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Abstract

Three types of rough equalities were introduced by Novotny and Pawlak ([1, 2, 3]), which
take care of approximate equalities of sets. These sets may not be equal in the usual sense.
These notions were generalized by Tripathy, Mitra and Ojha ([10]), who introduced the
concepts of rough equivalences of sets. These approximate equalities of sets capture equality
of the concerned sets at a higher level than their corresponding rough equalities. Some more
properties were proved in [11]. In this paper, we introduce two other types of approximate
equalities of sets, called the approximate rough equivalences and approximate rough
equality. We study some properties of these four types of approximate equalities and analyse
their relevance from the application point of view.

Keywords: Bottom R-equal, top R-equal, R-equal, bottom R-equivalent, top R-equivalent,
R-equivalent, approximate R-equivalent

1. Introduction

The observation that most of our traditional tools for formal modeling, reasoning and
computing are crisp, deterministic and precise in character, which restricts their applicability
in real life situations, led to the extension of the concept of crisp sets so as to model imprecise
data and enhance their modeling power. One such approach to capture impreciseness is the
notion of Rough Sets, introduced by Pawlak [4]. The basic assumption of rough set theory is
that human knowledge about a universe depends upon their capability to classify its objects.
Classifications of a universe and equivalence relations defined on it are known to be
interchangeable notions. So, for mathematical reasons equivalence relations were considered
by Pawlak to define rough sets. A rough set of a set X is represented by a pair of crisp sets,
called the lower approximation of X comprising of elements which belong to X definitely and
upper approximation of X comprising of elements which are possibly in X with respect to the
available information.

The equality of two sets in set theory deals with the elements they comprise of. This
notion is independent of the user or more precisely the user knowledge about the universe
dealt with. An attempt to incorporate the user knowledge about the structure of the universe in
concluding about the equality of two sets was made by Novotny and Pawlak ([1, 2, 3]), which
led to the introduction of the concepts of rough or approximate equality. This is an important
feature from the application point of view. The reason being that, in certain cases it might not
be possible for us to conclude about the equality of two sets from the available knowledge in
the mathematical sense. But, we can only say that, according to our state of knowledge, they
have close features which are enough to assume that they are approximately equal. That is,
basing upon our knowledge and requirement we can assume that the two sets are
indistinguishable.
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Even these definitions of approximate equalities were found to have limited scope in
defining approximate equality of sets and the concepts of rough equivalences were introduced
and studied by Tripathy et al. ([10]). Their notions capture the approximate equalities of two
sets at a higher level and obviously are more general. Some examples from real life were
taken in [10] and [11] to illustrate the superiority of the new notions of rough equivalences
over the existing notions of approximate equalities.

Several properties of approximate equalities were established by Novotny and Pawlak [1,
2, 3]. These properties were stated to be false when the notion of lower approximate equality
is replaced with upper approximate equality and vice versa. However, it is shown in [10] that
this is not true in case of some of the properties and in some other cases it is true when
additional conditions are assumed. In [10] attempts were made to extend these properties to
the generalized situation of rough equivalences. It was found that the properties failed to hold
in their full generality and mostly parts were found to hold true. The other parts were
established under suitable conditions. The validity of some basic algebraic properties
involving union, intersection and complementation of sets were tested for their validity with
equality of sets being replaced by rough equivalence in [11].

In this paper, we introduce two more types of approximate equalities of sets and make a
comparative study of these four types of approximate equalities of sets. We shall show that
the notion of approximate equivalence, which is the third kind, seems to be the most natural
among these four. The fourth type is also to be discussed. To establish our claim, we shall use
two examples; namely that dealing with the universe of cattle in a locality and the universe of
shares in a country are to be taken for consideration.

11 Basic Rough Sets

Let U be a universe of discourse and R be an equivalence relation over U. By U/R we
denote the family of all equivalence class of R, referred to as categories or concepts of R and
the equivalence class of an element xeU, is denoted by [X]r . By a knowledge base, we
understand a relational system K = (U, R), where U is as above and R is a family of
equivalence relations over U. For any subset P (= ¢) <R, the intersection of all equivalence

relations in P is denoted by IND (P) and is called the indiscernibility relation over P. Given
any X cU and ReIND (K), we associate two subsets, R X = U{Y €UR:Y < X}apg R X
=U{YeUR:YNX= ¢}, called the R-lower and R-upper approximations of X respectively.
The R-boundary of X is denoted by BNR (X) and is given by BNk (X) = RX-RX. The
elements of R X are those elements of U, which can certainly be classified as elements of X,

and the elements of R X are those elements of U, which can possibly be classified as elements
of X, employing knowledge of R. We say that X is rough with respect to R if and only if
R X# R X, equivalently BNg (X) = ¢. X is said to be R-definable if and only if R X=R X, or
BNg (X) =¢ .

2. Approximate Equalities of Sets

As described in the introduction, sometimes exact equality (equality in the mathematical
sense) is too stringent to apply in day to day life. We often talk about equality of sets or
domains, which can be considered to be equal for the purpose or under the circumstances in
real life situations. So, approximate equalities play a significant role in our reasoning. Also, it
is dependent upon the knowledge the assessors have about the domain under consideration as
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a whole but mostly not the knowledge about individuals. The question now arises so as to
find metrics to measure the equality. This is provided by the equivalence relations defined
over the domain. Of course, this can be extended to other types of relations also (see for
instance [12, 13]). For the time being we shall focus our attention upon equivalence relations
only in this paper.

2.1. The kinds of Approximate Equalities

In order to define the approximate equalities we take the following conditions on the
lower and upper approximations of sets X and Y:

(L) RX=RY
(L2)  both RX and RY are gor notg together
(Ul) RX=RY.

(U2) both RX and RY are U or not-U together

Taking different combinations of the two types of conditions on lower approximations
and the two types of conditions on upper approximations we get four kinds of approximate
equalities of sets. This is summarized in the following table:

Upper approximation = RY and RY are U or 20U
Lower approximation RE=RY together
RX =RV Rough Equalities Approximate rough equalities
EX and RY are ¢ or #¢
- - Approximate rough eguivalences Rough Equivalences
together

Let T(i,j);i=1, 2andj=1,2 denote the (i, j)th position in the above table. Then

(2.1.1) three different types approximate equalities called rough equalities were introduced by
Novotny and Pawlak ([1, 2, 3]) taking T(1,1) into consideration.

(2.1.2) three different types of approximate equalities called rough equivalences were
introduced by Tripathy, Mitra and Ojha taking T(2, 2) into consideration.

In this paper, we introduce two other types of approximate equalities as defined below.

(2.1.3) We shall say that two sets X and Y are approximately rough equivalent if they satisfy
the conditions specified by the row and column heads for T(2, 1).

(2.1.4) We shall say that two sets X and Y are approximately rough equal if they satisfy the
conditions specified by the row and column heads for T(1, 2).

In the next few sections, it is our aim to analyse these four kinds of approximate
equalities.
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2.2. Rough Equalities of Sets

As mentioned above, Novotny and Pawlak ([1,2,3]) introduced three types of
approximate equalities, extending the idea of mathematical equality of two sets. We state
these definitions below.

Definition 2.2.1: Let K = (U, %) be a knowledge base, X,Y c U andR e IND(K) . We say that

(2.2.1) two sets X and Y are bottom R-equal (X z5 Y) if and only if L1 holds true.
(2.2.2) two sets X and Y are top R-equal X =Y if and only if U1 holds true.
(2.2.3) two sets X and Y are R-equal (X~g Y) if (Xz5 Y) and X =R Y-

Equivalently, L1 and U1 both hold true.

For simplicity, we drop the suffix R in the above notations. It can be easily verified that
the relations bottom R-equal, top R-equal and R-equal are equivalence relations over P(U),
the power set of U. The concept of approximate equality of sets refers to the topological
structure of the compared sets but not the elements they consist of. Thus sets having
significantly different elements may be rough equal. In fact, if x =y then RXx =RY and
asX c RX,Y c RY XandY can differ in elements of x —RXx andy —RY . However, it is easy to
check that two sets X and Y may be R-equal in spite of X NY = ¢.

As noted by Pawlak ([5], p.26 ), rough equality of sets is of relative character, that is
things are equal or not equal from our point of view depending on what we know about them.
So, in a sense the definition of rough equality refers to our knowledge about the universe.

2.2.1. Basic Properties of Rough Equalities

The following properties of rough equalities are well known (see for instance [5]):

(2.2.1.1) x=vifandonlyif XNy =X and XNy =Y.
(2.2.1.2) x =vifandonly if XUy =X and X UY =Y.
(2.2.1.3) If x=x'andy=y'thenXUY=XxUY".
(2.2.1.4) If x=x'and Y=y thenxNYy=x"NY".
(2.2.1.5) If Xx=ythenXU-Y=U.

(2.2.1.6) If Xx=ythenxnN-y=¢.

(2.2.1.7) If Xcvyandy=¢ thenXx =¢.

(2.2.1.8) If X cyand X =U theny =U..

(2.2.1.9) x =y ifand only if -x = -y .

(2.2.1.10) If X=¢ Oory=¢ thenxny=¢.
(2.2.1.11) If X=U ory=U thenx Uy =U.
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In the following two properties of lower and upper approximations of rough sets, we find
that inclusions hold and equalities do not hold true in general:

(22.1.12)  RXURY cR(xUY) and
(22.113)  R(XNY)<RXNRY.

The following results ([10]) provide necessary and sufficient conditions for equalities to
hold in (2.2.1.12) and (2.2.1.13). In these results we take {E,, E,, ..., E, }as a partition of a

universe U with respect to an equivalence relation Rand X, X,,..., X, are subsets of U.

Theorem 2.2.1.1: We have
(2.2.1.14) UB(Xi)C B[
i=1

i xiJ if and only if there exists at least one E; such that
=1

X;NE; cE, fori=12,...,mand | J(X;)2E;.
i=1
Corollary 2.2.1.1: Equality holds in (2.2.2.14) if and only if there exists no E; such that

X;NE, cE;, i=12..,mand | JX, 2E;.
i=1

Theorem 2.2.1.2: We have
(2.2.1.15) F‘{ﬁ xijc AR(X)
i=1 i=1

If and only if there exist at least one EJ. such that XiﬂEj ¢, 1=12,..m and
(e
Clc:lrollary 2.2.1.2: Equality holds in (2.2.2.15) if and only if there is no E; such
that X; NE; # ¢, i =1.2,..,m and[rm]xi]ﬂEj 4.

i-1

It is noted in [5] that the properties (2.2.1.1) to (2.2.1.11) fail to hold if = is replaced
by = or vice versa. However, it was shown in [10] that

I. The properties (2.2.1.7) to (2.2.1.11) hold true under the interchange.
[1. The properties (2.2.1.5) and (2.2.1.6) holds true under interchange if BN (Y) = ¢ .

I11. (i) The properties (2.2.1.1) and (2.2.1.4) hold under interchange if conditions of Corollary
2.2.1.2 hold with m = 2.
(ii) The properties (2.2.1.2) and (2.2.1.3) hold if conditions of Corollary 2.2.1.1 hold with

m=2.

2.3. Rough Equivalences of Sets

Definition 2.3.1: We say that two sets X and Y are bottom R-equivalent if and only if both L2
holds and we write that X is b_eqv. to Y. We put the restriction here that for bottom R-
equivalence of X and Y either both RX and RY are equal to U or none of them is equal to U.
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Definition 2.3.2: We say that two sets X and Y are top R-equivalent if and only if U2 holds
true and we write that X is t_eqv. to Y. We put the restriction here that for top R-equivalence
of X and Y either both RX and RY are equal to ¢ or none of them is equal to ¢ .

Definition 2.3.3: We say that two sets X and Y are R-equivalent if and only if X and Y satisfy
both L2 and U2 simultaneously and we write that X is eqv. to Y. We would like here to note
that when two sets X and Y are R-equivalent, the restrictions in 2.2.1 and 2.2.2 become
redundant.

2.3.1. Basic Properties of Rough Equivalence

In this section we state some of the properties of rough equivalences of sets obtained in
[10]. These properties are similar to those of rough equalities. Some of these properties which
do not hold in full force, sufficient conditions have been obtained. Also, the necessity of such
conditions is verified. To state these properties, we need the concepts of different rough
inclusions ([5]) and rough comparisons ([10]).

Definition 2.3.1.1: Let K = (U, R ) be a knowledge base, X, Y < U and Re IND(K). Then
(i) We say that X is bottom R-included in Y (X<, Y) if and only if R X< RY.

(ii) We say that X is top R-included in Y (X &g Y) if and only if RX < RY.
(iii) We say that X is R-included in Y (X & Y) ifand only if X<, Y and X & Y

Definition 2.3.1.2: (i) we say X, Y < U are bottom rough comparable if and only if X Y
or Y < X holds.

(i) We say X, Y < U are top rough comparable ifand only if X &Y or Y & X holds.
(iii) We say X, Y < U are rough comparable if and only if X and Y are both top and bottom
rough comparable.

Property 2.3.1.1: (i) If X (1Y isb_eqv. to both X and Y then X isb_eqv.to Y .
(ii) The converse of (i) is not true in general and an additional condition that is sufficient but
not necessary for the converse to be true is that X and Y are bottom rough comparable.

Property 2.3.1.2: (i) If X UY ist_eqv.to both X and Y then X ist_eqv.to Y.
(if) The converse of (i) is not true in general and an additional condition that is sufficient but
not necessary for the converse to be true is that X and Y are top rough comparable.

Property 2.3.1.3: (i) If X ist_eqv. to X" and Y ist_eqv. to Y' then it may or may not be true
that X UY ist eqv.to X 'UY".

(ii) A sufficient but not necessary condition for the result in (i) to be true is that X and Y are
top rough comparable and X' and Y' are top rough comparable.

Property 2.3.1.4: (i) X is b_eqv. to X' and Y is b_eqv. to Y' may or may not imply that
XY isb eqv.to X 'NY".

(ii) A sufficient but not necessary condition for the result in (i) to be true is that X and Y are
bottom rough comparable and X' and Y' are bottom rough comparable.
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Property 2.3.1.5: (i) X is t_eqv. to Y may or may not imply that X J(-Y) ist_eqv. to U.
(ii) A sufficient but not necessary condition for result in (i) to hold is that X =Y .

Property 2.3.1.6: (i) X is b_eqv. to Y may not imply that X [1(-Y) isb_eqv.to ¢.
(ii) A sufficient but not necessary condition for the result in (i) to hold true is that X 1| Y.

Property 2.3.1.7: If X Y and Y ish_eqv.to ¢ then X isb_eqv.to ¢.

Property 2.3.1.8: If X Y and Xist _eqv.to UthenYist eqv. to U.

Property 2.3.1.9: X ist_eqv. to Y if and only if =X isb_eqv. to -Y.

Property 2.3.1.10: X ish_eqv.to ¢, Yisb_eqv.to ¢ = XY isb_eqv.to ¢.
Property 2.3.1.11: If Xist_eqv.to U or Yist_eqv. to Uthen X UY ist_eqv.to U.

2.3.2. Replacement Properties for Rough Equivalence

In parallel to the properties of interchange for rough equalities, the following properties
were proved in [10].

Property 2.3.2.1: (i) If X NY ist_eqv. to both x and v then Xist_eqv. V.

(if) The converse of (i) is not true in general and an additional condition that is sufficient but
not necessary for the converse to be true is that conditions of Corollary 2.2.2.2 hold with m =
2.

Property 2.3.2.2: (i) X Uy isb_eqv.to x and XUy isb_eqv.to vy then x ish_eqv. toy
(ii) The converse of (i) is not true in general and an additional condition that is sufficient but
not necessary for the converse to be true is that the condition of corollary 2.2.2.1 holds with m
=2.

Property 2.3.2.3: (i) x isb_eqv.to x* and v isb_eqv. to Y ' may not imply X UY is b_eqv.
to XUy

(ii) A sufficient but not necessary condition for the conclusion of (i) to hold is that the
conditions of corollary 2.2.2.2 are satisfied for both X, Y and X', Y' separately with m = 2.
Property 2.3.2.4: (i) x ist_eqv.to x'and v ist_eqv. to Y' may not necessarily imply that
XNY ist_eqv.to X' Ny

(ii) A sufficient but not necessary condition for the conclusion in (i) to hold is that the
conditions of corollary 2.2.2.1 are satisfied for both X, Y and X', Y' separately with m = 2.
Property 2.3.2.5: X isb_eqv. to Y may or may not imply X U-Y isb_eqv. to U.

Property 2.3.2.6: x ist_eqv.to Y may or may not imply X N-Y ist_eqv. to¢.

Property 2.3.2.7: If X cYy and Y ist_eqv. to¢ then x ist_eqv.to ¢.
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Property 2.3.2.8: If x cy and x isb_eqv.tou. then v isbh_eqv.to U.

Property 2.3.2.9: x ish_eqv.to vy ifandonlyif -x is t_eqv. to -v.

Property 2.3.2.10: x ist eqv.to ¢ and v ist eqv.t0 ¢ = X NY ist_eqv. to ¢.
Property 2.3.2.11: x isb_eqv.tou and Y ish_egv.to U = x Uy isb_eqv.to u.
2.4. Examples

In this section, we shall consider the two examples considered in [10] and [11] to
illustrate the superiority of the concepts of rough equivalence over rough equalities.

2.4.1. Universe of Cattle

Let us consider the cattle in a locality as our universal set C. We define a relation R over
C by x Ry if and only if x and y are cattle of the same kind. This is an equivalence relation
decomposes the universe into disjoint equivalence classes. Suppose for example, C = {Cow,
Buffalo, Goat, Sheep, Bullock}. Let X and Y be the set of cattle owned by two persons P,
and P, in the locality. We cannot talk about the equality of X and Y in the usual sense as the
cattle cannot be owned by two different people. Similarly, we cannot talk about the rough
equality of X and Y except the trivial case when both the persons do not own any cattle.
There different possibilities for approximate equality or otherwise of X and Y to hold
have been discussed in [ ] and are categorized under six cases as follows:
Case (i). RX ,RY are not U and RX ,RY are¢. That is P, and P, both have some kind of cattle
but do not have all cattle of any kind in the locality. So, they are equivalent.
Case (ii) RX ,RY are not U andRX ,RY are notg. That is P, and P, both have some kind of
cattle and have all cattle of some kind in the locality. So, they are equivalent.
Case (iii) RX ,RY are U andRx ,RY are¢. That is P, and P, both cattle of all kinds but do not
have all cattle of any kind in the locality. So, they are equivalent.
Case (iv) RX ,RY are U andRx ,RY are not¢. That is P, and P, both have all kinds of cattle
and also have all cattle of some kind in the locality. So, they are equivalent.
There are two different cases under which we can talk about the non- equivalence of P1 and
P2
Case (v) one of Rx and Ry is U and the other one is not. Then, out of P1 and P, one has cattle
of all kinds and the other one does not have so. So, they are not equivalent.
Case (vi) Out of Rx andRY , one is ¢ and the other one is not. Then, out of P1 and P, one
does not have all cattle of any particular kind, where as the other has all cattle of at least one
kind. So, they are not equivalent.

2.4.2. Universe of Shares

Let us consider the example of a stock exchange dealing with shares of different
companies. The shares of different companies are of different denomination and are related to
branches of the companies at different locations.

We take S as the set of shares of different companies under the control of the stock

exchange. We define three relations R, R, and R, on S as follows:
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1.For x,y €S, wesay xR,y ifand only if x and y are of the same denomination.

2. For x,yeS, we say XR,y if and only if x and y are from branches with the same
location.
3.For x,y €S, wesay XR,y ifand only if x and y belong to the same company.

It is easy to check that each of R, R, and R; is an equivalence relation on S. Let P, and

P, be two persons having shares in the stock exchange. S, and S, be the set of shares owned
by them respectively. Ordinary set equality and rough equality notions cannot be applied to
the sets S, and S, to compare the two persons from the ownership of shares point of view as

the same share cannot be owned by more than one person in any stock exchange. However,
from our common sense point of view and real life experience we know that two persons can
be considered equivalent (or indistinguishable). For example, persons having shares from the
same companies are equivalent to each other. Similarly, persons having shares of same
denomination are equivalent. Also, persons having shares of branches of same location of
different companies can be considered as equivalent.

Moving further, persons having shares of same company and same denominations can be
considered as equivalent and persons having shares of same companies of same
denominations and from branches of same location can also be considered as equivalent to

each other. Mathematically, we are considering the intersections of R , R, and R, pair wise

or all of them taken at a time, which are known to be equivalence relations as intersection of
any number of equivalence relations is an equivalence relation.

Let S be a stock exchange having the set of shares S ={s,,S,,S;, ..., S5, } . Suppose these
shares are of three denominations of values Rs.10, Rs.15 and Rs.20 (we mention as V,,V, and
V, ). Then we define:

Ry ={V; ={5:54:57, 810+ 513+ 16+ S101 S22 Sa5+ S2g+ a1+ Sa41 37 Sa0» Sazr a1 Sae
Vz :{82’55158’811’8147517’ S201 523152615291 Sgp 5351838’541’8447347’550}’
V3 ={83155: 59,12+ S151 515+ 211 Sp4+ So7+ 5301 S35+ S361 S50+ Sz Susr Saet} -

The shares belong to branches of different companies at four locations L, L,,L; and L,.

So, we define: R, ={L; ={S;, 55,59, S13: 51715511 S5+ 201 S35+ S37+ 41, Sus» San
L, ={52196+ 510+ 5141 Sig+ S22+ S26+ S30+ Sa4+ S3g» Saz» Sugr Ssos
L3 :{53’ S71811s S151 81915231 5271 S311 S35 S391 Sy S47}’
L4 :{54’ Sg1S121S161 52015241 5281 S301 S361 5401 Saa 548}}-

The exchange contains shares of five different companies C,,C,,C,,C,and C,. We
define

Ry ={C, ={5,,55. 511816+ 521 526+ S31+ S36 Sar» Sas b
C2 :{52 ! S7 ! S12 ! s17 ! S22 ! 527 ! S32’ S37 ! S42 ' S47}'

C; ={S;155, 513+ 151523+ S8 S33» Sags Sazr Sagds Ca ={S4, 5915141519424+ S29+ Saas 39+ Saa» Sag

C5 = {85’ S10 ! S15’ SZO ! 825’ SBO’ S35 ! 8407 S45 ' S50}}'
Let P, P,, S and S, be asabove.
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Case 1:Let S, ={S,,S;,S,,} andS, ={s,,S,, S5, S,5} - Then from the point of view of holding
shares of similar denominations, both P, and P, do not hold all shares of any particular
denomination and they do not hold shares of all denominations. So they are rough equivalent.

Case 2:Let S, ={s,,S;,S;,Sy, S0} and S, ={S,,S;,S,;,S;5} .-Then P, and P, are bottom
equivalent as none of them has all the shares of any particular denomination. But they are not
totally rough equivalent as P, has shares of denomination Rs.20 where as P, does not hold
any such share.

Case 3: Let Sl ={Sl’ S415715101 5131 S161 5191 S22 S5 S8 S311 5341 Sg71 401 Sa31 Sag s49}’
and S, ={S3, 55591512 S5+ Sig+ 21 Saas 57+ 30+ S35+ a6 Sag1 a2+ Sasr Sas}t -
Then from the point of view of holding shares of similar denominations, both P, and P,

holds all the shares of a particular denomination and they do not hold shares of all
denominations. So they are rough equivalent.

Case 4:Let S, ={5,,S,,5;15,,5,Ss} and S, ={S,,S;,S5, 19+ S11+ Sio }-
Then from the point of view of holding shares of similar denominations, both P, and P, do

not holds all the shares of a particular denomination but they do hold at least one share of all
denominations. So they are rough equivalent.

Case 5: Let

Sl = {SZ ! SS ! 58’ Sll’ 314 ! S17 ! SZO ! S23’ 826’ S29 ! S’32’ SSS’ S38’ 541’ S44’ S47 ! 548’ S49 ! S50} and
Sz Z{Sl’s4’s7’810’313’816’819’822’525’828’531’834’537’840’343’846}'

Then P, holds all the shares of the denomination Rs.10 whereas P, does not have this
property and P, holds some share of each denominations whereas P, has shares of
denomination R.10 only. So P, and P, are not rough equivalent.

Similarly, we can show different rough equivalence for holding shares of different
branches and different companies; that is with respect to the relations R, and R,
respectively.

Let us consider two relations at a time, say R, and R, ; that is shares of same denomination
and of same branches. By direct calculation, we have
Rl ﬂ RZ = {{Sli 513’ SZS ' S37 ! 549}’{510’ 822’ S34’ s46}!{57 ' s19 ' 531’ S43}’{816’ 528’ 540}!{85! 517’ 529’ 541},
{SZ ! 514’ S26’ 528’ SSO}’{sll’ SZS’ S35’ s47}!{581 SZO’ 5327 544},{39 ' 521’ 533’ S45}’

{56’ Sig1 S301 342}’{53’ S151 557, 539}!{512’ Spa1 S36: S48}}'

Case 6:Let S, ={S,,S,,,5,1:55,Ssr} and S, ={S,,51,1 5,5 S35 Suz } -
Then P, and P, do not hold all shares of any particular branch and same denomination. Also,

they do not have such share across all the branches and of same denomination. So they are
rough equivalent.
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Case 7:Let S; ={S;, 513,555,537, S49: S5} AN S, ={8y1,51, 554, 5361 S5}
Then P, and P, hold all shares of same particular branch which are of same denomination.

But, they do not have such share across all the branches and of same denomination. So they
are rough equivalent.

Case 8:Let S, ={S,,S,,S;,S5,S5+S7, g+ Sg» S1+ S11+ 12 Sy }

and SZ = {513' Sl4’ 515’ 517 ' 518’ 519’ 820’ 821’ S22 ! 823’ SZ4 ' S28 ' 836’ S48} '
Then from the point of view of same denomination and same branch office shares of the
stock exchange P, and P, does not hold all shares of any particular branch and same

denomination. But, they have such share across all the branches and of same denomination.
So they are rough equivalent.

Case 9:Let S, :{3181330153913407 Sa19 5425431 5441545 S Sz Sagr Sags 550}

and SZ = {813’ 814’ S15 ' Sl7 ' Slg ! 320’ 821’ S22 ' 523’ SZ4 ' 828’ S36} :

Then P, and P, are bottom equivalent as none of them has all the shares of any particular
branch and same denomination. But they are not totally rough equivalent as P, has at least

one share across all the branches and of same denomination where as P, does not hold at
least one share across all the branches and of same denomination.

Case 10: Let Sl :{Se 151819301 9421 5391 5401 S411 9431 5441 451 Sa61 Sa7 Sugy S49'550}
and S, ={S;3, 814, 151517 S19+ 520+ Sa1+ S22+ Sz S 21 36} -
Then P, has all the shares of a particular branch of same denominations; whereas P, does not

have this property. So, they are not bottom rough equivalent as far as holding shares of same
branch and same denomination is concerned. Similarly, P, has shares of every branches of

every denomination; whereas P, does not have this property. So, they are not top rough

equivalent also.
Finally, we consider all three relations at a time. Then

R, N R, N R, :{{Sl}’{SZ}’{SB}’ ...,{549},{550}}.

We see that any two share holders are rough equivalent with respect to holding of shares
of same denomination, same branch and same company is concerned. As, a share holder must
have at least one share and when more than one share holders are there, none can have all

shares, we see that for P, and P, we have only one case.

3. Approximate Rough Equivalence and Approximate Rough Equality of
Sets

In this section we introduce the two other types of approximate equalities; which we call
as approximately rough equivalent and approximately rough equal, out of which
approximately rough equivalent is more general than the concept of rough equality and
restricted than the concept of rough equivalence and also seems to be more novel than the two
types of approximate equalities.
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Definition 3.1: We say that two sets X and Y are approximately rough equivalent if and only
if L2 and U1 hold true, that is when both RX and RY are ¢@or not¢ together and RX =RY.

Definition 3.2: We say that two sets X and Y are approximately rough equal if and only if L1
and U2 hold true, that is when RX = RY and both RX and RY are U or not U together.

4. Comparisons

In this section we shall provide a comparative study of the four different types of
approximate equalities.

4.1. The condition L1, on interpretation states that two sets are lower approximately equal if
and only if the two sets have the same lower approximation; that is both the sets must include
exactly the same equivalence classes. This sounds alright in numerical examples. But, when
we move to practicalities, it is found that the condition requires some elements of the universe
to belong to both the sets; which seems to be unnatural. For example, taking the example of
cattle into consideration, we cannot have cases where the same set of cattle belonging to two
different persons. In the example of shares, any share belonging to two different people is not
feasible. The examples show that in only rare and restricted cases, this property may be
satisfied. Since we are using this property in case of both rough equal and approximately
rough equal definitions, these two cases of rough equalities seem to have lesser utility than
the other two.

4.2. No doubt the condition U2 provides freedom to define equality in a very approximate
sense and is quite general than U1. But, sometimes it seems to be unconvincing. For example,
let us take the cattle example into consideration. When P1 and P2 both are not equal to U, we
say that they are top rough equivalent. Suppose a person has a cow and a buffalo in the
locality and another has most of the other animals in the locality. Then they are top rough
equivalent, by using this definition, which does not seem to be convincing. On the other hand,
if we take Ul into consideration then the above two persons are not top rough equal.
However, P1 and P2 shall be top rough equal if and only if they contain cattle of same kind,
irrespective of their number and it satisfies common sense reasoning although it is
approximate.

4.3. Let us now analyse the concept of approximate rough equivalence. It is neither
unconvincing nor unnatural. Two persons can be said to be equal in this sense only when they
have nonempty intersections with same equivalence classes and either include all or none of
the elements of the equivalence classes separately. Since it is impossible for two persons to
have the same set of cattle of any kind this is the best possible type of approximate equality
from all angles.

4.4. The fourth type of approximate equality defined above has both the problems mentioned

in 4.1 and 4.2. So this happens to be the worst type of approximate equality which we can talk
about.

5. General Properties

In this section we shall consider the general properties of the two new types of
approximate equalities introduced by us in this paper.
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5.1. Approximate Rough Equivalence Properties

Since the definition of approximate rough equivalence is a combination of L2 and U1, the
general properties are just to be picked up from those of the other types of approximate
equalities. We mention them below.

The properties (2.2.1.2), (2.2.1.3), (2.2.1.5), (2.2.1.7), (2.2.1.8), (2.2.1.11), (2.3.1.1),
(2.3.1.4), (2.3.1.6), (2.3.1.7) and (2.3.1.10) hold true.

5.2. Approximate Rough Equality Properties

Since the definition of approximate rough equivalence is a combination of L1 and U2, the
general properties are just to be picked up from those of the other types of approximate
equalities. We mention them below.

The properties (2.2.1.1), (2.2.1.4), (2.2.1.6), (2.2.1.10), (2.3.1.2), (2.3.1.3), (2.3.1.5),
(2.3.1.8), (2.3.1.9), and (2.3.1.11) hold true.

It may be noted that the property (2.2.1.9) does not hold for any of the above two types of
approximate equalities.

6. Properties with Replacements

In this section we shall consider the properties with lower approximate rough equivalence
replaced with upper approximate rough equivalence and vice versa for the two new types of
approximate equalities introduced by us in this paper.

6.1. Approximate Rough Equivalence Properties

Since the definition of approximate rough equivalence is a combination of L2 and U1, the
general properties are just to be picked up from those of the other types of approximate
equalities. We mention them below.

(i) The properties (2.2.1.7), (2.2.1.8), (2.2.1.11) hold under the interchange. Also, the

properties (2.3.2.2), (2.3.2.3), (2.3.2.5), (2.3.2.8) and (2.3.2.11) hold true.

(ii) The property (2.2.1.5) holds true under interchange if BN (Y) = ¢ .

(iii) The properties (2.2.1.2) and (2.2.1.3) hold if conditions of Corollary 2.2.2.1 hold
withm =2,

6.2. Approximate Rough Equality Properties

Since the definition of approximate rough equivalence is a combination of L1 and U2, the
general properties are just to be picked up from those of the other types of approximate
equalities. We mention them below.

(i) The property (2.2.1.10) hold true under the interchange. Also, the properties (2.3.2.4),

(2.3.2.6), (2.3.2.7) and (2.3.2.10) hold true.
(ii) The property (2.2.1.6) holds true under interchange if BN (Y) = ¢ .

(iii) The properties (2.2.1.1) and (2.2.1.4) hold under interchange if conditions of
Corollary 2.2.2.2 hold with m = 2.
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7. Conclusions

In this paper we introduced two more types of approximate equalities in addition to the
two earlier types of approximate equalities introduced and studied by Novotny and Pawlak [1,
2, 3] and Tripathy et al.[10]. We also provided a comparative study of these four types of
approximate equalities. In fact, we established that the two earlier types of approximate
equalities have some practical problems in their application to real life situations. As far as
the two new types of approximate equalities are concerned approximate rough equivalence is
better than approximate rough equality. Overall among the four types of approximate
equalities it is established that rough equivalence is the best from the application point of
view and is the one having enough novelty in it.
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