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Abstract 

Arithmetic operations create a new value from 1 or 2 existing values (eg 2 + 3). 

Regular operations create a new language from 1 or 2 existing languages. In this paper, 

we reviewed the state complexities of some basic operations on regular languages, The 

state complexity of reversals of regular languages, State complexity of some operations 

on binary regular languages and the state complexity of basic operations on suffix-free 

regular languages. We also reviewed the operations on finite automata. 
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1. Introduction 

Given some languages, what new languages can we construct from these languages 

which are regular languages (can be generated by a deterministic finite automaton (DFA)? 

The following are a list of definitions for some regular operations. These are not all 

regular operations, by the way, but an important class of such operations. Let A and B be 

languages (sets of strings.) Then we define the union of A and B as the new language [1] 

 

 
 

Thus the union of A and B is a new language which includes all of the strings which are 

in A and all of the strings which are in B. Similarly, we can define the intersection of A 

and B as the new language 

 

 
 

Thus the intersection of A and B is a new language which includes all of the strings that 

are in both A and B. We define the concatenation of A and B as the new language. [1] 

 

In other words, the concatenation of the two languages A and B is made up of strings 

which come first from w and then from v. Note that A o B is not equal to B o A (the o 

operator is not commutative.) [1] 

 

 
We define the star of a language A as the new language. 
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2. Regular Operation Application 
 

2.1. The State Complexities of some Basic Operations on Regular Languages [2] 

 

2.1.1. State Complexity of Concatenation of Two Regular Languages. A general 

example which shows that for any m >=1 and n > 1 there exist an m-state DFA A and an 

n-state DFA B such that any DFA accepting L(A)L(B) needs at least m2n-2n-1 states. 

Then we show that for any pair of complete m-state DFA A and n-state DFA B defined on 

the same alphabet, there exists a DFA with at most m2n-2n-1 states which accepts 

L(A)L(B). In the case of n = 1 and m >= 1, we show that m states are sufficient and 

necessary in the worst case for a DFA to accept L(A)L(B). [2] 

 

2.1.2. State Complexity of Star Operation on Regular Languages. In [3], an example 

is given to show that any DFA accepting the star of an n-state DFA language needs at 

least 2n-1 states in some cases for n > 0. Here we improve that result and show that 2n-

1+2n-2 is necessary in the worst case for a DFA to accept the star of an n-state DFA 

language for each n > 1. We use a very different technique and use a two-letter alphabet. 

However, we give the sufficient condition first. [2]  

 

2.2. The State Complexity of Reversals of Regular Languages 

If the state complexity of a regular language L equals n, then the state complexity of its 

mirror image mi(L) is at most 2n. In [4], various classes of languages for which this 

maximal blow-up actually occurs were presented. We have also considered cases where 

this phenomenon never occurs. However, a necessary and sufficient condition for this 

phenomenon to occur is still missing. We have also considered the special case of finite 

languages and exhibited a variety of growth types in the state complexity when a finite 

language is replaced by its mirror image. 

Since the mirror image of a regular language L with state complexity n is always 

accepted by a nondeterministic finite automaton with n states, our results can also be 

viewed as a contribution to the trade-off between nondeterminism and determinism. 

A related topic about this trade-off concerns languages over one letter. It is well known 

that, in this case, the deterministic state complexity is not always polynomial in terms of 

the nondeterministic one, but no explicit bounds have been given. 

 

2.3. State Complexity of some Operations on Binary Regular Languages 

In [5], the author considered the concatenation of languages represented by eterministic 

finite automata, and the reversal of languages represented by nondeterministic finite 

automata. 

 

2.3.1. Catenation Operation. The state complexity of the catenation of regular languages 

represented by deterministic finite automata was studied by Yu et al. [6]. They showed 

that 2n − 2n−1 states are sufficient for a DFA to accept the catenation of an m-state DFA 

language and an n-state DFA language. In the case of n = 1, the upper bound m was 

shown to be tight for a unary alphabet. In the case of m = 1 and n>=2, the worst case m2n 

− 2n−1 was given by the catenation of two binary languages. Otherwise the upper bound 

m2n −2n−1 was proved to be tight for a three-letter alphabet. The next theorem shows that 

the upper bound can be reached by the catenation of two binary languages.  

 

Theorem 1. For any integers m>=2 and n>=2, there exist a binary DFA A of m-states 

and a binary DFA B of n-states such that any DFA accepting the language L(A)L(B) needs 

at least m2n − 2n−1 states. 

 



International Journal of Advanced Science and Technology 

Vol.118 (2018) 

 

 

Copyright ⓒ 2018 SERSC Australia  153 

2.3.2. Reversal Operation. It is known that the reversal of any n-state DFA language can 

be accepted by a DFA of 2n states and the worst case can be reached by the reversal of a 

binary DFA language [7]. The upper bound on the size of an NFA accepting the reversal 

of an n-state NFA language is known to be n + 1 and Holzer and Kutrib [8] proved that 

the upper bound is tight for a three-letter alphabet. The next theorem shows that the upper 

bound n + 1 can be reached by the reversal of a binary n-state NFA language. To obtain 

the result we use a counting argument. Since the reversal of any 1-state NFA language is 

the same language, we assume that >=2. 

 

Theorem 2. For any integer n>=2, there exists a binary NFA D of n states such that 

anyNFA accepting the reversal of the language L(D) needs at least n + 1 states. [5] 

proved that the upper bounds on the state complexity of these operations, which were 

known to be tight for larger alphabets, are tight also for binary alphabets. 

 

3. State Complexity of Basic Operations on Suffix-Free Regular 

Operations 

The state complexity of an operation for regular languages is the number of states that 

are necessary and sufficient in the worst-case for the minimal deterministic finite-state 

automaton that accepts the language obtained from the operation. [9] established the 

precise state complexity of catenation, Kleene star, reversal and the Boolean operations 

for suffix free regular languages. 

 

3.1. Kleene Star and Reversal. Before examining the state complexity of various 

operations, we establish that any suffix-free (complete) minimal DFA must always have a 

sink state. Recall that the state complexity of a regular language L is the number of states 

in its minimal DFA. If L is a regular language, its minimal DFA does not necessarily have 

a sink state. However, if L is prefix-free, then its minimal DFA A must have a sink state 

since A is non-exiting. Therefore, we have to verify the existence of the sink state in a 

suffix-free minimal DFA before investigating the state complexity for each operation. 

This is crucial for computing the correct state complexity. 

 

4. Finite Automata 

Finite automata are a fundamental model of computation that has been systematically 

studied since the 1950's. A deterministic finite automata (DFA) is a finite-state machine 

that accepts or rejects strings of symbols and only produces a unique computation of the 

automaton for each input string.[10] Deterministic refers to the uniqueness of the 

computation. In search of the simplest models to capture finite-state machines, Warren 

McCulloch and Walter Pitts were among the first researchers to introduce a concept 

similar to finite automata in 1943 [11][12]. 
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Figure 1. An Example of a Deterministic Finite Automaton 

The figure above is an example of a deterministic finite automaton that accepts only 

binary numbers that are multiples of 3. The state S0 is both the start state and an accept 

state. In the automaton, there are three states: S0, S1, and S2 (denoted graphically by 

circles). The automaton takes a finite sequence of 0s and 1s as input. For each state, there 

is a transition arrow leading out to a next state for both 0 and 1. Upon reading a symbol, a 

DFA jumps deterministically from one state to another by following the transition arrow. 

For example, if the automaton is currently in state S0 and the current input symbol is 1, 

then it deterministically jumps to state S1. A DFA has a start state (denoted graphically by 

an arrow coming in from nowhere) where computations begin, and a set of accept states 

(denoted graphically by a double circle) which help define when a computation is 

successful. 

A DFA is defined as an abstract mathematical concept, but is often implemented in 

hardware and software for solving various specific problems. For example, a DFA can 

model software that decides whether or not online user input such as email addresses are 

valid. [13] 

DFAs recognize exactly the set of regular languages, [10] which are, among other 

things, useful for doing lexical analysis and pattern matching. DFAs can be built from 

nondeterministic finite automata (NFAs) using the powerset construction method. 

 

4.1 Generate and Accept Modes. A DFA representing a regular language can be used 

either in an accepting mode to validate that an input string is part of the language, or in a 

generating mode to generate a list of all the strings in the language [14]. 

The generating mode is similar except that rather than validating an input string its goal 

is to produce a list of all the strings in the language. Instead of following a single 

transition out of each state, it follows all of them. In practice this can be accomplished by 

massive parallelism (having the program branch into two or more processes each time it is 

faced with a decision) or through recursion. As before, the computation begins at the start 

state and then proceeds to follow each available transition, keeping track of which 

branches it took. Every time the automaton finds itself in an accept state it knows that the 

sequence of branches it took forms a valid string in the language and it adds that string to 

the list that it is generating. If the language this automaton describes is infinite (i.e., 

contains an infinite number or strings, such as "all the binary string with an even number 

of 0s) then the computation will never halt. Given that regular languages are, in general, 

infinite, automata in the generating mode tends to be more of a theoretical construct. [14] 
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In the accept mode an input string is provided which the automaton can read in left to 

right, one symbol at a time. The computation begins at the start state and proceeds by 

reading the first symbol from the input string and following the state transition 

corresponding to that symbol. The system continues reading symbols and following 

transitions until there are no more symbols in the input, which marks the end of the 

computation. If after all input symbols have been processed the system is in an accept 

state then we know that the input string was indeed part of the language, and it is said to 

be accepted, otherwise it is not part of the language and it is not accepted [14]. 

 

4.2. DFA as a Transition Monoid. Alternatively, a run can be seen as a sequence of 

compositions of transition function with itself. Given an input symbol a ∈ ∑, one may 

write the transition function as, using the simple trick of currying, that is, writing δ(q,a) = 

δa(q) for all q ∈ Q. This way, the transition function can be seen in simpler terms: it's just 

something that δa "acts" on a state in Q, yielding another state. One may then consider the 

result of function composition repeatedly applied to the various functions δa, δb, and so 

on. Using this notion we define. Given a pair of letters a,b ∈ ∑,, one may define a new 

function δab = δa + δb, by insisting that, where denotes function composition. Clearly, this 

process can be recursively continued. So, we have following recursive definition δ: Q x 

∑* ->Q: 
 

δ (q, ∈) = q where ε is empty string and 

δ (q, wa) = δa(δ (q, w)) where w∈ ∑*, a∈ ∑  and q∈ Q  . 
 

δ is defined for all words w∈ ∑*. Repeated function composition forms a monoid. For the 

transition functions δ, this monoid is known as the transition monoid, or sometimes the 

transformation semigroup. The construction can also be reversed: given a δ, one can 

reconstruct a δ, and so the two descriptions are equivalent. [14] 

 

4.3. Closure Properties. If DFAs recognize the languages that are obtained by applying 

an operation on the DFA recognizable languages then DFAs are said to be closed under 

the operation. The DFAs are closed under the following operations. 

 Union 

 Intersection 

 Concatenation 

 Negation 

 Kleene closure 

 Reversal 

 Init 

 Quotient 

 Substitution 

 Homomorphism 

 

For each operation, an optimal construction with respect to the number of states has 

been determined in the state complexity research. Since DFAs are equivalent to 

nondeterministic finite automata (NFA), these closures may also be proved using closure 

properties of NFA. 

https://en.wikipedia.org/wiki/Sigma_%28letter%29
http://enacademic.com/dic.nsf/enwiki/3681
http://enacademic.com/dic.nsf/enwiki/129244
https://en.wikipedia.org/wiki/Sigma_%28letter%29
https://en.wikipedia.org/wiki/Sigma_%28letter%29
https://en.wikipedia.org/wiki/Sigma_%28letter%29
https://en.wikipedia.org/wiki/Sigma_%28letter%29
https://en.wikipedia.org/wiki/Sigma_%28letter%29
https://en.wikipedia.org/wiki/Sigma_%28letter%29
http://enacademic.com/dic.nsf/enwiki/11890
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4.4. Local Automata. A local automaton is a DFA for which all edges with the same 

label lead to a single vertex. Local automata accept the class of local languages, those for 

which membership of a word in the language is determined by a "sliding window" of 

length two on the word [15, 16]. 

A Myhill graph over an alphabet A is a directed graph with vertex set A and subsets of 

vertices labelled "start" and "finish". The language accepted by a Myhill graph is the set 

of directed paths from a start vertex to a finish vertex: the graph thus acts as an 

automaton.[15] The class of languages accepted by Myhill graphs is the class of local 

languages [15]. 

 

4.5. Random. When the start state and accept states are ignored, a DFA of n states and an 

alphabet of size k can be seen as a digraph of n vertices in which all vertices have k out-

arcs labeled 1 , … , k (a k-out digraph). It is known that when k ≥  2 is a fixed integer, 

with high probability, the largest strongly connected component (SCC) in such a k-out 

digraph chosen uniformly at random is of linear size and it can be reached by all vertices. 

[8] It has also been proven that if k is allowed to increase as n increases, then the whole 

digraph has a phase transition for strong connectivity similar to Erdős–Rényi model for 

connectivity [18]. 

In a random DFA, the maximum number of vertices reachable from one vertex is very 

close to the number of vertices in the largest SCC with high probability [17, 19]. This is 

also true for the largest induced sub-digraph of minimum in-degree one, which can be 

seen as a directed version of 1-core [18]. 

 

4.6. Pros and Cons of deterministic finite-state Automata. DFAs are one of the most 

practical models of computation, since there is a trivial linear time, constant-space, online 

algorithm to simulate a DFA on a stream of input. Also, there are efficient algorithms to 

find a DFA recognizing: 

 

 the complement of the language recognized by a given DFA. 

 the union/intersection of the languages recognized by two given DFAs. 

 

Because DFAs can be reduced to a canonical form (minimal DFAs), there are also 

efficient algorithms to determine: 

 

 whether a DFA accepts any strings 

 whether a DFA accepts all strings 

 whether two DFAs recognize the same language 

 the DFA with a minimum number of states for a particular regular 

language 

 

DFAs are equivalent in computing power to nondeterministic finite automata (NFAs). 

This is because, firstly any DFA is also an NFA, so an NFA can do what a DFA can do. 

Also, given an NFA, using the powerset construction one can build a DFA that recognizes 

the same language as the NFA, although the DFA could have exponentially larger number 

of states than the NFA. [14] 

On the other hand, finite state automata are of strictly limited power in the languages 

they can recognize; many simple languages, including any problem that requires more 

than constant space to solve, cannot be recognized by a DFA. The classical example of a 

simply described language that no DFA can recognize is bracket language, i.e., language 

that consists of properly paired brackets such as word "(()())". No DFA can recognize the 

bracket language because there is no limit to recursion, i.e., one can always embed 
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another pair of brackets inside. It would require an infinite amount of states to recognize. 

Another simpler example is the language consisting of strings of the form anbn—some 

finite number of a's, followed by an equal number of b's. [14] 

 

4.7. Ambiguity, Nondeterminism and State Complexity. Ambiguity is a fundamental 

concept in grammar derivations. A regular expression is unambiguous if it denotes each 

string in at most one way. A nondeterministic finite automaton (NFA) is unambiguous if 

each string has at most one accepting computation. The degree of ambiguity of an NFA A 

on a string w is the number of accepting computations of A on w. The degree of ambiguity 

of A is the maximal degree of ambiguity of A on any input string, if the maximum exists, 

and in this case A is said to be finitely ambiguous. Otherwise the degree of ambiguity of A 

can be measured as a function of the length of the inputs [20]. 

 

4.7.1. The degree of ambiguity is defined in terms of the number of accepting 

computations, and does not directly limit the amount of nondeterminism, or the amount of 

guessing, used by an automaton. In an unambiguous NFA, even though an accepting 

computation is unique, the computation may include any number of nondeterministic 

steps - unambiguity implies just that at any nondeterministic step at most one choice can 

lead to acceptance. In order to develop a quantitative understanding of the power of 

nondeterminism, one can directly measure the number of nondeterministic steps used by 

an NFA. [20] 

An ambiguous grammar is a context-free grammar for which there exists a string that 

can have more than one leftmost derivation or parse tree, while an unambiguous grammar 

is a context-free grammar for which every valid string has a unique leftmost derivation or 

parse tree. Many languages admit both ambiguous and unambiguous grammars, while 

some languages admit only ambiguous grammars. Any non-empty language admits an 

ambiguous grammar by taking an unambiguous grammar and introducing a duplicate rule 

or synonym (the only language without ambiguous grammars is the empty language). A 

language that only admits ambiguous grammars is called an inherently ambiguous 

language, and there are inherently ambiguous context-free languages. Deterministic 

context-free grammars are always unambiguous, and are an important subclass of 

unambiguous grammars; there are non-deterministic unambiguous grammars, however.  

For computer programming languages, the reference grammar is often ambiguous, due 

to issues such as the dangling else problem. If present, these ambiguities are generally 

resolved by adding precedence rules or other context-sensitive parsing rules, so the 

overall phrase grammar is unambiguous. The set of all parse trees for an ambiguous 

sentence is called a parse forest [21]. 

 

4.7.1.1. Trivial Language. The simplest example is the following ambiguous grammar 

for the trivial language, which consists of only the empty string: 

 

    A → A | ε  

 

meaning that a production can either be itself again, or the empty string. Thus the 

empty string has leftmost derivations of length 1, 2, 3, and indeed of any length, 

depending on how many times the rule A → A is used. 

This language also has the unambiguous grammar, consisting of a single production 

rule: 

 

    A → ε  

 

meaning that the unique production can only produce the empty string, which is the 

unique string in the language. 
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In the same way, any grammar for a non-empty language can be made ambiguous by 

adding duplicates. 

 

4.7.1.2. Unary String. The regular language of unary strings of a given character, say 'a' 

(the regular expression a*), has the unambiguous grammar: 

 

    A → aA | ε  

 

…but also has the ambiguous grammar: 

 

    A → aA | Aa | ε  

 

These correspond to producing a right-associative tree (for the unambiguous grammar) 

or allowing both left- and right- association. This is elaborated below. 

 

4.7.2. A nondeterministic finite automaton (NFA), or nondeterministic finite state 

machine, does not need to obey these restrictions. In particular, every DFA is also an 

NFA. Sometimes the term NFA is used in a narrower sense, referring to a NFA that is not 

a DFA. An NFA, similar to a DFA, consumes a string of input symbols. For each input 

symbol, it transitions to a new state until all input symbols have been consumed. Unlike a 

DFA, it is non-deterministic, i.e., for some state and input symbol, the next state may be 

nothing or one or two or more possible states. Thus, in the formal definition, the next state 

is an element of the power set of the states, which is a set of states to be considered at 

once. The notion of accepting an input is similar to that for the DFA. When the last input 

symbol is consumed, the NFA accepts if and only if there is some set of transitions that 

will take it to an accepting state. Equivalently, it rejects, if, no matter what transitions are 

applied, it would not end in an accepting state. 
 

4.7.2.1. Equivalence to DFA. A Deterministic finite automaton (DFA) can be seen as a 

special kind of NFA, in which for each state and alphabet, the transition function has 

exactly one state. Thus, it is clear that every formal language that can be recognized by a 

DFA can be recognized by a NFA. 

Conversely, for each NFA, there is a DFA such that it recognizes the same formal 

language. The DFA can be constructed using the powerset construction. 

This result shows that NFAs, despite their additional flexibility, are unable to recognize 

languages that cannot be recognized by some DFA. It is also important in practice for 

converting easier-to-construct NFAs into more efficiently executable DFAs. However, if 

the NFA has n states, the resulting DFA may have up to 2n states, which sometimes 

makes the construction impractical for large NFAs. 

 

4.7.2.2. NFA with ε-moves. Nondeterministic finite automaton with ε-moves (NFA-ε) is 

a further generalization to NFA. This automaton replaces the transition function with the 

one that allows the empty string ε as a possible input. The transitions without consuming 

an input symbol are called ε-transitions. In the state diagrams, they are usually labeled 

with the Greek letter ε. ε-transitions provide a convenient way of modeling the systems 

whose current states are not precisely known: i.e., if we are modeling a system and it is 

not clear whether the current state (after processing some input string) should be q or q', 

then we can add an ε-transition between these two states, thus putting the automaton in 

both states simultaneously. 
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5. Conclusion 

In conclusion, the state complexities of some basic operations on regular languages 

shows that the result of 2n-1+2n-1 states is obtained for the star of an n-state DFA language, 

n>1. If the state complexity of a regular language L equals n, then the state complexity of 

its mirror image mi(L) is at most 2n. [2] have presented various classes of languages for 

which this maximal blow-up actually occurs. [2] have also considered cases where this 

phenomenon never occurs. [5] have obtained several results concerning the state 

complexity of some operations on binary regular languages. [5] proved that some upper 

bounds which were known to be tight for larger alphabets are tight likewise for binary 

alphabets. [9] have established the tight [5] state complexity bounds for each of the 

operations using languages over a fixed alphabet. However, the constructions usually 

require an alphabet of size 3 or 4 and, then, for most operations, it is open whether or not 

the upper bound for the state complexity of each operation can be reached using a small 

size alphabet. We also reviewed the Finite automata as fundamental model of 

computation including modes such as Accept and Generate, DFA as a transition monoid 

and Closure properties. 
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