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Abstract 

In this paper the concept of hyperfuzzy set is introduced and thereafter we define 

hyperfuzzy subgroup and a few of its properties are discussed. Also we define hyperfuzzy 

cosets and hyperfuzzy normal subgroup and study a few of their properties. 
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1. Introduction 

Most of the existing mathematical tools for formal modeling, reasoning and computing are 

crisp, deterministic and precise in character. But, in real life situation, the problem in 

economics, engineering, environment, social science, medical science etc. do not always 

involve crisp data. Consequently, we cannot successfully use the traditional classical methods 

because of various type of uncertainties presented in the problem. To deal with the 

uncertainties, fuzzy set theory can be considered as one of the mathematical tool. But, to deal 

with the indeterministic situation, we use deterministic approach through fuzzy set theory, 

because the membership function is always assumed to be single valued, which is exact one. 

Sometimes it is very difficult to determine the value of the membership function at a point in 

practical. It would be more logical and practical if the membership is assumed to be a 

multivalued function, that is, the image of the membership function at a point is an arbitrary 

subset of real numbers, in particular, an arbitrary subset of . In fact, in this paper, we 

shall consider the membership function as a multivalued function, which will generalize the 

usual fuzzy set theory as well as interval-valued fuzzy set theory. In fact, for the consideration 

of multivalued membership function, the uncertain situation will be tackled by an uncertain 

manner. 

The fundamental concept of fuzzy sets was initiated by Zadeh [5] in 1965 and opened a 

new path of thinking to mathematicians, engineers, physicists, chemists and many others due 

to its diverse applications in various fields. The fuzzy algebraic structures play a prominent 

role in mathematics with wide applications in many other branches such as theoretical physics, 

computer science, control engineering, information science, coding theory, group theory, real 

analysis, measure theory etc. In 1971, Rosenfeld [4] first introduced the concept of fuzzy 

subgroups, which was the first fuzzification of any algebraic structure. Thereafter the notion 

of different fuzzy algebraic structures such as fuzzy ideals in rings and semirings etc. have 

seriously studied by many mathematicians. In 1975, Zadeh [6] introduced the concepts of 

interval-valued fuzzy sets ( in short written by i-v fuzzy sets ), where the values of the 

membership functions are intervals of real numbers instead of the real points. Thereafter in 
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1994, Biswas [1] define interval-valued fuzzy subgroups of the same nature of Rosenfeld’s 

fuzzy subgroups and discuss some important results. 

In the present paper we introduce the concepts of hyperfuzzy sets, where the values of the 

membership functions are assumed to be a subsets of , which is a generalization of 

fuzzy sets and interval-valued fuzzy sets. In section 3, Hyperfuzzy subgroup is defined and a 

few of its basic properties are studied. In section 4, we define hyperfuzzy left and right cosets 

and also define hyperfuzzy normal subgroups and study a few of its properties. 
 

2. Preliminaries 

This section contains some basic definitions and preliminary results which will be needed 

in the sequel. 

 

    Definition 2.1. [5] Let  be a set. Then a mapping    is called a fuzzy subset 

of  . 

 

    Definition 2.2. [4] Let   be any group. A mapping   is called a fuzzy 

subgroup of   if 

 

 
 

    Proposition 2.3. [4] If    is a fuzzy subgroup of a group   having identity   then: 

 

 
 

    Definition 2.4. [3] Let   be a fuzzy subgroup of group  . Then for any    define the 

fuzzy right coset    and fuzzy left coset    by 

 

 
 

   Definition 2.5. [2] Let   be a fuzzy subgroup of group  .  Then   is called a fuzzy normal 

subgroup if 

 
 

 

    Definition 2.6. [6] Let   be a set. An interval-valued fuzzy set ( i.e. i-v fuzzy set ) A 

defined on  is given by  

   where    

and   denoted the family of all closed subintervals of   and  

  where    are two fuzzy subsets of   such that  
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   Definition 2.7. [1] Consider two elements   If    and  

 then     and 

. 

Thus if   for    then we define 

  and     Now we call    

iff   and   Similarly we may have   and .  Clearly  

. 

 

   Definition 2.8. [1] An i-v fuzzy subset    of a group   is called an i-v fuzzy subgroup 

if : 

  and 

    where    

3. Hyperfuzzy subgroups 
 

Now we define hyperfuzzy sets as a generalization of fuzzy sets [5] and interval-valued fuzzy 

sets [6]. Then we introduce the notion of hyperfuzzy subgroups and study some of its 

important properties. 

 

    Definition 3.1.  Let   be a set. Then a mapping   is called a 

hyperfuzzy subset of  ,  where   denotes the set of all nonempty subset of  

. 

 

    Definition 3.2.  Let   be a nonempty set  and     be two hyperfuzzy subset of . Then 

intersection of   and   is denoted by    and defined by 

   for  all   

Union of    and   is denoted by    and defined by 

   for  all   

    Definition 3.3. Let   be a groupoid  i.e. a set which is closed under a binary relation 

denoted multiplicatively. A mapping    is called a hyperfuzzy 

subgroupoid if    following conditions hold: 

 

 

    Definition 3.4. Let   be a group. A mapping    is called a 

hyperfuzzy subgroup of     if  for all    following conditions hold: 
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     Note 3.5.  In definition 3.4, if   then   are real points in 

 and also  Thus definition 3.4 reduces to 

definition 2.2 of Rosenfeld’s fuzzy subgroups.  Also if    then 

 are closed subintervals of   and conditions (i) , (ii) of definition 3.4 

together implies the condition (i) of definition 2.8. Similarly conditions (iii) , (iv) of definition 

3.4 together implies the condition (ii) of definition 2.8. Thus definition 3.4 reduces to 

definition 2.8 of interval-valued fuzzy subgroups. 

So, hyperfuzzy subgroups is a generalization of fuzzy subgroups and interval-valued fuzzy 

subgroups. 

 

    Proposition 3.6. If    is a hyperfuzzy subgroupoid of a finite group  then    is a 

hyperfuzzy subgroup of   

    Proof.  Let . Since  is finite,  has finite order, say  Then   where   is 

the identity of   Thus  Now using the definition of hyperfuzzy subgroupoid, we 

have 

 
Again,   

Then we have   

So applying definition of hyperfuzzy subgroupoid repeatedly, we have that  

 
Similarly we have   

 
Hence    is a hyperfuzzy subgroup of   

    Proposition 3.7. If    is a hyperfuzzy subgroup of  a group  having the identity  then 

for all   

 

 
    Proof. (i) As   is a hyperfuzzy subgroup of group    then  

 
Again   

So   

Similarly we can prove that   

(ii)    and  

 
Hence the proposition is proved. 

 

    Proposition 3.8. A hyperfuzzy subset   of group   is a hyperfuzzy subgroup iff for all  

 followings are hold: 

 

 
    Proof.  At first let    be a hyperfuzzy subgroup of   and    Then  
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  and 

 

Conversely, let   be a hyperfuzzy subset of   and given conditions hold. 

Then for all    we have 

   

   

So,    by  (1)  

and    by  (2) 

Again,    using given codition 

                                 by above 

And        using given codition 

                                 by above 

Hence    is a hyperfuzzy subgroup of    Hence the proposition is proved. 

    Proposition 3.9. Intersection of any two hyperfuzzy subgroups of a group  is also a 

hyperfuzzy subgroup of   

    Proof. Let   and  be any two hyperfuzzy subgroup of   and    Then 

  by definition 3.2 

  by prop. 3.8 

 

 
Again, 

  by definition 3.2 

  by prop. 3.8 

 

 
Hence by (3) and (4) and using proposition 3.8, we say that    is a hyperfuzzy subgroup 

of   Hence the proposition is proved. 

 

     Note 3.10.  Proposition 3.9 is also true for arbitrary intersection of hyperfuzzy subgroups. 

4. Hyperfuzzy Cosets and Normal Subgroups 

Given a fuzzy subgroup   of group  one could define the fuzzy left cosets and the fuzzy 

right cosets of    relative to  . We now define hyperfuzzy left cosets and hyperfuzzy right 

cosets analogously. 

    Definition 4.1. Let  be a hyperfuzzy subgroup of a group  For any   define a 

mapping             by 

 
And also define a mapping   by 
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Then    are respectively called the hyperfuzzy left coset and hyperfuzzy right 

coset of group  determined by  and  

In crisp concept, a subgroup  of a group  for which  holds for all  i.e. left 

coset equals to corresponding right coset, is called normal subgroup of  Here we extend 

this concepts for hyperfuzzy set. A hyperfuzzy subgroup  of a group  is called normal if 

 

  and     i.e. 

   and    . 

So, we give formal definition of hyperfuzzy normal subgroup as follows: 

 

    Definition 4.2. Let   be a hyperfuzzy subgroup of a group  Then   is called a 

hyperfuzzy normal subgroup of   if 

 and   

    Proposition 4.3. The intersection of any two hyperfuzzy normal subgroups of a group  is 

also a hyperfuzzy normal subgroup of   

     Proof. Let    be two hyperfuzzy normal subgroups of group   By proposition 3.9.  

  is a hyperfuzzy subgroup of    Let   then by definition 3.2, 

 
                                by definition 4.2 

                              

Similarly,   

This shows that    is a hyperfuzzy normal subgroup of   Hence, the proposition is 

proved. 

    Note 4.4. The intersection of any arbitrary collection of hyperfuzzy normal subgroups of a 

group  is also a hyperfuzzy normal subgroup of   

    Theorem 4.5. Let   be a hyperfuzzy subgroup of a group  and  Then the 

hyperfuzzy subset  defined by    is a  

hyperfuzzy subgroup of  

     Proof. Let   Then for all  

  by definition of   

 

 
   since   is a hyperfuzzy subgroup 

 
Again,    by definition of   
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   since   is a hyperfuzzy subgroup 

 
Hence by proposition 3.8,   is a hyperfuzzy subgroup of    

    Definition 4.6. Let    and    be two hyperfuzzy subgroups of a group  We say that    is 

conjugate to     if for some   we have that 

  and   

    Proposition 4.7. For any hyperfuzzy subset   of a group  and for all    

followings are equivalent: 

    and    

  and     

  and    

    Proof. Let    and   be a hyperfuzzy subset of group   

    using   

     and        

,  using  

                       

     and          

,  using   

                      

    and        

 

Hence the proposition is proved. 

    Definition 4.8. A hyperfuzzy subgroup    of a group   is called self conjugate hyperfuzzy 

subgroup if for all   we have that  

    and    

     Theorem 4.9. A hyperfuzzy subgroup   of a group   is normal iff    is self conjugate 

hyperfuzzy subgroup. 

      Proof.  Let     be a hyperfuzzy normal subgroup of group  Then 

 and   

Then by using proposition 4.7 we have 

    and    

So,    is a self conjugate hyperfuzzy subgroup. 

Conversely, let    be a self conjugate hyperfuzzy subgroup. 

Then      and    

Then again by proposition 4.7 we have 

 and   

So,   is a hyperfuzzy normal subgroup. This completes the proof. 
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    Definition 4.10.  Let    be a hyperfuzzy subgroup of group  Then normalizer of    is 

defined by 

 

    Theorem 4.11.  Let     be a hyperfuzzy normal subgroup of group  Then 

 is a subgroup of   

 is defined by  . 

Then   is a hyperfuzzy normal subgroup of   

    Proof.  Let    Then for all  

   since 

 

  since . 

Similarly,     So,   

Again     Then for all  

  since  

 
Similarly,   

So,   Hence   is a subgroup of   

         Since    is a hyperfuzzy subgroup of   and we have proved that   is a 

subgroup of   Then    is a hyperfuzzy subgroup of    Hence    is a hyperfuzzy 

subgroup of   Now we have to prove    is normal. 

Since   is a subgroup of   then   

Now by definition of   we have for all   

   since  

   since   

  since   

Similarly,   

Hence    is self conjugate hyperfuzzy subgroup of   

Hence by theorem 4.9,    is a hyperfuzzy normal subgroup of   

This completes the proof. 

    Theorem 4.12.  Let   be a hyperfuzzy subgroup of group  Then   is a hyperfuzzy 

normal subgroup of   

    Proof. This theorem follows from Theorem 4.9  and Definitions 4.8,  4.10. 

    Remark 4.13.  If    is a hyperfuzzy subgroup of  but not normal then   is a proper 

subgroup of  by Theorem 4.11 and Theorem 4.12. 

    Theorem 4.14.  Let    be a hyperfuzzy subgroup of a group  Define  
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    Proof.  Let   be a hyperfuzzy subgroup of a group  and   Then by proposition 

3.8 we have that        

                                     since   

                                    

Again by proposition 3.7, we have    

Hence   

Similarly, by proposition 3.8  and 3.7, we have   

So,   Hence   is a subgroup of group   

We now show that    Let   

So   

Now for all    

  since   is a hyperfuzzy subgroup 

  since  

  since by proposition 3.7,   

 
Again,  

  where   

 since    is a hyperfuzzy subgroup 

  since   

  since by proposition 3.7,   

 
Hence by (5) and (6) we have   

Similarly, we can prove that   

This implies    Hence   

Now suppose   Then for all    we have that 

 
This implies    and    

Choosing  we obtain 

  and    

Hence   Since  is a subgroup, so  

Thus we have  Therefore  and  is also a subgroup of   This completes the 

proof. 

    Corollary 4.15. With the same notation as in Theorem 4.14, if   is a hyperfuzzy normal 

subgroup of a group  then    is a normal subgroup of    

    Proof.  Let   and   Then 
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  since   is hyperfuzzy normal subgroup of   

  since  

Similarly,   

So,   Hence    is a normal subgroup of   

    Note 4.16. In Theorem 4.14, if   

 
then theorem also follows. 

    Theorem 4.17.  Let    be a hyperfuzzy subgroup of group  and     be a hyperfuzzy 

normal subgroup of   Then    is a hyperfuzzy normal subgroup of the group 

 

    Proof.  By Theorem 4.14,   is a subgroup of   and by proposition 3.9,    is a 

hyperfuzzy subgroup of   So,   is a hyperfuzzy subgroup of   We now show that  

 is a hyperfuzzy normal subgroup of   Let   Since  is a subgroup, then  

 

Now   

  since   is hyperfuzzy normal subgroup 

  since   

 
Similarly, we can prove that    

Hence    is a hyperfuzzy normal subgroup of   This completes the proof. 
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