Gene Expression Data 

[?], Image Processing [?], Face Recognition [?] and etc. 

 

 

 

 

 

 

 

 

 

Figure 1. The projection vector and its effect when the right direction is 

selected [1] 

However, the LDA algorithm suffers from high computational cost because it has a cubic 

complexity with dimension of data points. This is because it requires the inverse of scatter 

matrix calculation and further the Eigen-vector analysis of multiplication of both scatter 

matrixes. This family of LDA is regularly called Offline LDA. However, in many cases 

especially in real world applications, it is hard to store entire dataset (i.e. storage limit) 

and perform LDA (computation limit) [2]. Furthermore in various situations, data arrive 

continuously and form an infinite data stream. A rudimentary approach is to add new 

data to the old dataset and find the discriminating direction in the new updated dataset. 

It is evident that such approach only works if infinite amount of memory and 

computation power be at hand. Even if that’s the case the system is actually discard the 

knowledge acquired from old dataset and learns it from scratch, which is not ideal [3]. 

Incremental LDA was introduced to mend such problems. 

In the recent years, many incremental LDA algorithms proposed in the literature. 

Because of the difficulty in incremental solving of standard LDA, some authors 

proposed algorithms to incrementally approximate the solution [4, 5] or used time 

consuming approaches to reach exact solutions [3]. Recently the close relationship of 

LDA and Multivariate Linear Regression (MLR) is demonstrated by Ye [6]. Using this 

fact, instead of solving the high order       eigenvector problem for each iteration, 

where   is the dimension of data points, Liu proposed a method to incrementally solve 

MLR problem with order               where   indicates number of data points [2]. 

An extension of Liu’s method is investigated by Wang [7] with the same order of 

complexity. In both of these algorithms, the whole dataset is needed to calculate the 

solution at every step. Unfortunately in the incremental learning problems, number of 

data points   is assuming to be infinite [3]. Furthermore LDA is regularly used in face 

recognition [8-10], microarray gene expression data analysis [11] and information 

retrieval [12] where number of dimensions is very large. In such situations, the 

complexities of these algorithms make them impractical. At last it is known that MLR 

will deviate from global optimal solution when number of classes   is higher than 2. 

This problem is demonstrated By Ye in (section 4 of his paper) [6] and Hasti, et al., 

(Page 105 of his book) [13]. It should be noted that the standard LDA problem is a non-
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convex problem, so there is no close form solution for this problem. Hence some 

authors suggested methods where the cost function is transformed into simpler and yet 

inexact convex problem and solved. These conversions and it’s diversion from optimal 

solution is extensively investigated by Wang in [14]. 

Another closely related problem which recently got considerable amount of attention 

is learning the projection matrix from constrains which we call them Constrained LDA 

[15]. The solution to this problem has a wide variety of applications in Semi-Supervised 

Learning [16, 17]. There are two types of constrains in this problem, Must-Link and 

Cannot-Link. The must-link constrain between two data point indicates that they should 

be close as possible. On the other hand, cannot-link constrain indicates that the 

projection matrix should keep these data away from each other [18]. It is clear that 

amount of available domain knowledge exists in constrains is weaker compared to a 

situation where label of data point is at hand. The fact can be assured as labels of data 

can be converted to constrain between data points but the vice versa is not always 

possible. To find the best possible projection matrix from these constrains,  the task is 

formulated as constrain optimization problem. The resulting cost function is very close 

to standard LDA problem. However to our knowledge, in contrast to standard 

incremental LDA where widely studied in the past, all of the studies in constrain LDA 

are done in situation when data and their corresponding constrain is given in advance. 

Therefore these algorithms are not applicable in the problems with stream data and 

constrains. 

In this paper we focus on online constrain discriminant analysis, nevertheless 

because of close relationship and similarity of cost functions in standard LDA and 

constrained LDA; it is straightforward to use our algorithm on situation where labels of 

each data point are available. Thus we aim to formulate these two problem with similar 

notation as much as possible. We show that similar to incremental PCA, the incremental 

learning of LDA can be seen as small perturbation of cost function matrix. Then 

inspired by work of Liu [19] we propose our method to incrementally solve the LDA 

problem. Beside the fact that our proposed algorithm is the first solution to online 

constrain LDA, it has smaller order of complexity from all other incremental algorithm 

for standard LDA problem, so it can be used in such problems. In addition, because of 

the special characteristics of proposed method, it can not only used when new data 

points is added to the problem, it can be used when some data is deleted from the 

problem as well. At last it is applicable when some data changes over time, therefore it 

support the Concept Drift properties too. 

This paper is organized as follows: In Section 2 we will discuss about preliminaries 

in discriminant analysis and its close problem constrained LDA. Also we describe the 

ordinary routines for solving such problems. In Section 3 we discuss the related work in 

incremental LDA. Furthermore because our proposed algorithm is actually an 

incremental version of a recently proposed batch LDA algorithm [15], we also express 

their solving routine in this section. Section 4 is dedicated to our proposed algorithm. In 

Section 5 we express the order of complexity corresponding to proposed algorithm and 

its comparison with other incremental LDA methods. Experimental result will be 

demonstrated in Section 6 and conclusion is given in Section 7. 

 

2. Preliminary 

First we define our notation in this paper. Scripted letters such as   and   represent 

sets. Capital letters like   and   are matrixes while bold lower case letters show 

column vectors, e.g.,   and  . Lower case letters indicate scalars, e.g.,   and  . Similar 
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to popular notation we use subscripts to index elements in matrixes or vectors. For 

example    is i-th element of vector   and    is the j-th column vector in matrix   . 

Furthermore we will show new updated objects with an ‘ sign. For example    indicates 

the updated version of   vector. The vector norm ‖ ‖  is the    norm so by 

definition ‖ ‖  √   . Let   {          }       be given   dimensional samples 

where   can be equal to infinity in the incremental learning. Also there are   classes 

available so the whole dataset is divided into   set where    {          }  and 

depend on their labels, each data point belong to one of these classes. The aim in LDA 

problem is to find an optimal projection matrix         where   is the desired 

dimensionality of data after projection. 

As discussed in previous section, in contrary to constrained LDA, the standard LDA 

has been extensively studied in the past. Fortunately there exists a close relationship 

between these two families of feature extraction and one can easily use a defined cost 

function to solve both family of LDA. We first consider unconstrained environment 

where label of each data point is given. Each sample    has a corresponding class 

label   . Then the between-class scatter matrix    and within-class scatter matrix    are 

determined by (1): 

(1) 

   ∑               
 

   

 

   ∑ ∑               
 

     

 

   

 

Where    indicate number of samples that belongs to class    . In this formula,    

and   indicate mean vector of class   and global mean vector of whole dataset 

respectively. These two matrixes can be intuitively described as follows. The    matrix 

will measure how far mean vectors corresponding to each class is scattered around input 

space. The dispersion of class means is quantized by sum of the distances between each 

class mean vector and the global mean vector. Likewise the    matrix measures the 

spreading of data points around its class mean vector. Mathematically    is sum of 

covariance matrixes calculated from data points belonging to each class. By these 

expressions it is clear that the LDA will have a suitable result if the distribution of each 

class in input space follows a uni-modal distribution [20]. 
In the constrained linear discriminant analysis, instead of labels, the relationship 

between two pair of data point is given as domain knowledge. To increase the 

effectiveness of constrains in this environment, it is a common approach to consider 

closure of the must-link constrains [21]. In this technique, the must-link constrains 

build a connected component in such way that no data point in same group is bounded 

with a cannot-link constrain [22]. These groups are called discriminative sets and will 

be represented by   {          } where regularly    .  

Similar to labeled environment the between and within scatter matrixes can be 

defined as (2) [23]: 

(2) 

   ∑   
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   ∑ ∑               
 

     

 

   

 

From this point, both constrained and standard LDA problems can be solved in a 

similar way. Using these definitions, the standard LDA cost function proposed by 

Fisher [24] is as follows. 

(3) 

       
         

         
 

We are interested in   such that given    and    the cost function        acquires 

its maximum value. In the other word, we are looking for a solution to following 

optimization algorithm. 

         
 

       

This optimization problem is typically non-convex. More generally there is no close 

form solution for general trace ratio problem, Therefore these problems are regularly 

altered into the simpler yet inexact ratio trace problem which is convex and has a close 

form solution [14]. This transformation can be formulated as (4): 

(4) 

         
 

    
     

     
        

 
 
|     |

|     |
 

The cost function in (4) can be easily solved directly by finding the solution to 

generalized eigenvector problem of the form (5) [20]: 

(5) 

         

The eigenvectors corresponding to largest eigenvalues are the transformation matr ix 

that maximize the given cost function in (4). But it should be noted that rank of    is at 

most     [1], where   indicate number of classes. So only     of these vectors has 

discriminating information [25]. Furthermore if    be non-singular, formula (4) can be 

rewritten as standard eigenvector problem by multiplying   
   from left as follows. 

 

         
 

  
        

           
 

  
         

The singularity of    is the most known difficulty in LDA and is widely studied in 

the literatures [26-28]. For comprehensive discussion on these complications please 

refer to [29]. 
 

3. Related Work 

As expressed before, an incremental learning algorithm should preserve the past 

knowledge while incorporating new knowledge every time new information is given 

without keeping large volume of data points in the storage. To accomplish this, many 

incremental algorithms has been introduced in the past. Approximation of LDA solution 
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was investigated by some authors [4, 30]. In order to calculate approximate projection 

matrix in Rubner, et al., algorithm, a neural network with two layer is used where each 

layer is actually a PCA network [30]. Mao’s algorithm used a similar topology and aims 

to simultaneously diagonalize    and     [4]. In the end, output of such a network 

would be   
    . This algorithm suffers from slow convergence especially when number 

of dimension increases. In addition, the algorithm assumes that total mean   and class 

mean       {       }  is given in advance. Application of neural network in 

incremental LDA problem is also perused by Chatterjee et al. [5]. The main goal in this 

algorithm is calculation of square inverse of covariance or correlation matrix [31]. 

Pang et al. suggested a way for exact updating of the within-class scatter matrix but 

does not solve the time consuming steps of calculating the inverse of     and the Eigen-

space model resulted by updating of scatter matrixes [3]. In addition, through his 

algorithm, the between-class scatter matrix should be calculated from scratch with 

addition of each data point. Despite the computational cost for Eigen-space updating 

and inverse of    and    calculation, it was a good idea to update scatter matrixes 

instead of reconstruction from scratch [31]. Our proposed method is related to this 

algorithm as we also update the exact scatter matrixes. However we update both    

and   . Furthermore in contrary to Pang’s algorithm we do not assume that the data is 

zero mean and the mean vector impact on updating process taken into account 

implicitly [3]. Another trick to escape from singularity of    is maximizing    in 

projected subspace by QR decomposition method which is introduced by Ye , et al., [32]. 

The problem with this algorithm is that it might eliminate separability information in 

first projection of data into subspace [31]. Zhao et al. proposed GSVD-ILDA which is 

basically an incremental version of LDA/GSVD introduced by Ye et al. [28]. In this 

algorithm an approximation trick is used in the fast SVD technique to reduce the 

computational complexity. Hence the computational cost increases if we want to reach a 

high accuracy solution of the problem. 

Kim, et al., suggested a method to update the Eigen system [33, 34]. This is the 

closest approach to our proposed method as the Eigen system is updated as new sample 

becomes available. First problem in this algorithm is that the significant eigenvector 

corresponding to largest eigenvalues for   ,    and   
     is stored. So these matrixes 

will be approximated in every step and may get distance from actual matrixes if number 

of updating iteration increases. This problem is mentioned by Liu et al [2]. Furthermore 

as Kim stated, the complexity of updating algorithm is  ((             (   
)   )

 
 

 )     {   }. But in the incremental learning          is close to maximum possible 

or                   . So in the worst case, the complexity of this algorithm will be 

close to other offline LDA algorithms with             . Furthermore Kim’s only 

studied the problem when new data point is added. Instead of such method, we update 

scatter matrixes without any approximation, thus eliminate the problem of large error 

when number of iteration increase. Then we incrementally calculate Eigen space of cost 

function. At last the order of our algorithm is                where regularly    
   . Therefore, it is very efficient in situations where number of classes is smal l. 

Because the close relationship between our algorithm and an offline LDA method, 

we briefly describe this algorithm as follows. The relation originates from ICDCA cost 

function. Previously this cost function introduced in the literature and it’s equivalency 

with standard LDA proved [15, 35]. However it was used for offline or batch learning 

of LDA. We chose this cost function because it has some appropriate properties which 
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will help to update Eigen-spaces very fast, efficient and accurate. These properties will 

be revealed subsequently in the section 4 when we propose our algorithm.  

To maintain the integrity, here we provide the equivalency evidence which is proved 

by Guo, et al., [35]. In (3) the cost function of LDA is defined as: 

 

      
         

         
 

 

Following Gau, et al., work we are looking for a matrix where maximize this cost 

function. In the other word: 

(6) 

            
 

            

 

Where    correspond to maximum possible value for      . It is given as a corollary by 

Liu, et al., that following equality holds [36]: 

(7) 

      
         

         
 

∑   
     

 
   

∑   
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∑   

     
 
   

∑   
     

 
   

 
∑   

      
  

   

∑   
      

  
   

    

                    
Where    and   

  is s-th column vector of   and    respectively and   is desired 

dimension of data in feature space. Guo showed that if and only if (8) holds, we have the 

following equality [35]: 

∑  
             

 

 

   

   

And for any other   we have: 

∑  
            

 

   

   

In addition, under the previous assumption, we have: 

 

     if and only if        
 

  
     

  
     

  ∑   
           

 
       

     if and only if        
 

  
     

  
     

  ∑   
           

 
       

 

Therefore the problem of (3) is converted to (9): 

(9) 
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  ∑  
           

 

   

 

 

Where   needs to be determined such that                  [15]. After finding the 

optimal   , the optimal value    can be obtained by selecting the first   eigenvectors 

corresponding to the largest eigen values of matrix          . It worth noting that using 

these theorems Guo proposed a binary search algortihm to find the optimal    in offline LDA. 

Similar approach is pursued by Xiang, et al., [15] to solve this cost function. Furthermore a 

Newton’s method is proposed by Wang [14] to find   . 

In the next section, we first show an efficient exact update for mean vectors and 

scatter matrixes. The later part made possible by using special definition for scatter 

matrixes. The equivalency of such definitions for scatter matrixes is also investigated 

and proved. After that we demonstrate our updating algorithm for Eigen-space which is 

very fast and efficient, thus make it suitable for incremental learning. It is inspired by 

pioneer work of Lie, et al., [19]. Another property of proposed algorithm is that it can 

be used to not only addition of new point, but deletion of old samples is possible. It also 

can be used when the existing data points move in time, therefore support concept drift 

concept. It should be noted that, many form of cost function for LDA is proposed in the 

literature [20]. Although we used a specific cost function constructed by           

any combination of scatter matrixes can be used. In the other word, any combination of 

       where     {     } is valid and can be used as cost function. More generally, 

as far as the cost function of LDA stays symmetric, it can be incrementally solved by 

our proposed method. The symmetric requirement is also discussed more clearly in the 

next section. 

 

4. Proposed Method 

In this section we propose our incremental linear discriminative analysis algorithm called 

Incremental Constrained Discriminant Component Analysis  (ICDCA). As discussed, our 

algorithm is inspired by Liu’s work [19]. The within scatter matrix is defined as follows. 

 

   ∑ ∑               
 

     

 

   

 

 
In this formulation, we can easily extract one class. For example assume we want to extract 

class  . This can be written as follows. 

 

   ∑ ∑               
 

     

 

   
   

 ∑ (     )(     )
 

     

 

This extraction can be further persuaded to extract one data point  . Let the new the new 

incoming data point    belongs to class  . Then the updated version of within scatter matrix 

can be defined as (10). 
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(10) 

   ∑ ∑               
 

     

 

   
   

 ∑ (     )(     )
 

     

   

 (     )(     )
 

 

Therefore with arrival of each data point   from class  , the within scatter matrix can be 

updated as (11). 

(11) 

  
     (     )(     )

 
 

Where   
  is the updated version of within scatter matrix after arrival of new data point. 

Therefore this scatter matrix does not need to be calculated from scratch. This will greatly 

reduce the computational cost. Next, inspired by Liu’s work we can extract the eigenvectors 

of new updated within scatter matrix   
 . Let    represents the i-th eigenvetor of within 

scatter matrix. So the    scatter matrix can be calculated as (12). 

(12) 

         
        

          
  

If we substitute (11) into (12), we have the updated formula for   
  as (13). 

(13) 

  
        

        
          

  (     )(     )
 

 

Now we can define two matrix for eigen-vectors. 

 

  [√    √     √    (     )]       

 

   [√    
 √    

  √    
 (     )

 
]         

 

Using these matrixes, we can have the updated version of within scatter matrix. 

 

  
      

Using the Eigen-vector merging algorithm proposed by Hall et .al [37], we can combine 

the Eigen vectors of both scatter matrix. 

 

5. Experimental Result 

In order to show the effectiveness of our proposed algorithm, we apply ICDCA in the 

environment where label of data points is available and compared its results with some 

other recently proposed incremental LDA algorithms including: Kim’s [33, 34], Zhao’s 

[31] and Pang’s [3] method. Furthermore we measure the speed of each algorithm and 

represent them in their particular subsection. 

 

5.1. Setup 

In this experiment, we used an Intel Quad-Core 2.5 GHZ computer with 4GB RAM 

on windows 7 64bit. Also Matlab 2012a is used as simulation software. We used four 
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UCI repository
1
 data set including: Iris, Protein, Diabetes and Breast-W. In addition, we 

investigate the accuracy and speed of ICDCA with two high dimensional real world 

dataset: COIL-20 and ORL. COIL-20 include gray image of 20 objects which is taken 

from 75 different angles. These samples is reduced to size 32 32. ORL dataset contains 

gray images of 40 persons. Each person has 10 shots, each with different expressions 

and facial details. As the source image has dimensionality of 112 92, the input data has 

10304 dimension. Properties of these datasets along with generated discriminant set are 

given in Table 1. 

Table 1. Properties of data sets used for experiments. As previously defined,   

is number of datapoints,   is data dimension,   indicates number of class,   is 
the desired number of extracted feature and small and large is number of 

discriminant set described in 6.1 

         

Iris 150 4 3 2 

Protein 16 20 6 5 

Diabetes 768 8 2 2 

Breast-W 683 10 2 2 

COIL 1440 256 20 15 

ORL 400 10304 40 40 

 

5.2. Experiments on Accuracy 

It was discussed in the previous section that to our knowledge there is no online 

constrained LDA. Thus, we compared the result of ICDCA with offline algorithms. However, 

ICDCA is also applicable where label of data points is at hand and many algorithms are 

proposed to solve online LDA problem. It seems reasonable to compare ICDCA with these 

algorithms in labeled environment. Therefore, in order to show the effectiveness of our 

proposed algorithm, we apply ICDCA in the environment where label of data points is 

available and compare its results with some other recently proposed incremental LDA 

algorithms including: Kim’s (Inc-LDA) [33, 34], Zhao’s (GSVD-ILDA) [31] and Pang’s 

(Seq-ILDA) [3] method. In this experiment, 40% of data points is randomly selected as 

initialization and are given to standard LDA algorithm. Then, remaining data points gradually 

fed to each above algorithms. In each step, accuracy of projected dataset using KNN classifier 

with K=1 is measured and reported in Figure 2. 

 

 
 

                                                      

 
1
 Available at http://www.ics.uci.edu/mlearn/MLRepository.html. 
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b) 

 

 

 
c) 

 

 

 
d) 

 

 

 
e) 
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f) 

Figure 2. Mean Accuracy Comparison when data points inserted gradually 
between incremental LDA algorithms in different data sets including: a) Iris, b) 

Protein, c) Diabetes, d) Breast-W, e) COIL-20, f) ORL 

5.2. Speed Comparison  

In this experiment, we aim to compare computational cost of incremental algorithms. The 

algorithms and datasets in comparison is similar to previous experiment. Table 2 represents 

the result of running each algorithm for each insertion of data point from 40% to 100%. This 

comparison shows that ICDCA is more efficient in the environment with high dimensional 

data and small number of classes. 

 

Table 2. Demonstration of time cost per each iteration in second unit 

 Inc-LDA GSVD-ILDA Seq-ILDA ICDCA 

Iris 0.12 0.15 0.20 0.27 

Protein 0.38 0.31 0.90 1.25 

Diabetes 0.25 0.26 0.30 1.52 

Breast-W 0.26 0.27 0.29 0.85 

COIL 4.75 4.31 10.62 21.63 

ORL 10.21 9.63 61.51 84.47 

 
6. Conclusion 

In this paper, an incremental algorithm called ICDCA is proposed. In ICDCA, we 

reduced the computational cost by modifications to Xiang’s offline method. 1) 

Rewriting scatter matrix formulation which made us capable of proposing an updating 

routine thus eliminate the need to compute them from scratch. To show the efficiency of 

ICDCA, The time complexity of recently proposed incremental LDA problem is 

compared with ICDCA. In addition, Experiments using publicly available databases 

have been performed to evaluate the performance of ICDCA. We compared ICDCA 

with other online labeled LDA algorithms including: Kim’s (Inc-LDA) [33, 34], Zhao’s 

(GSVD-ILDA) [31] and Pang’s (Seq-ILDA) [3] method. Furthermore the computational 

cost of ICDCA and other incremental algorithms is compared. In this experiment, 

ICDCA successfully update the projection direction as new data points arrives.  
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